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Irreducible Morphisms of Repetitive Algebr

Repetitive Algebras

o A is a finite dimensional k-algebra, with A basic and k is a field
algebraically closed.

e A-mod the category of finitely generated left A-modules.
e D = Homy(—, k) the standard duality on A-mod.
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Irreducible Mory

The repetitive algebra A of A (Hughes and Waschbusch).

@ The underlying vector space of repetitive algebra Ais given by

~

A = (@iczA) ® (®iczDA),
a = (ai, pi)icz with a; € A, p; € DA and almost all a;, p; being zero.
@ The multiplication is defined by

a-b= (as, pi)iez - (bi, ¥i)icz = (aibi, aiv19; + @ibi)icz.
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Irreducible Mory

An interpretation is to consider A as the doubly infinite matriz algebra,
without identity

0
Aiq
(DA)i—1 A; '
(DA)Z Aif
L O -

in which matrices have only finite many non-zero entries, A; = A for all
1 € Z is placed on the main diagonal, (DA); = DA for all i € Z and all the
remaining entries are zero.

RSIDAD

UNT
DE ANTIOQUIA




Irreducible Mory

o A A-module. M = (M, fi)iez, where the M; are A-modules, all but
finitely many being zero, the f; are A-homomorphims
fi: DA®a M; — M;41, such that fi1+1(1® f;) =0 for all ¢ € Z.
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Irreducible Morphisms of Repetitive Algebras

o A A-module. M = (M, fi)iez, where the M; are A-modules, all but
finitely many being zero, the f; are A-homomorphims
fi: DA®a M; — M;41, such that fi1+1(1® f;) =0 for all ¢ € Z.

o A X—homomorphism h: M = (M, fi)icz — N = (Ni, gi)icz between
A-modules is a sequence h = (h;);cz of A-homomorphims
DA ®a M; f;> M1
1®h; hi+1

DA®aN; 2= Niyy.
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Irreducible Morphisms of Repetitive Algebras

Let M = (M, fi)icz be an A-module. For each i € Z, we fix p € DA, so we
can define an A-homomorphims ff : M; — M1 by f7(m) := fi(p @ m),
for all m € M;.

Let M = (M, fi)icz be an A-module. fit1(1® fi) =0 for all i € Z if and
only f;ilff =0 foralli € Z and ¢, € DA.
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Irreducible Mory of Repet

Lemma
Let h: M = (M, fi)icz —> N = (Ni, gi)icz be E—homomorphism. The
following diagram is conmmutative
fi
DA®a M; —> M;+1
1®h; hit1
DA®4s N; 2~ Niy1,

for all i € Z if and only if the following diagram is conmmutative

£
M; —— M;11
[0 hiy1
124

for alli € Z and ¢ € DA.
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Irreducible Mory

Let h: M = (M;, fi)icz —> N = (N, gi)icz be an A\-homamorphism, then
h is called smonic (resp. sepic) if all its components h; are split mono
(resp. split epi).
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Irreducible Morphisms of Repetitive Algebras

ion (Standard forms)

If h: M = (M, fi)icz — N = (Ns, gi)icz is a smonic, (up to
isomorphism) we can and will assume that N; = M; @ N’;, and that

hi = (1,0)%, and, if it is sepic we will write M; = N; @ M';, and h; = (1,0).
Forthermore, if h is split mono (resp. split epi) the A-homomorphisms f;

(resp. gi) are of the form f; = ({)’ 60) (resp. gi = (%7, 0) ).

€4
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Irreducible Morphisms of Repetitive Algel

Proposition (Induced factorization)

Let h: M = (M, fi)icz —> N = (N, gi)icz be a g—homomorphism,

J = [a,b] be a finite interval of Z and hy be the truncation of h to J.
Supose that hy : My — Ny admits a factorization hy = mgyng. (In other
words, there is a truncated A-module Lj; = (Li,di)ies and truncated
E-morphisms ny: My — Ly, my: L;— Ny, such that hy = myny). Then,
this factorization can be extended to h, that is, there is a A-module (whose
truncation to J is Ly) and A\-homamarphism n, m, whose truncation to J
are ny, my, respectively, such that h = mn.
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Irreducible Morphisms of Repetitive Algel

Corollary

Let h : M = (M;, fi)icz —> N = (Ni, gi)icz be an irreducible
A-homomorphism and J = [a,b] be a finite interval of Z. If hy is not split
mono, then hy_ is a split epi. If hy is not split epi, then hy,_ split mono.

Lemma

| \

Let h: M = (M, fi)icz —> N = (Ni, gi)icz be a Z—homomorphism and J
be an interval of Z. Then hy : Mj; — Ny is irreducible if and only if
hy: My — Ny is not split.

N
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Irreducible Mory

Let h: M = (M, fi)icz —> N = (Ni, gi)icz be an irreducible
g—homomorphism, J be an interval of Z and hy be the truncation of h to J.
Supose that hy : My — Ny is irreducible. If J C I, then hr is an irreducible
A—homomorphism.
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Irreducible Mory

Theorem

Let h: M = (M;, fi)icz —> N = (Ni, gi)icz be an irreducible
A-homomorphism. Then one of the next conditions hold:

(1) h; is a split monomorphism i € Z, that is h is smonic;
(11) h; is a split epimorphism Vi € Z, that is h is sepic;

(111) there exists k € Z such that hy is not split. In this case, k is unique
and hy is irreducible A-homomorphism.
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Irreducible Morphisms of Repetitive Algebras

Theorem

[//\et h:M = (M, fi)icz —> N = (Ni, gi)icz be an irreducible
A-homomorphism. Then one of the next conditions hold:
(1) h; is a split monomorphism i € Z, that is h is smonic;
(11) h; is a split epimorphism Vi € Z, that is h is sepic;

(111) there exists k € Z such that hy is not split. In this case, k is unique
and hy is irreducible A-homomorphism.

joint Merklen (2009), [3]
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Heart of Irreducible Morphisms of Complexes

Form pm

a—1 d° db

L x 1 X0 x1 Lo xb X+l
1 (1,0)t (1,0)t (1,0)t (1,0)t
ox—! - X0y - Xlgy? XYt - Xt gy b+t
o~ 8 E)

For 0 < i < b, the differential maps 8° are of the form:

ai:<cé Zi ),withai;é()forsomeogigb.

