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Repetitive Algebras

A is a finite dimensional k-algebra, with A basic and k is a field
algebraically closed.

A-mod the category of finitely generated left A-modules.

D = Homk(−, k) the standard duality on A-mod.
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The repetitive algebra Â of A (Hughes and Waschbusch).

The underlying vector space of repetitive algebra Â is given by

Â = (⊕i∈ZA)⊕ (⊕i∈ZDA) ,

â = (ai, ϕi)i∈Z with ai ∈ A, ϕi ∈ DA and almost all ai, ϕi being zero.

The multiplication is defined by

â · b̂ = (ai, ϕi)i∈Z · (bi, ψi)i∈Z = (aibi, ai+1ψi + ϕibi)i∈Z.
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An interpretation is to consider Â as the doubly infinite matriz algebra,
without identity 

. . . 0

. . . Ai−1

(DA)i−1 Ai

(DA)i Ai+1

0
. . .

. . .


,

in which matrices have only finite many non-zero entries, Ai = A for all
i ∈ Z is placed on the main diagonal, (DA)i = DA for all i ∈ Z and all the
remaining entries are zero.
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A Â-module. M = (Mi, fi)i∈Z, where the Mi are A-modules, all but
finitely many being zero, the fi are A-homomorphims
fi : DA⊗A Mi −→Mi+1, such that fi+1(1⊗ fi) = 0 for all i ∈ Z.

A Â-homomorphism h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z between

Â-modules is a sequence h = (hi)i∈Z of A-homomorphims

DA⊗A Mi

fi //

1⊗hi

��

Mi+1

hi+1

��
DA⊗A Ni

gi // Ni+1.
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Let M = (Mi, fi)i∈Z be an Â-module. For each i ∈ Z, we fix ϕ ∈ DA, so we
can define an A-homomorphims fϕ

i : Mi −→Mi+1 by fϕ
i (m) := fi(ϕ⊗m),

for all m ∈Mi.

Lemma

Let M = (Mi, fi)i∈Z be an Â-module. fi+1(1⊗ fi) = 0 for all i ∈ Z if and

only fϕ′

i+1f
ϕ
i = 0 for all i ∈ Z and ϕ′, ϕ ∈ DA.
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Lemma

Let h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z be Â-homomorphism. The
following diagram is conmmutative

DA⊗A Mi

fi //

1⊗hi

��

Mi+1

hi+1

��
DA⊗A Ni

gi // Ni+1,

for all i ∈ Z if and only if the following diagram is conmmutative

Mi

f
ϕ
i //

hi

��

Mi+1

hi+1

��
Ni

g
ϕ
i // Ni+1.

for all i ∈ Z and ϕ ∈ DA.
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Definition

Let h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z be an Â-homomorphism, then
h is called smonic (resp. sepic) if all its components hi are split mono
(resp. split epi).
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Proposition (Standard forms)

If h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z is a smonic, (up to
isomorphism) we can and will assume that Ni = Mi ⊕N ′i, and that
hi = (1, 0)t, and, if it is sepic we will write Mi = Ni ⊕M ′i, and hi = (1, 0).
Forthermore, if h is split mono (resp. split epi) the A-homomorphisms fi

(resp. gi) are of the form fi =

(
fi 0
0 ei

)
(resp. gi =

(
gi 0
0 εi

)
).
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Proposition (Induced factorization)

Let h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z be a Â-homomorphism,
J = [a, b] be a finite interval of Z and hJ be the truncation of h to J .
Supose that hJ : MJ → NJ admits a factorization hJ = mJnJ . (In other

words, there is a truncated Â-module LJ = (Li, di)i∈J and truncated

Â-morphisms nJ : MJ → LJ , mJ : LJ → NJ , such that hJ = mJnJ). Then,

this factorization can be extended to h, that is, there is a Â-module (whose

truncation to J is LJ) and Â-homomorphism n, m, whose truncation to J
are nJ , mJ , respectively, such that h = mn.
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Irreducible Morphisms of Repetitive Algebras
Heart of Irreducible Morphisms of Complexes

References

Corollary

Let h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z be an irreducible

Â-homomorphism and J = [a, b] be a finite interval of Z. If hJ is not split
mono, then hJ− is a split epi. If hJ is not split epi, then hJ+ split mono.

Lemma

Let h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z be a Â-homomorphism and J
be an interval of Z. Then hJ : MJ → NJ is irreducible if and only if
hJ : MJ → NJ is not split.
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Corollary

Let h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z be an irreducible

Â-homomorphism, J be an interval of Z and hJ be the truncation of h to J .
Supose that hJ : MJ → NJ is irreducible. If J ⊂ I, then hI is an irreducible
Â-homomorphism.
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Theorem

Let h : M = (Mi, fi)i∈Z −→ N = (Ni, gi)i∈Z be an irreducible

Â-homomorphism. Then one of the next conditions hold:

(i) hi is a split monomorphism ∀i ∈ Z, that is h is smonic;

(ii) hi is a split epimorphism ∀i ∈ Z, that is h is sepic;

(iii) there exists k ∈ Z such that hk is not split. In this case, k is unique
and hk is irreducible A-homomorphism.

joint Merklen (2009), [3]
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Form pm

· · ·X−1

1

��

d−1 // X0

(1,0)t

��

d0 // X1

(1,0)t

��

· · ·Xb

(1,0)t

��

db // Xb+1 · · ·

(1,0)t

��
· · ·X−1

∂−1

// X0 ⊕ Y ′0

∂0
// X1 ⊕ Y ′1 · · ·Xb ⊕ Y ′b

∂b

// Xb+1 ⊕ Y ′b+1

For 0 ≤ i ≤ b, the differential maps ∂i are of the form:

∂i =

(
di ai

0 ei

)
,with ai 6= 0 for some 0 ≤ i ≤ b.

