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1. Formulación de Faddeev-Jackiw
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1.1 Introducción



φ (x)

(
�x +m2)φ (x) = 0.

y

Σ
y Σ

φ (y) =
∫

Σ
d4x

[
∆ (y− x)∂ x

µ φ (x)−φ (x)∂ x
µ∆ (y− x)

]

=
∫

Σ
d4x∆ (y− x)

↔
∂ x

µ φ (x) ,

∆ (y− x)

φ (y)

Σ x0 =

φ (y) =
∫

Σ
d3x∆ (y− x)

↔
∂ x

t φ (x) .

Σ

(
∂+∂−+∂i∂i +m2)φ = 0 ,

x±

x± =

φ (x+,x−)

φ
(
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= f

(
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)
, φ

(
x+0 ,x

−)= g
(
x−
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φ
(
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0
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= f

(
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(
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f g φ

∂ µ
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↔
∂ x

µ φ (x)
]
= 0 ,

φ ∆
ABC x0 = 0

P AB : x0 = 0 BC : x+ = x+0
AC : x− = x−0
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d4x ∂ µ

x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0

(∫

AB
+
∫

BC
+
∫

CA

)
dΣ (x)nµ
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∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0,

12

 Capítulo 1. Formulación de Faddeev-Jackiw en las Coordenadas de Plano Nulo
x± =

φ (x+,x−)

φ
(
x+,x−0

)
= f

(
x+

)
, φ

(
x+0 ,x

−)= g
(
x−

)
,

φ
(
x+0 ,x

−
0
)
= f

(
x+0

)
= g

(
x−0

)
,

f g φ

∂ µ
x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0 ,

φ ∆
ABC x0 = 0

P AB : x0 = 0 BC : x+ = x+0
AC : x− = x−0

∫
d4x ∂ µ

x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0

(∫

AB
+
∫

BC
+
∫

CA

)
dΣ (x)nµ

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0,

x± =

φ (x+,x−)

φ
(
x+,x−0

)
= f

(
x+

)
, φ

(
x+0 ,x

−)= g
(
x−

)
,

φ
(
x+0 ,x

−
0
)
= f

(
x+0

)
= g

(
x−0

)
,

f g φ

∂ µ
x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0 ,

φ ∆
ABC x0 = 0

P AB : x0 = 0 BC : x+ = x+0
AC : x− = x−0

∫
d4x ∂ µ

x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0

(∫

AB
+
∫

BC
+
∫

CA

)
dΣ (x)nµ

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0,



φ (x)

(
�x +m2)φ (x) = 0.

y

Σ
y Σ

φ (y) =
∫

Σ
d4x

[
∆ (y− x)∂ x

µ φ (x)−φ (x)∂ x
µ∆ (y− x)

]

=
∫

Σ
d4x∆ (y− x)

↔
∂ x

µ φ (x) ,

∆ (y− x)

φ (y)

Σ x0 =

φ (y) =
∫

Σ
d3x∆ (y− x)

↔
∂ x

t φ (x) .

Σ

(
∂+∂−+∂i∂i +m2)φ = 0 ,

x±

x± =

φ (x+,x−)

φ
(
x+,x−0

)
= f

(
x+

)
, φ

(
x+0 ,x

−)= g
(
x−

)
,

φ
(
x+0 ,x

−
0
)
= f

(
x+0

)
= g

(
x−0

)
,

f g φ

∂ µ
x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0 ,

φ ∆
ABC x0 = 0

P AB : x0 = 0 BC : x+ = x+0
AC : x− = x−0

∫
d4x ∂ µ

x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0

(∫

AB
+
∫

BC
+
∫

CA

)
dΣ (x)nµ

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0,

x± =

φ (x+,x−)

φ
(
x+,x−0

)
= f

(
x+

)
, φ

(
x+0 ,x

−)= g
(
x−

)
,

φ
(
x+0 ,x

−
0
)
= f

(
x+0

)
= g

(
x−0

)
,

f g φ

∂ µ
x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0 ,

φ ∆
ABC x0 = 0

P AB : x0 = 0 BC : x+ = x+0
AC : x− = x−0

∫
d4x ∂ µ

x

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0

(∫

AB
+
∫

BC
+
∫

CA

)
dΣ (x)nµ

[
∆ (y− x)

↔
∂ x

µ φ (x)
]
= 0,

dΣ nµ

φ (y) =
∫

d3x∆ (y− x)
↔
∂ x

0 φ (x)

=
∫

CB
dy+∆ (y− x)

↔
∂ x
+φ (x)+

∫

CA
dy−∆ (y− x)

↔
∂ x
−φ (x) .

φ
m ≥ 0

x± = φ

∆
C +∞

P

13

1.2 Problema de Valores Iniciales Sobre el Plano Nulo

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,



dΣ nµ

φ (y) =
∫

d3x∆ (y− x)
↔
∂ x

0 φ (x)

=
∫

CB
dy+∆ (y− x)

↔
∂ x
+φ (x)+

∫

CA
dy−∆ (y− x)

↔
∂ x
−φ (x) .

φ
m ≥ 0

x± = φ

∆
C +∞

P

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+
∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,

14

 Capítulo 1. Formulación de Faddeev-Jackiw en las Coordenadas de Plano Nulo

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]
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[φ (x) ,φ (y)]x±=y± =− i
4
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(
x∓− y∓

)
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(
x+,x−
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[
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(
x+− y+,x−− x−0
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(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .
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φ̇ (x) ,φ (y)

]
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∂ z0∆ (x− z)
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x0 > y0 x0 =
y0

x± = 0
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∫ ∞

0
dz−

[
∆ (x− z)
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∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
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∂ z−
∆ (x− z)
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x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,
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φ (y) =
∫

d3x∆ (y− x)
↔
∂ x

0 φ (x)

=
∫

CB
dy+∆ (y− x)

↔
∂ x
+φ (x)+

∫

CA
dy−∆ (y− x)

↔
∂ x
−φ (x) .