For Vi > b,i € J, the differential maps 8 are of the form:

s (d 0
7-(% #)
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Forma pe

-1 0 b
Yl x/t a YO @ X0 d yiex'! Yt X d ybo+1
(1,0) (1,0) (1,0 \L(LO) 1
Ly -t - o . y1 Lyt - yb+1

o~ a a

For 0 < 4 < b, the differential maps d* are of the form

di:(i 601.),Withci7é0forsomeogi§b.

For Vi < —1,i € J, the differential maps d* are form:

i (90
(5 2)
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Forma nsp

a9

al

—2 -1
Y2 g X/~2 d% y-1 @erldr X0 X! x2...
(1,0) (1,0) fo (1,00t (1,0)t
Ly—2 - y-1 - yo > X'py! - X2qpy”?
o o~ o) o)

With fo irreducible. _
For i < —2, the differential maps d* are of the form

i, (0 0
- (4 1)

For ¢ > 1, the differential maps d® are of the form:

i (d 0
7=(5 1)
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joint Marcos, [2]
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Heart of Irreducible Morphisms of Complexes

joint Marcos, [2]

Let f: X — Y be an morphism of complexes.

(a) If for all J a finite interval of Z the morphism fy splits, then f is called
locally split.

(b) f is called monster if f is locally split and f does not split.
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Heart of Irreducible Morphisms of Complexes

Lemma

Let f: X — Y be a smonic, irreducible morphism of complexes, which is
not a monster then there is unique integer Iy (f) such that fl’”(f) s not
1somorphism and fj_ 1,,(5)[ 1S an isomorphism.

v
Lemma

Let f : X =Y be a smonic morphism of complezes and J = [a,b] a finite
interval of Z. If fi is irreducible morphism, then f*: X% — Y is an
isomorphism if and only if flat1,) s an irreducible morphism.
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Heart of Irreducible Morphisms of Comple

Let f : X — Y be a smonic morphism of complezes and J = [a,b] a finite
interval of Z. If fi is irreducible morphism and f¢ : X* — Y® is not
isomorphism, then a = L (f).
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Heart of Irreducible Morphisms of Complexes

Corollary

Let f : X — Y be a smonic morphism of complezes and J = [a,b] a finite
interval of Z. If fi is irreducible morphism and f¢ : X* — Y® is not
isomorphism, then a = L (f).

v
Definition

Let f: X —Y be an not monster, smonic, irreducible morphism of
complezes and T, (f) the smallest integer such that fi, (f),rm ()] 45 @
wrreducible morphism. fu,. (f),rm ()] 5 called the monic heart of f.

N

UNI IDAD
DE ANTIOQUIA

mos Irreducibles de Al



Let f: X — Y be a smonic and irreducible morphism of complexes. Then f
does not have a monic heart if and only if f is monster morphism.
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Heart of Irreducible Morphisms of Complexes

Let f: X — Y be a smonic and irreducible morphism of complexes. Then f
does not have a monic heart if and only if f is monster morphism.

Let f : X —Y be a smonic, irreducible and not monster morphism of
complezes. Then fiqp) s an irreducible morphism if and only if fia,p
contains the monic heart of f.
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Heart of Irreducible Morphisms of Complexes

Let f: X — Y be a sepic and irreducible morphism of complexes. Then f
does not have epic heart if and only if f is monster morphism.

Let f: X —Y be an not monster, sepic and irreducible morphism of
complezes. Then fiqp) s an irreducible morphism if and only if fia,p
contains the epic heart of f.
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Heart of Irreducible Morphisms of Complexes

Examples

A =A-proj, with A an Artin algebra over the commutative Artinian ring k.
Let S be a simple A-module and let

ps p! p° S 0

be a minimal projective resolution of the simple S.
The morphism v : Ps — J_1(P°) is an irreducible morphism (Bautista and
Salorio [1]).
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Examples

A =A-proj, with A an Artin algebra over the commutative Artinian ring k.
Let S be a simple A-module and let

ps p! p° S 0

be a minimal projective resolution of the simple S.
The morphism v : Ps — J_1(P°) is an irreducible morphism (Bautista and
Salorio [1]).
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mples

We consider hereditary algebra A defined by the quiver

L)
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Heart of Irreducible Morphisms of Complexes

Examples

The morphism f given by:

0 0 P 0

0 P, PPePs—0—— -,
is an irreducible morphism.

00— =P

P —— P, @ B3,

is the monic heart of f.
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Heart of Irreducible Morphisms of Complexes

Examples

The morphism ¢ given by:

0 P PPy 0

0 P P 0

is an irreducible morphism.

Ph——P P,

P1—>P2

is the epic heart of g.
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Heart of Irreducible Morphisms of Complexes

Examples

We considere the hereditary algebra A defined by the quiver

e $— e < e3

The morphism f given by:

0 P, P 0
0 P Ps 0 cee
is an irreducible morphism, so
P,
P. 35
is the line heart of f. .5\-."'.”'.‘?;"'}"."\
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Examples

The morphism ¢ given by:

0 P P 0

0 P Ps 0

is an irreducible morphism, so

Py

is the line heart of g.
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