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Definition

A group is a non empty set G together with a binary operation, denoted
by -, called multiplication, such that (or +, called addition) such that for all
a, g, h € G, the following proprieties hold:
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Definition

A group is a non empty set G together with a binary operation, denoted
by -, called multiplication, such that (or +, called addition) such that for all
a, g, h € G, the following proprieties hold:

(i) (a-g)-h=a-(gh)
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Definition
A group is a non empty set G together with a binary operation, denoted
by -, called multiplication, such that (or +, called addition) such that for all
a, g, h € G, the following proprieties hold:
() (a-g)-h=a-(g-h)
(i) There exists an element, that we we will denoted by 1 € G, such that
g-l=1g=g
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Definition

A group is a non empty set G together with a binary operation, denoted
by -, called multiplication, such that (or +, called addition) such that for all
a, g, h € G, the following proprieties hold:

(i) (a-g)-h=a-(g-h)

(i) There exists an element, that we we will denoted by 1 € G, such that
g:'l=1-g=g;

(iii) For each element g € G there exists an element, which we will
denoted by g7 € G, such that g - (g7 1) = (g7 %) - g=1.
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Definition

A group is a non empty set G together with a binary operation, denoted
by -, called multiplication, such that (or +, called addition) such that for all
a, g, h € G, the following proprieties hold:

(i) (a-g)-h=a-(g-h)

(i) There exists an element, that we we will denoted by 1 € G, such that
g:'l=1-g=g;

(iii) For each element g € G there exists an element, which we will
denoted by g7 € G, such that g - (g7 1) = (g7 %) - g=1.

If G is a finite group, then the number of elements of G is called order of
G and it is denoted by |G]|.
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If, in addition, the following propriety is verified

(v) g-h=h-g
for all g, h € G then the group is said to be abelian (or commutative).
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If, in addition, the following propriety is verified

(v) g-h=h-g
for all g, h € G then the group is said to be abelian (or commutative).

Definition

Let G be a group. A non empty subset H of G is called subgroup of G,
and we denoted by H < G, when with the operation of G, the set H is a

group.
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If, in addition, the following propriety is verified

(v) g-h=nh-g

for all g, h € G then the group is said to be abelian (or commutative).
Definition

Let G be a group. A non empty subset H of G is called subgroup of G,
and we denoted by H < G, when with the operation of G, the set H is a

group.

Proposition

Let H be a non empty subset of G. Then H < G if, and only if, the
following conditions hold:
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If, in addition, the following propriety is verified

(v) g-h=nh-g

for all g, h € G then the group is said to be abelian (or commutative).
Definition

Let G be a group. A non empty subset H of G is called subgroup of G,
and we denoted by H < G, when with the operation of G, the set H is a

group.

Proposition

Let H be a non empty subset of G. Then H < G if, and only if, the
following conditions hold:

(i) a-be H,Va,beH,

(i) e H VheH.
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Let g be an element of a group (G,-) and let n € Z. We define the power

if g as:

Renata Marcuz (USP)

g lgtoogl ifn<o
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[n| times
1 ifn=20

g-g g ifn>0
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n times
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Let g be an element of a group (G,-) and let n € Z. We define the power
if g as:

g lgtoogl ifn<o
Il times
g"=141 if n=0
g-g g ifn>0
n times

Since g" - g™ = g""™ we have that the set (g) = {g" : n € Z} is a
subgroup of G, called cyclic subgroup of G generated by g.
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Let g be an element of a group (G,-) and let n € Z. We define the power
if g as:

g lgtoogl ifn<o
[n| times
g"=141 if n=0
g-g g ifn>0
n times

Since g" - g™ = g""™ we have that the set (g) = {g" : n € Z} is a
subgroup of G, called cyclic subgroup of G generated by g.

If this group (g) is finite, then there exists distinct integers numbers n and
m such that g" = g™, and therefore, g™ " = 1.
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The least positive integer number n such that g” = 1 is said to be order of
g and it is denoted by o(g). If (g) is not finite we say that g is an element
of infinite order.
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The least positive integer number n such that g” = 1 is said to be order of
g and it is denoted by o(g). If (g) is not finite we say that g is an element
of infinite order.