For ∀i ≥ b, i ∈ J , the differential maps ∂i are of the form:

∂i =

(
di 0
0 ei

)
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Forma pe

· · ·Y −1 ⊕ X′−1

(1,0)

��

d−1 // Y 0 ⊕ X′0

(1,0)

��

d0 // Y 1 ⊕ X′1

(1,0)

��

· · ·Y b ⊕ X′b

(1,0)

��

db // Y b+1

1

��
· · ·Y −1

∂−1

// Y 0

∂0
// Y 1 · · ·Y b

∂b

// Y b+1

For 0 ≤ i ≤ b, the differential maps di are of the form

di =

(
∂i 0
ci ei

)
,with ci 6= 0 for some 0 ≤ i ≤ b.

For ∀i ≤ −1, i ∈ J , the differential maps di are form:

di =

(
∂i 0
0 ei

)
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Forma nsp

Y −2 ⊕ X′−2

(1,0)

��

d−2 // Y −1 ⊕ X′−1

(1,0)

��

d−1 // X0

f0

��

d0 // X1

(1,0)t

��

d1 // X2 · · ·

(1,0)t

��
· · ·Y −2

∂−2

// Y −1

∂−1

// Y 0

∂0
// X1 ⊕ Y ′1

∂1
// X2 ⊕ Y ′2

With f0 irreducible.
For i ≤ −2, the differential maps di are of the form

di =

(
∂i 0
0 ei

)
For i ≥ 1, the differential maps ∂i are of the form:

∂i =

(
di 0
0 ei

)
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joint Marcos, [2]

Definition

Let f : X → Y be an morphism of complexes.

(a) If for all J a finite interval of Z the morphism fJ splits, then f is called
locally split.

(b) f is called monster if f is locally split and f does not split.
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Lemma

Let f : X → Y be a smonic, irreducible morphism of complexes, which is
not a monster then there is unique integer lm(f) such that f lm(f) is not
isomorphism and f]−∞,lm(f)[ is an isomorphism.

Lemma

Let f : X → Y be a smonic morphism of complexes and J = [a, b] a finite
interval of Z. If fJ is irreducible morphism, then fa : Xa → Y a is an
isomorphism if and only if f[a+1,b] is an irreducible morphism.
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Corollary

Let f : X → Y be a smonic morphism of complexes and J = [a, b] a finite
interval of Z. If fJ is irreducible morphism and fa : Xa → Y a is not
isomorphism, then a = lm(f).

Definition

Let f : X → Y be an not monster, smonic, irreducible morphism of
complexes and rm(f) the smallest integer such that f[lm(f),rm(f)] is a
irreducible morphism. f[lm(f),rm(f)] is called the monic heart of f .
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Theorem

Let f : X → Y be a smonic and irreducible morphism of complexes. Then f
does not have a monic heart if and only if f is monster morphism.

Theorem

Let f : X → Y be a smonic, irreducible and not monster morphism of
complexes. Then f[a,b] is an irreducible morphism if and only if f[a,b]

contains the monic heart of f .
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Theorem

Let f : X → Y be a sepic and irreducible morphism of complexes. Then f
does not have epic heart if and only if f is monster morphism.

Theorem

Let f : X → Y be an not monster, sepic and irreducible morphism of
complexes. Then f[a,b] is an irreducible morphism if and only if f[a,b]

contains the epic heart of f .
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Examples

A =Λ-proj, with Λ an Artin algebra over the commutative Artinian ring k.
Let S be a simple Λ-module and let

· · · // P s // · · · // P−1 // P 0 // S // 0 // · · · ,

be a minimal projective resolution of the simple S.
The morphism u : PS → J−1(P 0) is an irreducible morphism (Bautista and
Salorio [1]).

· · · // P s //

��

· · · // P−2 //

��

P−1 d−1
//

d−1

��

P 0 //

1

��

0 //

��

· · ·

· · · // 0 // · · · // 0 // P 0 1 // P 0 // 0 // · · · ,
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Examples

We consider hereditary algebra A defined by the quiver

• 2

↙
• 1

↖
• 3

.
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Examples

The morphism f given by:

· · · // 0 //

��

0 //

��

P2
//

��

0 //

��

· · ·

· · · // 0 // P1
// P2 ⊕ P3

// 0 // · · · ,

is an irreducible morphism.

0 //

��

P2

��
P1

// P2 ⊕ P3,

is the monic heart of f .
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Examples

The morphism g given by:

· · · // 0 //

��

P1
//

��

P2 ⊕ P3
//

��

0 //

��

· · ·

· · · // 0 // P1
// P2

// 0 // · · ·

,

is an irreducible morphism.

P1
//

��

P2 ⊕ P3

��
P1

// P2

,

is the epic heart of g.
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Examples

We considere the hereditary algebra A defined by the quiver

• 1 ← • 2 ← • 3 .

The morphism f given by:

· · · // 0 //

��

P1
//

��

P2
//

��

0 //

��

· · ·

· · · // 0 // P1
// P3

// 0 // · · · ,

is an irreducible morphism, so

P2

��
P3,

is the line heart of f .
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Examples

The morphism g given by:

· · · // 0 //

��

P1
//

��

P3
//

��

0 //

��

· · ·

· · · // 0 // P2
// P3

// 0 // · · ·

,

is an irreducible morphism, so

P1

��
P2,

is the line heart of g.
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