φ
m ≥ 0

x± = φ

∆
C +∞

P

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+
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∆
(
x+− y+,x−− x−0

) ∂ f
∂y+
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) ∂
∂y+

∆
(
x+− y+,x−− x−0
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+

∫ ∞

x+0
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(
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∂y−
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(
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]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
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]
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}
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[φ (x) ,φ (y)] =
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[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
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∆ (x− z)
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∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
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∆ (x− z)

]
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x±

[φ (x) ,φ (y)]x±=y± =− i
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(
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)
,
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(
x+,x−

)
=

∫ ∞
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(
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) ∂ f
∂y+
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(
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) ∂
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∆
(
x+− y+,x−− x−0
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+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,

φ
(
x+,x−

)
=

∫ ∞

x+0
dy+

[
∆
(
x+− y+,x−− x−0

) ∂ f
∂y+

− f
(
y+

) ∂
∂y+

∆
(
x+− y+,x−− x−0

)]

+

∫ ∞

x+0
dy−

[
∆
(
x+− x+0 ,x

−− y−
) ∂g

∂y−
−g

(
y−

) ∂
∂y−

∆
(
x+− x+0

)
,x−− y−

]
.

[φ (x) ,φ (y)] = i∆ (x− y) .

[φ (x) ,φ (y)]x0=y0 = 0 ,
[
φ̇ (x) ,φ (y)

]
x0=y0 =−iδ (x− y).

[φ (x) ,φ (y)] =
∫

dz
{[

φ̇ (z) ,φ (y)
]
∆ (x− z)− [φ (z) ,φ (y)]

∂
∂ z0∆ (x− z)

}

x0=z0
.

x0 > y0 x0 =
y0

x± = 0

[φ (x) ,φ (y)] =
∫ ∞

0
dz+

[
∆ (x− z)

∂
∂ z+

[φ (z) ,φ (y)]−[φ (z) ,φ (y)]
∂

∂ z+
∆ (x− z)

]

x−=z−

+
∫ ∞

0
dz−

[
∆ (x− z)

∂
∂ z−

[φ (z) ,φ (y) ]−[φ (z) ,φ (y)]
∂

∂ z−
∆ (x− z)

]

x+=z+

x±

[φ (x) ,φ (y)]x±=y± =− i
4

ε
(
x∓− y∓

)
,

x+ = 0

x− =

lı́m
x−→−∞

φ = 0 , ∀ x , x+ ≥ x+0 ,

φ (x) =
∫

x+=x+0
dy−∆ (x− y)

↔
∂

x

−φ (y) .

φ x+ = x+0
m ≥ 0

x+ ≥ x+0

x+ = x+0
x+ ≥ x+0

[
KA

(
ϕA

)
,V

(
ϕA

)]

L(0) (ϕA, ϕ̇A)= ϕ̇AKA
(
ϕA)−V

(
ϕA) .

KA
(
ϕA

)
K
(
ϕA

)
= KA

(
ϕA

)
dϕA V

(
ϕA

)
A
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x+ = 0

x− =

lı́m
x−→−∞

φ = 0 , ∀ x , x+ ≥ x+0 ,

φ (x) =
∫

x+=x+0
dy−∆ (x− y)

↔
∂

x

−φ (y) .

φ x+ = x+0
m ≥ 0

x+ ≥ x+0

x+ = x+0
x+ ≥ x+0

[
KA

(
ϕA

)
,V

(
ϕA

)]

L(0) (ϕA, ϕ̇A)= ϕ̇AKA
(
ϕA)−V

(
ϕA) .

KA
(
ϕA

)
K
(
ϕA

)
= KA

(
ϕA

)
dϕA V

(
ϕA

)
A

ϕA

δL
δϕA − ∂

∂ t
δL

δ ϕ̇A = 0,

MAB (ϕ) ϕ̇B =
δV (ϕ)

δϕA .

MAB (ϕ)
M (ϕ) = dK (ϕ)

MAB (ϕ) = MAB (x,y) =
δKB (y)
δϕA (x)

− δKA (x)
δϕB (y)

,

MAB

ϕ̇A (x) =
∫

d3y
[
MAB (x,y)

]−1 δV (ϕ)
δϕB (y)

.

H (ϕ)

V (ϕ) =
∫

d3x H (ϕ) .

ϕ̇A (x) =
{

ϕA (x) ,V (ϕ)
}
=

∫
d3y

{
ϕA (x) ,ϕB (y)

} ∂V (ϕ)
∂ϕB (y)

=

∫
d3y

[
MAB (x,y)

]−1 ∂V
∂ϕB (y)

,

{
ϕA (x) ,ϕB (y)

}
=
[
MAB (x,y)

]−1
,
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ϕA

δL
δϕA − ∂

∂ t
δL

δ ϕ̇A = 0,

MAB (ϕ) ϕ̇B =
δV (ϕ)

δϕA .

MAB (ϕ)
M (ϕ) = dK (ϕ)

MAB (ϕ) = MAB (x,y) =
δKB (y)
δϕA (x)

− δKA (x)
δϕB (y)

,

MAB

ϕ̇A (x) =
∫

d3y
[
MAB (x,y)

]−1 δV (ϕ)
δϕB (y)

.