Definition

Let G be a group. If there exists an element g in G such that G = (g),
then we say that G is a cyclic group and g is a generator of G. Observe
that, if G is finite, then o(g) = |G]|.
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Definition
Let (G,.) and (H, %) be groups. A map

¢ 5 H
g — f(g)

satisfying f(g1.82) = f(g1) * f(g2) is called homomorphism of groups.
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Definition
Let (G,.) and (H, %) be groups. A map

¢ 5 H
g — f(g)

satisfying f(g1.82) = f(g1) * f(g2) is called homomorphism of groups.

v

We can easily check that if f : G — H is a group homomorphism, then
f(1g) =1n and f(g™') = f(g) "
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Definition

Let (G,.) and (H,*) be groups. By f : G — H denote the group
homomorphism. The subset

Ker(f) :={g € G:f(g)=1n},

is called kernel of f.

Renata Marcuz (USP) Constructing Units August 12, 2014 7/ 30



Definition

Let (G,.) and (H,*) be groups. By f : G — H denote the group
homomorphism. The subset

Ker(f) :={g € G:f(g)=1n},

is called kernel of f.

Renata Marcuz (USP) Constructing Units August 12, 2014 7/ 30



Definition

Let (G,.) and (H,*) be groups. By f : G — H denote the group
homomorphism. The subset

Ker(f) :={g € G:f(g)=1n},

is called kernel of f.

Definition

Let (G,.) and (H, x) be groups and let f : G — H be the group
homomorphism. The subset

Im(f) :={h € H: exists g € G such that f(g) = h},

is called image of f.
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Proposition

Let (G,-) and (H,*) be groups and let f : G — H be a group
homomorphism. Then:
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Proposition

Let (G,-) and (H,*) be groups and let f : G — H be a group
homomorphism. Then:
(i) f is injector if, and only if, Ker(f) = {1}. In this case, f is called
monomorphism;
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Proposition

Let (G,-) and (H,*) be groups and let f : G — H be a group
homomorphism. Then:
(i) f is injector if, and only if, Ker(f) = {1}. In this case, f is called
monomorphism;
(i) f is surjective if, and only if, Im(f) = H. In this case, f is called a
epimorphism.

If the group homomorphism f is injective and subjective, then f is called
isomorphism. Besides that, given two groups G and H, if there exists a
isomorphism f between then we shall say that G and H are isomorphic and
write G ~ H.
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Proposition

Let (G,-) and (H,*) be groups and let f : G — H be a group
homomorphism. Then:
(i) f is injector if, and only if, Ker(f) = {1}. In this case, f is called
monomorphism;
(i) f is surjective if, and only if, Im(f) = H. In this case, f is called a
epimorphism.

If the group homomorphism f is injective and subjective, then f is called
isomorphism. Besides that, given two groups G and H, if there exists a
isomorphism f between then we shall say that G and H are isomorphic and
write G ~ H.

Example

Let (G, ) be a group and take h € G. We define a map o, : G — G given
by on(g) = h™1-g-h, Vg€ G.opis a group homomorphism, known as

conjugation.
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Definition

A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:
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Definition

A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:

Al (r+s)+t=r+(s+t), Vr,s,teR

Renata Marcuz (USP) Constructing Units August 12, 2014 9/ 30



Definition
A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:

Al (r+s)+t=r+(s+t),VrsteR

A, There exists an element 0 € Rsuchthat0+r=r=r+0,VreR
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Definition
A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:
Al (r+s)+t=r+(s+t),VrsteR
A, There exists an element 0 € Rsuchthat0+r=r=r+0,VreR
A3 YV r € R, there exists an element —r € R such that
r+(=r)=0=(=r)+r
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Definition

A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:

Al (r+s)+t=r+(s+t),VrsteR

A, There exists an element 0 € Rsuchthat0+r=r=r+0,VreR
A3 YV r € R, there exists an element —r € R such that

r+(=r)=0=(=r)+r
Ay r+s=s+r,Vr,seR
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Definition

A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:

Al (r+s)+t=r+(s+t),VrsteR

A, There exists an element 0 € Rsuchthat0+r=r=r+0,VreR

A3 YV r € R, there exists an element —r € R such that
r+(=r)=0=(=r)+r

Ay r+s=s+r,Vr,seR

My r-(s-t)y=(r-s)-t,VrsteR
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Definition

A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:

Al (r+s)+t=r+(s+t),VrsteR

A, There exists an element 0 € Rsuchthat0+r=r=r+0,VreR

A3 YV r € R, there exists an element —r € R such that
+(-=r)=0=(=r)+r

Ap r+s=s+r,Vr,seR

My re(s-t)= ( )-tVrstER

Dl r-(s+t)=r-s+r-t,Vr,s,t€R
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Definition

A ring (R,+,-) is a non empty set R together with two binary operations,
that we shall denote by + and - and called addition and multiplication
respectively, such that the following proprieties hold:

Al (r+s)+t=r+(s+t),VrsteR

A, There exists an element 0 € Rsuchthat0+r=r=r+0,VreR

A3 YV r € R, there exists an element —r € R such that
+(-=r)=0=(=r)+r

Ap r+s=s+r,Vr,seR

My r-(s-t)y=(r-s)-t,VrsteR

Dl r-(s+t)=r-s+r-t,Vr,s,t€R

D2 (r+s)-t=r-t+s-t,Vrs,teR

Renata Marcuz (USP) Constructing Units August 12, 2014 9/ 30



If the proprieties of the definition hold and
My, 31 € Rsuchthatl-r=r=r-1,
then (R, +, ) is called ring with unity.
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then (R, +, ) is called ring with unity.

If all previous conditions hold and, in addition,

My r-s=s-r,Vr,seR,

then (R, +, ) is called commutative ring. The set Z together with its usual
operations is a commutative ring with unity.
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If the proprieties of the definition hold and
My, 31 € Rsuchthatl-r=r=r-1,
then (R, +, ) is called ring with unity.

If all previous conditions hold and, in addition,

My r-s=s-r,Vr,seR,

then (R, +, ) is called commutative ring. The set Z together with its usual
operations is a commutative ring with unity.

Example

Let n € N. The set of all integers which have the same remainder as a
when divided by n is called the congruence class of a modulo n, and is
denoted by 3. The set Z, := {0,1,2,--- ,n— 1} with the operations:

is an example of commutative ring with unity, called ring of integers
modulo m.

y
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If the proprieties of the definition hold and
My, 31 € Rsuchthatl-r=r=r-1,
then (R, +, ) is called ring with unity.

If all previous conditions hold and, in addition,

My r-s=s-r,Vr,seR,

then (R, +, ) is called commutative ring. The set Z together with its usual
operations is a commutative ring with unity.

Example

Let n € N. The set of all integers which have the same remainder as a

when divided by n is called the congruence class of a modulo n, and is

denoted by 3. The set Z, := {0,1,2,--- ,n— 1} with the operations:
@ +:3+b=a+ b(modm)

is an example of commutative ring with unity, called ring of integers
modulo m.
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If the proprieties of the definition hold and
My, 31 € Rsuchthatl-r=r=r-1,
then (R, +, ) is called ring with unity.

If all previous conditions hold and, in addition,

My r-s=s-r,Vr,seR,

then (R, +, ) is called commutative ring. The set Z together with its usual
operations is a commutative ring with unity.

Example

Let n € N. The set of all integers which have the same remainder as a
when divided by n is called the congruence class of a modulo n, and is
denoted by a. The set Z, := {0,1,2,--- ,n — 1} with the operations:
@ +:a+b=a+ b(mod m)
@ -:3a-b=a-b(mod m)
is an example of commutative ring with unity, called ring of integers
modulo m.

y
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Definition

Let (R, +r,.r) and (S, +s,.s) be rings. A ring homomorphism is a map
f . R — S that satisfies:

forall n,rn € R.
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Definition

Let (R, +r,.r) and (S, +s,.s) be rings. A ring homomorphism is a map
f . R — S that satisfies:

(i) f(n +ra2) = f(n)+sf(r);

forall n,rn € R.
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Definition
Let (R, +r,.r) and (S, +s,.s) be rings. A ring homomorphism is a map
f : R — S that satisfies:
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(i1) f(r.grnr) =1f(n).sf(r);
forall n,rn € R.
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Definition

Let (R, +r,.r) and (S, +s,.s) be rings. A ring homomorphism is a map
f . R — S that satisfies:

(i) f(n +ra2) = f(n)+sf(r);
(i1) f(r.grnr) =1f(n).sf(r);
forall n,rn € R.

