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Abstract. Following the Dirac’s technique for constrained systems we performed a detailed anal-
ysis of the constraint structure of Podolsky’s electromagnetic theory on the null-plane coordinates.
The null plane gauge condition was extended to second order theories and appropriate boundary
conditions were imposed to guarantee the uniqueness of the inverse of the constraints matrix of
the system. Finally, we determined the generalized Dirac brackets of the independent dynamical
variables.
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INTRODUCTION

The Podolsky’s electromagnetic theory [1] was developed as a generalization of the
Maxwell’s electromagnetism. It adds to the Maxwell Lagrangian a quadratic term of the
divergence of the field-strength tensor in order to avoid divergences such as the electron
self-energy and the vacuum polarization current. The resulting theory is the only possible
generalization of the electromagnetic field that preserves invariance under U(1) [2]. The
Lagrangian density for Podolsky’s theory is

L =−1
4

FµνFµν −a2
∂λ Fµλ

∂
γFµγ , Fµν ≡ ∂µAν −∂νAµ . (1)

The theory yields field equations that are still linear in the fields, and predicts the
existence of massive photons proportional to the inverse of the Podolsky’s parameter
a. The first consistent approach to the quantization of the field was made in instant-form
by Galvão and Pimentel [3], meanwhile the authors studied the theory on the null-plane
coordinates where Dirac’s canonical formalism [4] was used to derived the correct gauge
choice for this theory [5].

CANONICAL STRUCTURE

From the Lagrangian density (1), it is possible to calculate the canonical momenta

pµ = Fµ+ +2a2
(

η
µ−

∂−∂λ F+λ +η
µi

∂i∂λ F+λ −2∂−∂λ Fµλ

)
,

398



π
µ = −2a2

η
µ+

∂λ F+λ , (2)

associated to the fields Aµ and Āµ ≡ ∂+Aµ respectively. From this relations we are able
to define the primary constraints of the theory

φ1 = π
+ ≈ 0 ,

φ
i
2 = π

i ≈ 0 ,

φ3 = p+−∂−π
− ≈ 0 , (3)

φ
i
4 = pi−∂iπ

−+Fi−−4a2
∂−

[
∂iĀ−−2∂−Āi +∂i∂−A+−∂ jFi j

]
≈ 0 .

The canonical Hamiltonian density can be expressed by

Hc = pµ Āµ +π
− (

∂−Ā+−∂
iĀi +∂

i
∂iA+

)
− 1

2
(
Ā−−∂−A+

)2−
(
Āi−∂iA+

)
F−i

+
1
4

Fi jF i j−a2 (
∂iĀ−−2∂−Āi +∂i∂−A+−∂ jFi j

)2
. (4)

With the canonical Hamiltonian Hc =
∫

d3xHc(x) and the primary constraints (3) we
build the primary Hamiltonian

HP ≡ Hc +
∫

d3xua(x)φa(x) . {a}= {1,2,3,4} . (5)

The consistency conditions on the constraints determine that the condition φ̇1 ≈ 0
gives just the constraint φ3 ≈ 0, which is already satisfied. The consistency for the
remaining constraints give equations for some Lagrange multipliers and a secondary
constraints appears: χ ≡ ∂−p−+ ∂i pi ≈ 0 . From this relation no more constraints can
be found. The analysis leave us with the following set of constraints:

χ = ∂−p−+∂i pi ≈ 0 ,

φ1 = π
+ ≈ 0 ,

φ
i
2 = π

i ≈ 0 , (6)
φ3 = p+−∂−π

− ≈ 0 ,

φ
i
4 = pi−∂iπ

−+Fi−−4a2
∂−

[
∂iĀ−−2∂−Āi +∂i∂−A+−∂ jFi j

]
≈ 0 .

It happens that χ and φ1 are first-class constraints, while φ i
2 , φ3 and φ i

4 are second-
class ones. However, constructing the matrix of the second-class constraints we found
that it is singular of rank four, which indicates that there must be a first-class constraint,
associated with the zero mode of this matrix, and its construction is made from the
corresponding eigenvector which gives a linear combination of second-class constraints.
The combination happens to be just Σ2 ≡ φ3− ∂iφ

i
2 and it is independent of χ and φ1.

Therefore, we have the renamed set of first-class constraints

Σ1 ≡ π
+ ≈ 0 ,

Σ2 ≡ p+−∂−π
−−∂kπ

k ≈ 0 , (7)
Σ3 ≡ ∂−p−+∂i pi ≈ 0 ,

399



and a set of irreducible second-class constraints

Φ
i
1 ≡ π

i ≈ 0 , (8)
Φ

i
2 ≡ pi−∂iπ

−+Fi−−4a2
∂−

[
∂iĀ−−2∂−Āi +∂i∂−A+−∂ jFi j

]
≈ 0 .

The second-class constraints do not appear in the instant-form dynamics for this theory,
thus, they are a common effect of the null-plane dynamics [7].