H (ϕ)

V (ϕ) =
∫

d3x H (ϕ) .

ϕ̇A (x) =
{

ϕA (x) ,V (ϕ)
}
=

∫
d3y

{
ϕA (x) ,ϕB (y)

} ∂V (ϕ)
∂ϕB (y)

=

∫
d3y

[
MAB (x,y)

]−1 ∂V
∂ϕB (y)

,

{
ϕA (x) ,ϕB (y)

}
=
[
MAB (x,y)

]−1
,



x+ = 0

x− =

lı́m
x−→−∞

φ = 0 , ∀ x , x+ ≥ x+0 ,

φ (x) =
∫

x+=x+0
dy−∆ (x− y)

↔
∂

x

−φ (y) .

φ x+ = x+0
m ≥ 0

x+ ≥ x+0

x+ = x+0
x+ ≥ x+0

[
KA

(
ϕA

)
,V

(
ϕA

)]

L(0) (ϕA, ϕ̇A)= ϕ̇AKA
(
ϕA)−V

(
ϕA) .

KA
(
ϕA

)
K
(
ϕA

)
= KA

(
ϕA

)
dϕA V

(
ϕA

)
A

ϕA

δL
δϕA − ∂

∂ t
δL

δ ϕ̇A = 0,

MAB (ϕ) ϕ̇B =
δV (ϕ)

δϕA .

MAB (ϕ)
M (ϕ) = dK (ϕ)

MAB (ϕ) = MAB (x,y) =
δKB (y)
δϕA (x)

− δKA (x)
δϕB (y)

,

MAB

ϕ̇A (x) =
∫

d3y
[
MAB (x,y)

]−1 δV (ϕ)
δϕB (y)

.

H (ϕ)

V (ϕ) =
∫

d3x H (ϕ) .

ϕ̇A (x) =
{

ϕA (x) ,V (ϕ)
}
=

∫
d3y

{
ϕA (x) ,ϕB (y)

} ∂V (ϕ)
∂ϕB (y)

=

∫
d3y

[
MAB (x,y)

]−1 ∂V
∂ϕB (y)

,

{
ϕA (x) ,ϕB (y)

}
=
[
MAB (x,y)

]−1
,

MAB

vA
(α) (x) (α = 1,2, ...,m; m < n) MAB

∫
d3x vA

(α) (x)MAB (x,y) = 0.

m

Ω(α) ≡
∫

d3x vA
(α) (x)

δV (ϕ)
δϕA (x)

=
∫

d3x vA
(α) (x)

δ
δϕA (x)

∫
d3yH (ϕ) , α = 1,2, .....,m.

Ω(α)

Λ(α)

L(1) (ϕ, ϕ̇) = ϕ̇ iKi (ϕ)−Λ(α)Ω(α)−V (ϕ)

Λ(α) → −ζ̇
L(1)

L(1) = ϕ̇ iKi (ϕ)+ ζ̇Ω(α)−V (ϕ)

ξ (A) =
(

ϕ i, ζ̇
)

L(1)

L(1)
(

ϕ, ϕ̇,ζ , ζ̇
)
= ϕ̇ iKi (ϕ)+ ζ̇Ω(α)−V (1) (ϕ) ,

V (1) (ϕ) = V (ϕ)
∣∣∣
Ω(α)=0

ξ (A)

M(1)
AB (x,y) =

δKB (y)
δξ A (x)

− δKA (x)
δξ B (y)

,
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MAB

vA
(α) (x) (α = 1,2, ...,m; m < n) MAB

∫
d3x vA

(α) (x)MAB (x,y) = 0.

m

Ω(α) ≡
∫

d3x vA
(α) (x)

δV (ϕ)
δϕA (x)

=

∫
d3x vA

(α) (x)
δ

δϕA (x)

∫
d3yH (ϕ) , α = 1,2, .....,m.

Ω(α)

Λ(α)

L(1) (ϕ, ϕ̇) = ϕ̇ iKi (ϕ)−Λ(α)Ω(α)−V (ϕ)

Λ(α) → −ζ̇
L(1)

L(1) = ϕ̇ iKi (ϕ)+ ζ̇Ω(α)−V (ϕ)

ξ (A) =
(

ϕ i, ζ̇
)

L(1)

L(1)
(

ϕ, ϕ̇,ζ , ζ̇
)
= ϕ̇ iKi (ϕ)+ ζ̇Ω(α)−V (1) (ϕ) ,

V (1) (ϕ) = V (ϕ)
∣∣∣
Ω(α)=0

ξ (A)

M(1)
AB (x,y) =

δKB (y)
δξ A (x)

− δKA (x)
δξ B (y)

,

M(1)
i j (x,y) =

δKj (y)
δξ i (x)

− δKi (x)
δξ j (y)

= M̄i j (x,y) = M̄i j

M(1)
iζ (x,y) =

δKζ (y)
δξ i (x)

− δKi (x)
δξ ζ (y)

=
δΩ(α) (y)

δϕ i (x)
=

δΩ(α)

δϕ i

M(1)
ζ i (x,y) =

δKi (y)
δξ ζ (x)

−
δKζ (x)
δξ i (y)

=−
δΩ(α) (x)

δϕ i (y)
=−

(δΩ(α)

δϕ i

)T

M(1)
ζζ (x,y) = 0

M(1)
AB (x,y) =


 M̄i j

δΩ(α)

δϕ i

−
( δΩ(α)

δϕ i

)T
0


 ,

M̄i j

ϕ i (x)
δΩ(α)