Definition

An element r of a ring with unity (R, +,-) is called invertible if there
exists an element, which we shall denote by r~! € R, and call its inverse,
such that r-r 1 =r"1.r=1.
The set

U(R) = {r € R: ris invertivel }

is called the group of units of R.

v
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Definition

Let R be a ring with unity and let G be a group. We definite the group
ring

RG = Z agg : ag € R and a; = 0 almost everywhere
geG

together with the operations:
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ring
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() +:) agg+ ) bgg = (3 + b)e;
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Definition

Let R be a ring with unity and let G be a group. We definite the group

ring

RG = Z agg : ag € R and a; = 0 almost everywhere

geiG

together with the operations:

() +:) agg+ ) bgg = (3 + b)e;

geG geG geG

0 (Soes ) (S ) = | T Stocte

geG heG g€G heG
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In our case, the ring R will be the Z and ZG are called integral group
rings.

Example
Let G5 = (g) = {1,4,8%, g3, g*} be the cyclic group of order 5. We have
7.Cs = {ao+alg+azg2+33g4+a4g4:a,-EZ, V1 §i§4}’

the group ring ZCs.
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In our case, the ring R will be the Z and ZG are called integral group
rings.

Example
Let G5 = (g) = {1,4,8%, g3, g*} be the cyclic group of order 5. We have
7.Cs = {ao+alg+azg2+33g4+a4g4:a,-EZ, V1 §i§4}’

the group ring ZCs.

Definition

Let R be a ring with unity and let G be a group. Consider its group ring
RG. The homomorphism of rings: € : RG — R define as

€ Z agg | = Z ag is called the augmentation mapping of RG.
geG geaqG

4
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Definition

Let RG be a group ring. Consider the map * : RG — RG define as

Z agg | = Z agg '. Such map is called the classical involution.
geqG geaqG
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Definition

Let RG be a group ring. Consider the map * : RG — RG define as

Z agg | = Z agg '. Such map is called the classical involution.
geqG geaqG

We recall that we denote by U(R) the of units of R. That is
UR)={reR: Is€ Rsuchthatr-s=s-r=1}.

In Particular, given a group G and a ring with unity R,U/(RG) denotes the
group of units of the group ring RG.
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Definition

The set
U(RG) :={u € U(RG) : e(u) =1}

is the a subgroup of units augmentation 1 in U(RG), known as the group
of normalized units. )
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Definition

The set
U(RG) :={u € U(RG) : e(u) =1}

is the a subgroup of units augmentation 1 in U(RG), known as the group
of normalized units.

Let u € U(ZG). Then exists v # 0 € ZG such that uv = 1 = wu.
Hence, e(uv) = 1 and, since € is a ring homomorphism e(u)e(v) = 1.
Since €(u),e(v) € Z, e(u) =1 and e(v) =1 or e(u) = —1 e ¢(v) = —1.
Therefore, U(ZG) C +U1(ZG). We conclude U(ZG) = U1 (ZG).
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Definition

The set U (RG) := {u € U1(RG) : u* = u} is called the set of normalized
symmetric units of RG, where * denotes the classical involution.
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Definition

The set U (RG) := {u € U1(RG) : u* = u} is called the set of normalized
symmetric units of RG, where * denotes the classical involution.

Example (Trivial Units)

Let RG be the group ring. An element rg € RG such that r € U(R), has a
inverse, given by r~1g~!. Elements of this form are called trivial units of
RG. Therefore the elements g are trivial units of the integral group ring
Z.G. If F is a field, then elements if the form kg, where k # 0 € K are
trivial units.
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Example (Unipotent Units)

If r € R is such that r¥ = 0 for some positive integer k, then we have that
1—r,14+r € U(R). The elements 1 + r are called unipotent units of R.
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Example (Unipotent Units)

If r € R is such that r¥ = 0 for some positive integer k, then we have that
1—r,14+r € U(R). The elements 1 + r are called unipotent units of R.

Example (Bicyclic Units)

Let g be an element of finite order n > 1 of the group G, i. e., g" =1 and
let h € G. The element uy , =1+ (g — 1)hg, where
g=1+g+g%+...+g" Lisa unit of RG namely as bicyclic unit of
the group ring RG.
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Example (Bass Cyclic Units)

Let g be an element of finite order n in a group G. A Bass cyclic unit is
an element of the group ring ZG of the form:

. 1— o\ _
u,:(1+g+g2++g’_1)¢)(”)+< ,: >g’

where i is an integer such that 1 </ < n, ged(i,n) =1 and ¢ denotes the
Euler’s totient function. )
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Example (Bass Cyclic Units)

Let g be an element of finite order n in a group G. A Bass cyclic unit is
an element of the group ring ZG of the form:

. 1— o\ _
u,:(1+g+g2++g’_1)¢)(”)+< ,: >g’

where i is an integer such that 1 </ < n, ged(i,n) =1 and ¢ denotes the
Euler’s totient function.