NULL-PLANE GAUGE FIXING AND DIRAC’S BRACKETS

Now let us eliminate the arbitrary functions from our theory by using gauge invariance
to fix the remaining three degrees of freedom corresponding to the first class constraints
(7). Let us choose the null-plane gauge defined by [8]

A− ≈ 0. (9)

The time preservation of this condition is equivalent to setting

∂+A− = Ā− ≈ 0, (10)

whereas the consistency requires

∂+Ā− = ∂
x
−Ā+ +∂

x
l Āl−∂

x
l ∂

x
l A+ ≈ 0. (11)

The relations (9, 10, 11) constitute the generalized null-plane gauge condition.
The next step is to calculate Dirac’s Brackets which are defined by

{A(x),B(y)}∗ ≡ {A(x),B(y)}−
∫

d3zd3w{A(x),Θa(z)}
[(

O−1)]ab
(z,w)

{Θb(w),B(y)} (12)

Here {Θa(z)} denote the set of ten second class constraints of the theory and[(
O−1)]ab (z,w) represent the inverse of the matrix formed with this set of con-

straints. The explicit evaluation of the inverse involves the knowledge of the inverse of
the operators

(
∂ x
−
)−1,

(
∂ x
−
)−2, and

(
∂ x
−
)−3. To achieve a unique solution it is necessary

and sufficient to impose ∂ x
−Aµ = 0, ∂ x

−∂ x
−Aµ = 0, and ∂ x

−∂ x
−∂ x

−Aµ = 0 on x+ →−∞ as
the appropriate boundary conditions of the theory.

Thus, we have that the fundamental DB among the independent dynamical variables
of the theory are:

{
A+ (x) , Āk (y)

}
D =

1
32a2 ∂

x
k δ

2
(

x>− y>
)

∂
x
−

∫
dv−

∣∣x−− v−
∣∣ ∣∣v−− y−

∣∣
{

A+ (x) ,π− (y)
}

D = −1
2

ε
(
x−− y−

)
δ

2
(

x>− y>
)

{
Ak (x) , pl (y)

}
D

= δ
l
kδ

3 (x− y)
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{
Āk (x) ,Al (y)

}
D =

1
16a2 δ

l
k

∣∣x−− y−
∣∣δ

2
(

x>− y>
)

{
Āk (x) , Āl (y)

}
D = −

δ k
l

128a4

(
x−− y−

)2
ε
(
x−− y−

)(
1+4a252

x
)

δ
2
(

x>− y>
)

+
1

16a2 ∂
x
k ∂

x
l δ

2
(

x>− y>
)

2∂
x
−

∫
dv−

∣∣x−− v−
∣∣ ∣∣v−− y−

∣∣{
Āk (x) , pl (y)

}
D

= − 1
16a2 ε

(
x−− y−

)[
−δ

l
k +4a2

(
∂

x
l ∂

x
k −δ

l
k5

2
x

)]
δ

2
(

x>− y>
)

{
Āk (x) ,π− (y)

}
D = −1

4
ε
(
x−− y−

)
∂

x
k δ

2
(

x>− y>
)

With these brackets we can deduce the fundamental ones that will lead, through the
correspondence principle, to a consistent quantization of the field.

FINAL REMARKS

In the canonical analysis of the Podolsky’s theory we found a set of three first-class
constraints (7), followed by another set of four second-class ones (8) which are not
present in the conventional instant-form dynamics [3]. The appearance of this kind of
constraints is a common effect of the null-plane dynamics [7].

We eliminated the first class constraints (7) from our theory using the generalized null-
plane gauge condition. By imposing the value of the field Aµ on the null-plane x+ = cte,
and the considered boundary conditions: ∂−Aµ = 0, (∂−)2 Aµ = 0, and (∂−)3 Aµ = 0 on
x+ →−∞, on x− = cte , we have fixed the hidden subset of the first-class constraints [9]
and got a unique set of Dirac’s brackets among the fundamental fields of the theory.

ACKNOWLEDGMENTS

M. C. Bertin was supported by CAPES. B. M. Pimentel was partially supported by
CNPq. and G. R. Zambrano thanks the XI Hadron Physics organizing committee for
partial financial support to attend this Meeting.

REFERENCES

1. B. Podolsky, P. Schwed, Rev. Mod. Phys. 20, 40 (1948). F. Bopp, Ann. Phys. 38, 345 (1940).
2. R. R. Cuzinatto, C. A. M. de Melo, P. J. Pompeia, Ann. Phys. 322, 1211 (2007).
3. C. A. P. Galvão, B. M. Pimentel, Can. J. Phys. 66, 460 (1988).
4. P. A. M. Dirac, Lectures on Quantum Mechanics, Yeshiva University, New York, (1964).
5. M. C. Bertin, B. M. Pimentel, G. E. R. Zambrano, The Canonical structure of Podolsky’s generalized

electrodynamics on the Null-Plane, arXiv: 0907.1078 [hep-th].
6. P. A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949).
7. R. Casana, B. M. Pimentel, G. E. R. Zambrano, Int. J. Mod. Phys. E16, 2993 (2007).
8. R. A. Neville and F. Rohrlich, Pyis. Rev., D3, 1692 (1971).
9. R. Benguria, P. Cordero and C. Teitelboim, Nucl. Phys., B122, 61 (1976).

401


	copyright1: 