δϕ i

MAB

∫
d3z MAC (x,z)

(
MCB)−1

(z,y) = δ B
A δ 3 (x−y)

∫
d3z

(
MAC)−1

(x,z)MCB (z,y) = δ A
B δ 3 (x−y)

(
MAB)−1

(x,y) =
(

A jk (x,y) B jρ (x,y)
Cβk (x,y) Gβρ (x,y)

)
,

∫
d3z MAC (x,z)

(
MCB)−1

(z,y) =
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M(1)
i j (x,y) =

δKj (y)
δξ i (x)

− δKi (x)
δξ j (y)

= M̄i j (x,y) = M̄i j

M(1)
iζ (x,y) =

δKζ (y)
δξ i (x)

− δKi (x)
δξ ζ (y)

=
δΩ(α) (y)

δϕ i (x)
=

δΩ(α)

δϕ i

M(1)
ζ i (x,y) =

δKi (y)
δξ ζ (x)

−
δKζ (x)
δξ i (y)

=−
δΩ(α) (x)

δϕ i (y)
=−

(δΩ(α)

δϕ i

)T

M(1)
ζ ζ (x,y) = 0

M(1)
AB (x,y) =


 M̄i j

δΩ(α)

δϕ i

−
( δΩ(α)

δϕ i

)T
0


 ,

M̄i j

ϕ i (x)
δΩ(α)

δϕ i

MAB

∫
d3z MAC (x,z)

(
MCB)−1

(z,y) = δ B
A δ 3 (x−y)

∫
d3z

(
MAC)−1

(x,z)MCB (z,y) = δ A
B δ 3 (x−y)

(
MAB)−1

(x,y) =
(

A jk (x,y) B jρ (x,y)
Cβk (x,y) Gβρ (x,y)

)
,

∫
d3z MAC (x,z)

(
MCB)−1

(z,y) =



MAB

vA
(α) (x) (α = 1,2, ...,m; m < n) MAB

∫
d3x vA

(α) (x)MAB (x,y) = 0.

m

Ω(α) ≡
∫

d3x vA
(α) (x)

δV (ϕ)
δϕA (x)

=

∫
d3x vA

(α) (x)
δ

δϕA (x)

∫
d3yH (ϕ) , α = 1,2, .....,m.

Ω(α)

Λ(α)

L(1) (ϕ, ϕ̇) = ϕ̇ iKi (ϕ)−Λ(α)Ω(α)−V (ϕ)

Λ(α) → −ζ̇
L(1)

L(1) = ϕ̇ iKi (ϕ)+ ζ̇Ω(α)−V (ϕ)

ξ (A) =
(

ϕ i, ζ̇
)

L(1)

L(1)
(

ϕ, ϕ̇,ζ , ζ̇
)
= ϕ̇ iKi (ϕ)+ ζ̇Ω(α)−V (1) (ϕ) ,

V (1) (ϕ) = V (ϕ)
∣∣∣
Ω(α)=0

ξ (A)

M(1)
AB (x,y) =

δKB (y)
δξ A (x)

− δKA (x)
δξ B (y)

,

M(1)
i j (x,y) =

δKj (y)
δξ i (x)

− δKi (x)
δξ j (y)

= M̄i j (x,y) = M̄i j

M(1)
iζ (x,y) =

δKζ (y)
δξ i (x)

− δKi (x)
δξ ζ (y)

=
δΩ(α) (y)

δϕ i (x)
=

δΩ(α)

δϕ i

M(1)
ζ i (x,y) =

δKi (y)
δξ ζ (x)

−
δKζ (x)
δξ i (y)

=−
δΩ(α) (x)

δϕ i (y)
=−

(δΩ(α)

δϕ i

)T

M(1)
ζζ (x,y) = 0

M(1)
AB (x,y) =


 M̄i j

δΩ(α)

δϕ i

−
( δΩ(α)

δϕ i

)T
0


 ,

M̄i j

ϕ i (x)
δΩ(α)

δϕ i

MAB

∫
d3z MAC (x,z)

(
MCB)−1

(z,y) = δ B
A δ 3 (x−y)

∫
d3z

(
MAC)−1

(x,z)MCB (z,y) = δ A
B δ 3 (x−y)

(
MAB)−1

(x,y) =
(

A jk (x,y) B jρ (x,y)
Cβk (x,y) Gβρ (x,y)

)
,

∫
d3z MAC (x,z)

(
MCB)−1

(z,y) =

=
∫

d3z


 M̄i j (x,z)

δΩ(α)(z)
δϕ i(x)

− δΩ(α)(x)
δϕ j(z) 0



(

A jk (z,y) B jρ (z,y)
Cαk (z,y) Gαρ (z,y)

)

= δ 3 (x−y)
(

I 0
0 I

)
,

I M̄i j

∫
d3z

[
M̄i j (x,z)A jk (z,y)+

δΩ(α) (z)
δϕ i (x)

Cαk (z,y)
]

= δ k
i δ 3 (x−y)

∫
d3z

[
M̄i j (x,z)B jρ (z,y)+

δΩ(α) (z)
δϕ i (x)

Gαρ (z,y)
]

= 0

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
A jk (z,y) = 0

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) = δ k

i δ 3 (x−y)

B jρ (x,y) =−Cρ j (y,x) .