Example (Hoechsmann’s Units)

Let G = C, = (g) be the cyclic group of order n. Then

1+gj_|_..._|_gf(i—1)
 l4g+-Fgit

)

where ged(i,n) =1 and ged(j, n) = 1 is a unit, call Hoechsmann'’s unit.

v
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Definition

Let G = C, = (g) . For each i such that 1 </ < PT_‘% we define:

uj = (1 tgi .+ gt(“l)) (1 tgl .+ gt'(f*1)> — kg

where t € Z is such that t generates Z/l(Zp) r is the least positive integer
1

satisfying tr =1 (mod p) and k =

p
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Definition

Let G = C, = (g) . For each i such that 1 </ < PT_‘% we define:

uj = (1 tgi .+ gt(“l)) (1 tgl .+ gt'(f*1)> — kg

where t € Z is such that t generates Z/l(Zp) r is the least positive integer
1

satisfying tr =1 (mod p) and k =
p

Theorem (Ferraz)

lf<—1,0,p2, e ,up2;3> generates U(Z[0]), then the set

S = <u1, Up, Uz, -+, u,,;3> is a multiplicatively independent subset of
2
UL(ZCp) such that
U(ZCp) = (g) x (S)-

y
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Consider the integral group ring Z(C, x G), where C, = (g) and G, = (a).
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Consider the integral group ring Z(C, x G), where C, = (g) and G, = (a).
Every element « of Z(C, x ;) can be written as
Q= X+ yan,

with x,y € ZC,.
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Consider the integral group ring Z(C, x G), where C, = (g) and G, = (a).
Every element « of Z(C, x ;) can be written as

Q=X+ yan,
with x,y € ZC,.

Therefore

1 1-—
uEUZ(Cy x o)) & u =1 K *;”2> + < 2“2> a]
where uy, uy € U(ZCp) and up =1 (mod (2)).
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Consider the integral group ring Z(C, x G), where C, = (g) and G, = (a).
Every element « of Z(C, x ;) can be written as

Q=X+ yan,
with x,y € ZC,.

Therefore

1 1-—
uEUZ(Cy x o)) & u =1 K *;“2> + < 2“2> a]
where uy, uy € U(ZCp) and up =1 (mod (2)).

Consider the following ring homomorphism ¢ : ZC, — Z>C, and define
® = Py
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Then

1 1-
u € UZ(Cy x G)) & u=uy K 2“2) + ( 2“2) a]
where u1, up € U(Z(Cp) and up € Ker(P).
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Then

1 1-
u € UZ(Cy x G)) & u=uy K 2“2) + ( 2“2) a]
where u1, up € U(Z(Cp) and up € Ker(P).

So in order to find the units of Z(C, x C;) we must describe the units of
ZCp and the kernel of ®.
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Then

1 1-
u € UZ(Cy x G)) & u=uy K +2“2> + ( 2“"‘) a]
where u1, up € U(Z(Cp) and up € Ker(P).

So in order to find the units of Z(C, x C;) we must describe the units of
ZCp and the kernel of ®.

Let p = q)’u{ﬂ(ch).

Since U(ZCp) = (—1) x U1(ZCp) and —1 € Ker(y)) we have Ker(P) =
(=1)xKer(®ly, (zc,))- Because pis an odd prime number, we obtain U1 (ZC)) =
Cp X U (ZCp). Thus, we can easily see that Ker(d)‘u(ch)) = (—1) x Ker(p).
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Suppose that 2 generates U(Z,) or 2 generates U(Z,)? and —1 & U(
Based on the Hoeschmann's units, we build

wp = uy

—1y . 1
pT)'tl .g(p+ )t’ 1 1

Wi = g( uju; 4

where t is such that U(Z,) = (t) and
up = (1 +gt+...+gt(’_1)) (1 +gti +...+gti(t_1)) — kg
These w; are an symmetric normalized unit of ZC, such that

U (ZCp) = (g) % <W17"'Wp;3>

2

and the set {w; : 1 </ <2 } is multiplicatively independent.
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Definition

Let 6 be the p-th primitive roof of the unity. An odd prime number p is

called a nice prime if <—1,9,u2,--- ,up;3> generates U(Z[6]) where
) 2

pi=14+60+---4+60"1and

From now on p will be a nice prime.
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called a nice prime if <—1,9,u2,--- ,up;3> generates U(Z[6]) where
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pi=14+60+---4+60"1and
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Definition
Let 6 be the p-th primitive roof of the unity. An odd prime number p is
called a nice prime if <—1,9,u2,--- ,/,Lp%3> generates U(Z[6]) where
pi=l+60+---+6"and

(i) U(Zp) = (2)

(i) or U(Zp)? = (2) and —1 ¢ U(Zp)?.

From now on p will be a nice prime.
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Definition
Let p be an odd prime number. By & we denote the ring isomorphism

o Z.Cp — Z.Cp

p—1 p—1

i 2
g ag E aig -
i=0 i=0
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Definition
Let p be an odd prime number. By & we denote the ring isomorphism

o Z.Cp — Z.Cp

p—1 p—1

i 2
g ag E aig -
i=0 i=0

Lemma

Let p be a nice prime. 5" Y(w1) = w,,.
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Lemma

p(m)? =g +g(PTﬂ)'2n(I+g2n), ¥V neN.

It follows from this result that p(w?'w, 1) =T, i.e., wi'w, Y| € Ker(p), 1 <
n< 23

p—1

By the above Lemma, we deduce that ord(p(wy)) <272 —1.
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Lemma

p(m)? =g +g(PTA)'2n(I+g2n), ¥V neN.

Corollary

p(w1)?" = p(Wny1). In particular, Im(p) = (p(w1)) .

v

It follows from this result that p(w?'w, 1) =T, i.e., wi'w, Y| € Ker(p), 1 <
n< 23

p—1
2

By the above Lemma, we deduce that ord(p(wy)) <272 —1.
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Lemma

p(m)? =g +g(PTA)'2n(I+g2n), ¥V neN.

Corollary

p(w1)?" = p(Wny1). In particular, Im(p) = (p(w1)) .

v

It follows from this result that p(w?'w, 1) =T, i.e., wi'w, Y| € Ker(p), 1 <
n< 23

Lemma
p-1 _
p(wi)? * =1
By the above Lemma, we deduce that ord(p(w1)) < 2% 1.
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Lemma

If ord(p(wy)) = 28 1, then S; generates the kernel of p, where

. p—3
2 -1 4 -1 8§ 1 2 1 277 1
St ={wiw, ", wiwg T wiw, e W Wi, W W,y
2

This set has the very interesting property that each element is taken into its
successor via 0.
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Lemma
If ord(p(wy)) = 2% — 1, then Sy generates the kernel of p, where
S = {W12W2_1, W{‘W{l, W18W4_1, e ,W,?iwijrll, e ,lep%e, W;
2
Corollary
If ord(p(wy)) = 2" — 1, then Ker(p) = (S4) , where
Sy ={wiw; L wiwg ,W,-2WI-:_11,--- ,W%w%

This set has the very interesting property that each element is taken into its
successor via 0.
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Theorem

If ord(p(w1)) = 22 — 1, then

U(ZCyp) =
(—1) x (g, a) x <{W,' 1<i< '%3}> X <{u,~(a) 1<i< f%"’}>
Furthermore, the set {wl, W2,y Wps, u1(a), uz(a),...,up%a(a)} is

multiplicatively independent.
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Example

Assume that G; = (g) and G, = (a) . We want to find U(ZCya).

We already know that
U(ZGCr) = (g) x (w1, w2)

where vy =1 —g+g2+g°—glandwy =1—-g? + g3+ g% - g
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Example

Assume that G; = (g) and G, = (a) . We want to find U(ZCya).

We already know that
Uh(ZG) = (g) x (w1, w2)
wherew; =1—-g+g°+g° —gland wy =1—g> + g+ g* — g°.

Since 23 — 1 = 7 is a prime number, we get that ord(p(w1)) = 7.
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Example

Assume that G; = (g) and G, = (a) . We want to find U(ZCya).

We already know that
Uh(ZG) = (g) x (w1, w2)
wherew; =1—-g+g°+g° —gland wy =1—g> + g+ g* — g°.