∫
d3z M̄i j (x,z)B jρ (z,y) =−

∫
d3z

δΩ(α) (z)
δϕ i (x)

Gαρ (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄ki

)−1
(v,x)

∫
d3z M̄i j (x,z)B jρ (z,y) =

=
∫

d3z
[∫

d3x
(

M̄ki
)−1

(v,x)M̄i j (x,z)
]

B jρ (z,y)

=
∫

d3z δ k
j δ 3 (v− z)B jρ (z,y) = Bkρ (v,y)

= −
∫

d3x d3z
(

M̄ki
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)
Gαρ (z,y)

B jρ (x,y) =−Cρ j (y,x) =−
∫

d3v d3z
(

M̄ jk
)−1

(x,v)
δΩ(α) (z)
δϕk (v)

Gαρ (z,y)

19

1.3 Formalismo de Faddeev-Jackiw en Teoría de Campos

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) =

∫
d3z

δΩ(α) (x)
δϕ j (z)

∫
d3v d3u

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

Gβρ (u,y)

=
∫

d3u
[∫

d3z d3v
δΩ(α) (x)

δϕ j (z)

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

]

Gβρ (u,y)
= δ k

i δ 3 (x−y)

∫
d3u d3v

δΩ(α) (x)
δϕ j (u)

(
M̄ jk

)−1
(u,v)

δΩ(β ) (y)
δϕk (v)

≡Φαβ (x,y) ,

∫
d3u Φαβ (x,u)Gβρ (u,y) = δ k

i δ 3 (x−y)

∫
d3z M̄i j (x,z)A jk (z,y) = δ k

i δ 3 (x−y)−
∫

d3z
δΩ(α) (z)

δϕ i (x)
Cαk (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z M̄i j (x,z)A jk (z,y) =



=
∫

d3z


 M̄i j (x,z)

δΩ(α)(z)
δϕ i(x)

− δΩ(α)(x)
δϕ j(z) 0



(

A jk (z,y) B jρ (z,y)
Cαk (z,y) Gαρ (z,y)

)

= δ 3 (x−y)
(

I 0
0 I

)
,

I M̄i j

∫
d3z

[
M̄i j (x,z)A jk (z,y)+

δΩ(α) (z)
δϕ i (x)

Cαk (z,y)
]

= δ k
i δ 3 (x−y)

∫
d3z

[
M̄i j (x,z)B jρ (z,y)+

δΩ(α) (z)
δϕ i (x)

Gαρ (z,y)
]

= 0

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
A jk (z,y) = 0

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) = δ k

i δ 3 (x−y)

B jρ (x,y) =−Cρ j (y,x) .

∫
d3z M̄i j (x,z)B jρ (z,y) =−

∫
d3z

δΩ(α) (z)
δϕ i (x)

Gαρ (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄ki

)−1
(v,x)

∫
d3z M̄i j (x,z)B jρ (z,y) =

=
∫

d3z
[∫

d3x
(

M̄ki
)−1

(v,x)M̄i j (x,z)
]

B jρ (z,y)

=
∫

d3z δ k
j δ 3 (v− z)B jρ (z,y) = Bkρ (v,y)

= −
∫

d3x d3z
(

M̄ki
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)
Gαρ (z,y)

B jρ (x,y) =−Cρ j (y,x) =−
∫

d3v d3z
(

M̄ jk
)−1

(x,v)
δΩ(α) (z)
δϕk (v)

Gαρ (z,y)

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) =

∫
d3z

δΩ(α) (x)
δϕ j (z)

∫
d3v d3u

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

Gβρ (u,y)

=
∫

d3u
[∫

d3z d3v
δΩ(α) (x)

δϕ j (z)

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

]

Gβρ (u,y)
= δ k

i δ 3 (x−y)

∫
d3u d3v

δΩ(α) (x)
δϕ j (u)

(
M̄ jk

)−1
(u,v)

δΩ(β ) (y)
δϕk (v)

≡Φαβ (x,y) ,

∫
d3u Φαβ (x,u)Gβρ (u,y) = δ k

i δ 3 (x−y)

∫
d3z M̄i j (x,z)A jk (z,y) = δ k

i δ 3 (x−y)−
∫

d3z
δΩ(α) (z)

δϕ i (x)
Cαk (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z M̄i j (x,z)A jk (z,y) =

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) =

∫
d3z

δΩ(α) (x)
δϕ j (z)

∫
d3v d3u

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

Gβρ (u,y)

=
∫

d3u
[∫

d3z d3v
δΩ(α) (x)

δϕ j (z)

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

]

Gβρ (u,y)
= δ k

i δ 3 (x−y)

∫
d3u d3v

δΩ(α) (x)
δϕ j (u)

(
M̄ jk

)−1
(u,v)

δΩ(β ) (y)
δϕk (v)

≡Φαβ (x,y) ,

∫
d3u Φαβ (x,u)Gβρ (u,y) = δ k

i δ 3 (x−y)

∫
d3z M̄i j (x,z)A jk (z,y) = δ k

i δ 3 (x−y)−
∫

d3z
δΩ(α) (z)

δϕ i (x)
Cαk (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z M̄i j (x,z)A jk (z,y) =

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) =

∫
d3z

δΩ(α) (x)
δϕ j (z)

∫
d3v d3u

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

Gβρ (u,y)

=
∫

d3u
[∫

d3z d3v
δΩ(α) (x)

δϕ j (z)

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

]

Gβρ (u,y)
= δ k

i δ 3 (x−y)

∫
d3u d3v

δΩ(α) (x)
δϕ j (u)

(
M̄ jk

)−1
(u,v)

δΩ(β ) (y)
δϕk (v)

≡Φαβ (x,y) ,

∫
d3u Φαβ (x,u)Gβρ (u,y) = δ k

i δ 3 (x−y)