Since 23 — 1 = 7 is a prime number, we get that ord(p(w1)) = 7.

1— 3,,—1
= =432 — g g+ 28° — 3¢
1—W1W§ 2 3 4 5 6
ﬁz=#=4—g—3g +2g°+28"—-38°—¢g
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m(a)=(1-pB1)+pra=(-3+3g—2g>+g>+g*—2g°+3g%) + (4 -
3g+2g°—g®—g*+2g%—3g%a

w(a) =(1— o)+ Pra=(—3+g+3g%2—2g%>—2g"+3g°+g°) + (4 —
g —3g2+2g%+2g* —3g% —g%a
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m(a)=(1-pB1)+pra=(-3+3g—2g>+g>+g*—2g°+3g%) + (4 -
3g+2g°—g®—g*+2g%—3g%a

w(a) =(1— o)+ Pra=(—3+g+3g%2—2g%>—2g"+3g°+g°) + (4 —
g —3g2+2g%+2g* —3g% —g%a

It follows from Theorem 24 that

U(ZGCa) = (—1) X (g,a) x (w1, wz) x (11(a), u2(a))
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[ S. K. Sehgal and C. Polcino-Milies, An Introduction to Group Rings,
Kluwer Academic Publishers, Netherlands, (2002).

Renata Marcuz (USP) Constructing Units August 12, 2014 30 / 30



[ S. K. Sehgal and C. Polcino-Milies, An Introduction to Group Rings,
Kluwer Academic Publishers, Netherlands, (2002).

[ R. A. Ferraz, Units of Z.C,, Groups, Rings e Group Rings, Contemp.
p g g
Math. 499, Amer. Math. Soc., Providence, RI, (2009), 107-119.

Renata Marcuz (USP) Constructing Units August 12, 2014 30 / 30



[ S. K. Sehgal and C. Polcino-Milies, An Introduction to Group Rings,
Kluwer Academic Publishers, Netherlands, (2002).

[ R. A. Ferraz, Units of Z.C,, Groups, Rings e Group Rings, Contemp.
p g g
Math. 499, Amer. Math. Soc., Providence, RI, (2009), 107-119.

[8 R. A. Ferraz and R. Marcuz, Units of Z(C, x C,) and
Z(Cp x Gy x Gy), Commun. Algebra, to appear.

Renata Marcuz (USP) Constructing Units August 12, 2014 30 / 30



[ S. K. Sehgal and C. Polcino-Milies, An Introduction to Group Rings,
Kluwer Academic Publishers, Netherlands, (2002).

[ R. A. Ferraz, Units of Z.C,, Groups, Rings e Group Rings, Contemp.
p g g
Math. 499, Amer. Math. Soc., Providence, RI, (2009), 107-119.

[8 R. A. Ferraz and R. Marcuz, Units of Z(C, x C,) and
Z(Cp x Gy x Gy), Commun. Algebra, to appear.

[ S. K. Sehgal, Topics in Group Rings, Marcel Dekker, Inc., New York
and Basel, 1978.

Renata Marcuz (USP) Constructing Units August 12, 2014 30 / 30



[ S. K. Sehgal and C. Polcino-Milies, An Introduction to Group Rings,
Kluwer Academic Publishers, Netherlands, (2002).

[ R. A. Ferraz, Units of Z.C,, Groups, Rings e Group Rings, Contemp.
p g g
Math. 499, Amer. Math. Soc., Providence, RI, (2009), 107-119.

[8 R. A. Ferraz and R. Marcuz, Units of Z(C, x C,) and
Z(Cp x Gy x Gy), Commun. Algebra, to appear.

[ S. K. Sehgal, Topics in Group Rings, Marcel Dekker, Inc., New York
and Basel, 1978.

[§ S. K. Sehgal, Units in Integral Group Rings, Logman Scientific &
Technical, New York, 1993.

Renata Marcuz (USP) Constructing Units August 12, 2014 30 / 30



	Basic Concepts
	Groups
	Rings
	Rings
	Rings
	Rings
	Rings
	Rings
	Rings
	Rings

	Group Rings
	Group Rings
	Group Rings
	Units of Group Rings
	Units of Group Rings
	Units of Group Rings
	Units of Z(Cp C2)
	Units of Z(Cp C2)
	Units of Z(Cp C2)