∫
d3z M̄i j (x,z)A jk (z,y) = δ k

i δ 3 (x−y)−
∫

d3z
δΩ(α) (z)

δϕ i (x)
Cαk (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z M̄i j (x,z)A jk (z,y) =
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−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) =

∫
d3z

δΩ(α) (x)
δϕ j (z)

∫
d3v d3u

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

Gβρ (u,y)

=
∫

d3u
[∫

d3z d3v
δΩ(α) (x)

δϕ j (z)

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

]

Gβρ (u,y)
= δ k

i δ 3 (x−y)

∫
d3u d3v

δΩ(α) (x)
δϕ j (u)

(
M̄ jk

)−1
(u,v)

δΩ(β ) (y)
δϕk (v)

≡Φαβ (x,y) ,

∫
d3u Φαβ (x,u)Gβρ (u,y) = δ k

i δ 3 (x−y)

∫
d3z M̄i j (x,z)A jk (z,y) = δ k

i δ 3 (x−y)−
∫

d3z
δΩ(α) (z)

δϕ i (x)
Cαk (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z M̄i j (x,z)A jk (z,y) =



=
∫

d3z


 M̄i j (x,z)

δΩ(α)(z)
δϕ i(x)

− δΩ(α)(x)
δϕ j(z) 0



(

A jk (z,y) B jρ (z,y)
Cαk (z,y) Gαρ (z,y)

)

= δ 3 (x−y)
(

I 0
0 I

)
,

I M̄i j

∫
d3z

[
M̄i j (x,z)A jk (z,y)+

δΩ(α) (z)
δϕ i (x)

Cαk (z,y)
]

= δ k
i δ 3 (x−y)

∫
d3z

[
M̄i j (x,z)B jρ (z,y)+

δΩ(α) (z)
δϕ i (x)

Gαρ (z,y)
]

= 0

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
A jk (z,y) = 0

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) = δ k

i δ 3 (x−y)

B jρ (x,y) =−Cρ j (y,x) .

∫
d3z M̄i j (x,z)B jρ (z,y) =−

∫
d3z

δΩ(α) (z)
δϕ i (x)

Gαρ (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄ki

)−1
(v,x)

∫
d3z M̄i j (x,z)B jρ (z,y) =

=
∫

d3z
[∫

d3x
(

M̄ki
)−1

(v,x)M̄i j (x,z)
]

B jρ (z,y)

=
∫

d3z δ k
j δ 3 (v− z)B jρ (z,y) = Bkρ (v,y)

= −
∫

d3x d3z
(

M̄ki
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)
Gαρ (z,y)

B jρ (x,y) =−Cρ j (y,x) =−
∫

d3v d3z
(

M̄ jk
)−1

(x,v)
δΩ(α) (z)
δϕk (v)

Gαρ (z,y)

−
∫

d3z
δΩ(α) (x)

δϕ j (z)
B jρ (z,y) =

∫
d3z

δΩ(α) (x)
δϕ j (z)

∫
d3v d3u

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

Gβρ (u,y)

=
∫

d3u
[∫

d3z d3v
δΩ(α) (x)

δϕ j (z)

(
M̄ jk

)−1
(z,v)

δΩ(β ) (u)
δϕk (v)

]

Gβρ (u,y)
= δ k

i δ 3 (x−y)

∫
d3u d3v

δΩ(α) (x)
δϕ j (u)

(
M̄ jk

)−1
(u,v)

δΩ(β ) (y)
δϕk (v)

≡Φαβ (x,y) ,

∫
d3u Φαβ (x,u)Gβρ (u,y) = δ k

i δ 3 (x−y)

∫
d3z M̄i j (x,z)A jk (z,y) = δ k

i δ 3 (x−y)−
∫

d3z
δΩ(α) (z)

δϕ i (x)
Cαk (z,y) .

(
M̄i j

)−1
(x,y)

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z M̄i j (x,z)A jk (z,y) =

=
∫

d3z
[∫

d3x
(

M̄li
)−1

(v,x)M̄i j (x,z)
]

A jk (z,y)

=
∫

d3z δ l
jδ 3 (v− z) A jk (z,y) = Alk (v,y)

=
∫

d3x
(

M̄li
)−1

(v,x)δ k
i δ 3 (x−y)−

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z

δΩ(α) (z)
δϕ i (x)

Cαk (z,y)

=
(

M̄lk
)−1

(v,y)+
∫

d3xd3z
(

M̄li
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)
Bkα (y,z)

=
(

M̄lk
)−1

(v,y)−
∫

d3xd3z
(

M̄li
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)[∫
d3w d3u

(
M̄km

)−1
(y,w)

δΩ(σ) (u)
δϕm (w)

Gσα (u,z)
]

=
(

M̄lk
)−1

(v,y)−
∫

d3z d3u
[∫

d3x
(

M̄li
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)

]

[∫
d3w

(
M̄km

)−1
(y,w)

δΩ(σ) (u)
δϕm (w)

]
Gσα (u,z)

Ai j (x,y) =
(
M̄i j)−1

(x,y)−
∫

d3z d3u
[∫

d3v
(

M̄ik
)−1

(x,v)
δΩ(α) (z)
δϕk (v)

]

[∫
d3w

(
M̄ jm)−1

(y,w)
δΩ(σ) (u)
δϕm (w)

]
Gσα (u,z) .

ϕ i (x)

{
ϕ i (x) ,ϕ j (x)

}
= Ai j (x,y) =

(
M̄i j)−1

(x,y)−
∫

d3z d3u
[∫

d3v
(

M̄ik
)−1

(x,v)
δΩ(α) (z)
δϕk (v)

]

[∫
d3w

(
M̄ jm)−1

(y,w)
δΩ(σ) (u)
δϕm (w)

]
Gσα (u,z)

(
M̄i j

)−1
(x,y) Gαβ (x,y)
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L (0) =−1
4

Fαβ Fαβ =
1
2

F+−F+−+F+kF−k −
1
4

FklFkl ,

Πν ≡ ∂L (0)

∂ (∂+Aν)
= Fν+.

Π+ = 0,
Π− = F−+ = F+− = ∂+A−−∂−A+,

Πk = Fk+ = F−k = ∂−Ak −∂kA−.

H (0) = Πµ ∂+Aµ −L (0)

=
1
2
Π−Π−+Π−∂−A++(∂−Ak −∂kA−)∂kA++

1
4

FklFkl .

L (0) =Π−∂+A−+(∂−Ak −∂kA−)∂+Ak −H (0),

H (0)

ξ (0)
k =

(A+,A−,Ai,Π−)

K(0)
A+

→ 0 , K(0)
A−

→Π− , K(0)
Ai

→Πi = ∂−Ai −∂iA− , K(0)
Π− → 0.

M(0)
AB (x,y) =

δK(0)
B (y)

δξ (0)
A (x)

−
δK(0)

A (x)

δξ (0)
B (y)

,

L (0) =−1
4

Fαβ Fαβ =
1
2

F+−F+−+F+kF−k −
1
4

FklFkl ,

Πν ≡ ∂L (0)

∂ (∂+Aν)
= Fν+.

Π+ = 0,
Π− = F−+ = F+− = ∂+A−−∂−A+,

Πk = Fk+ = F−k = ∂−Ak −∂kA−.

H (0) = Πµ ∂+Aµ −L (0)

=
1
2
Π−Π−+Π−∂−A++(∂−Ak −∂kA−)∂kA++

1
4

FklFkl .

L (0) =Π−∂+A−+(∂−Ak −∂kA−)∂+Ak −H (0),

H (0)

ξ (0)
k =

(A+,A−,Ai,Π−)

K(0)
A+

→ 0 , K(0)
A−

→Π− , K(0)
Ai

→Πi = ∂−Ai −∂iA− , K(0)
Π− → 0.

M(0)
AB (x,y) =

δK(0)
B (y)

δξ (0)
A (x)

−
δK(0)

A (x)

δξ (0)
B (y)

,

=
∫

d3z
[∫

d3x
(

M̄li
)−1

(v,x)M̄i j (x,z)
]

A jk (z,y)

=
∫

d3z δ l
jδ 3 (v− z) A jk (z,y) = Alk (v,y)

=
∫

d3x
(

M̄li
)−1

(v,x)δ k
i δ 3 (x−y)−

∫
d3x

(
M̄li

)−1
(v,x)

∫
d3z

δΩ(α) (z)
δϕ i (x)

Cαk (z,y)

=
(

M̄lk
)−1

(v,y)+
∫

d3xd3z
(

M̄li
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)
Bkα (y,z)

=
(

M̄lk
)−1

(v,y)−
∫

d3xd3z
(

M̄li
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)[∫
d3w d3u

(
M̄km

)−1
(y,w)

δΩ(σ) (u)
δϕm (w)

Gσα (u,z)
]

=
(

M̄lk
)−1

(v,y)−
∫

d3z d3u
[∫

d3x
(

M̄li
)−1

(v,x)
δΩ(α) (z)

δϕ i (x)

]

[∫
d3w

(
M̄km

)−1
(y,w)

δΩ(σ) (u)
δϕm (w)

]
Gσα (u,z)

Ai j (x,y) =
(
M̄i j)−1

(x,y)−
∫

d3z d3u
[∫

d3v
(

M̄ik
)−1

(x,v)
δΩ(α) (z)
δϕk (v)

]

[∫
d3w

(
M̄ jm)−1

(y,w)
δΩ(σ) (u)
δϕm (w)

]
Gσα (u,z) .

ϕ i (x)

{
ϕ i (x) ,ϕ j (x)

}
= Ai j (x,y) =

(
M̄i j)−1

(x,y)−
∫

d3z d3u
[∫

d3v
(

M̄ik
)−1

(x,v)
δΩ(α) (z)
δϕk (v)

]

[∫
d3w

(
M̄ jm)−1

(y,w)
δΩ(σ) (u)
δϕm (w)

]
Gσα (u,z)

(
M̄i j

)−1
(x,y) Gαβ (x,y)
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L (0) =−1
4

Fαβ Fαβ =
1
2

F+−F+−+F+kF−k −
1
4

FklFkl ,

Πν ≡ ∂L (0)

∂ (∂+Aν)
= Fν+.

Π+ = 0,
Π− = F−+ = F+− = ∂+A−−∂−A+,

Πk = Fk+ = F−k = ∂−Ak −∂kA−.

H (0) = Πµ ∂+Aµ −L (0)

=
1
2
Π−Π−+Π−∂−A++(∂−Ak −∂kA−)∂kA++

1
4

FklFkl .

L (0) =Π−∂+A−+(∂−Ak −∂kA−)∂+Ak −H (0),

H (0)

ξ (0)
k =

(A+,A−,Ai,Π−)

K(0)
A+

→ 0 , K(0)
A−

→Π− , K(0)
Ai

→Πi = ∂−Ai −∂iA− , K(0)
Π− → 0.

M(0)
AB (x,y) =

δK(0)
B (y)

δξ (0)
A (x)

−
δK(0)

A (x)

δξ (0)
B (y)

,
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M(0) (x,y) =




0 0 0 0
0 0 ∂ x

j −1
0 ∂ x

i −2δ i
j∂ x

− 0
0 1 0 0


δ 3 (x−y) ,

δ 3 (x−y)≡ δ
(
x−− y−

)
δ 2 (xT − yT ) .

M(0) (x,y)

ṽA(0) (x) =
(

vA+ (x) 0 0 0 0
)
,

vA+ (x)

Ω(0) =
∫

d3xṽA(0) δ
δξA (x)

∫
d3yH (0)

= −
∫

d3xvA+ (x)
[

∂ x
−Π

− (x)+∂ x
k Π

k (x)
]

= 0.

vA+ (x)

Ω(0) = ∂ x
−Π

−+∂ x
k Π

k = ∂ x
−Π

−+∂ x
k
(
∂ x
−Ak −∂ x

k A−
)
= 0

L (1) =Π−∂+A−+
(
∂ x
−Ak −∂ x

k A−
)

∂+Ak +Ω(0)λ̇ −H (1)

H (1) = H (0)
∣∣∣
Ω(0)=0

.

H (0),

H (0) =
1
2
Π−Π−−A+

(
∂ x
−Π

−+∂ x
k Π

k
)
+

1
4

FklFkl ,

H (1) = H (0)
∣∣∣
Ω(0)=0

=
1
2
Π−Π−+

1
4

FklFkl .



ξ (1)
k H (1) A+

ξ (1)
k = (A−,Ai,Π−,λ )

K(1)
A−

→ Π− , K(1)
Ai

→Πi = ∂−Ai −∂iA− , K(1)
Π− → 0,

K(1)
λ → Ω(0) = ∂ x

−Π
−+∂ x

k
(
∂ x
−Ak −∂ x

k A−
)
,

M(1)
AB (x,y) =

δK(1)
B (y)

δξ (1)
A (x)

−
δK(1)

A (x)

δξ (1)
B (y)

,

M(1) (x,y) =




0 ∂ x
j −1 −∂ x

k ∂ x
k

∂ x
i −2δ i

j∂ x
− 0 ∂ x

i ∂ x
−

1 0 0 −∂ x
−

∂ x
k ∂ x

k −∂ x
j ∂ x

− −∂ x
− 0


δ 3 (x−y) .

ṽA(1) (x)
∫

d3xṽA(1) (x)M(1)
AB (x,y) = 0.

ṽA(1) (x) =
(

∂ x
−α5 (x) ∂ x

j α5 (x) 0 α5 (x)
)
,

α5 (x)

Ω(1) =
∫

d3xṽA(1) (x)
δ

δξA (x)

∫
d3yH (1) (y)

= −1
2

∫
d3x

[
∂ x

j α5 (x)∂ x
k Fk j (x)−∂ x

j α5 (x)∂ x
l Fjl (x)

]

=
1
2

∫
d3xα5 (x)

[
∂ x

j ∂ x
k Fk j (x)−∂ x

j ∂ x
l Fjl (x)

]

= 0.

M(0) (x,y) =




0 0 0 0
0 0 ∂ x

j −1
0 ∂ x

i −2δ i
j∂ x

− 0
0 1 0 0


δ 3 (x−y) ,

δ 3 (x−y)≡ δ
(
x−− y−

)
δ 2 (xT − yT ) .

M(0) (x,y)

ṽA(0) (x) =
(

vA+ (x) 0 0 0 0
)
,

vA+ (x)

Ω(0) =
∫

d3xṽA(0) δ
δξA (x)

∫
d3yH (0)

= −
∫

d3xvA+ (x)
[

∂ x
−Π

− (x)+∂ x
k Π

k (x)
]

= 0.

vA+ (x)

Ω(0) = ∂ x
−Π

−+∂ x
k Π

k = ∂ x
−Π

−+∂ x
k
(
∂ x
−Ak −∂ x

k A−
)
= 0

L (1) =Π−∂+A−+
(
∂ x
−Ak −∂ x

k A−
)

∂+Ak +Ω(0)λ̇ −H (1)

H (1) = H (0)
∣∣∣
Ω(0)=0

.

H (0),

H (0) =
1
2
Π−Π−−A+

(
∂ x
−Π

−+∂ x
k Π

k
)
+

1
4

FklFkl ,

H (1) = H (0)
∣∣∣
Ω(0)=0

=
1
2
Π−Π−+

1
4

FklFkl .
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ξ (1)
k H (1) A+

ξ (1)
k = (A−,Ai,Π−,λ )

K(1)
A−

→ Π− , K(1)
Ai

→Πi = ∂−Ai −∂iA− , K(1)
Π− → 0,

K(1)
λ → Ω(0) = ∂ x

−Π
−+∂ x

k
(
∂ x
−Ak −∂ x

k A−
)
,

M(1)
AB (x,y) =

δK(1)
B (y)

δξ (1)
A (x)

−
δK(1)

A (x)

δξ (1)
B (y)

,

M(1) (x,y) =




0 ∂ x
j −1 −∂ x

k ∂ x
k

∂ x
i −2δ i

j∂ x
− 0 ∂ x

i ∂ x
−

1 0 0 −∂ x
−

∂ x
k ∂ x

k −∂ x
j ∂ x

− −∂ x
− 0


δ 3 (x−y) .

ṽA(1) (x)
∫

d3xṽA(1) (x)M(1)
AB (x,y) = 0.

ṽA(1) (x) =
(

∂ x
−α5 (x) ∂ x

j α5 (x) 0 α5 (x)
)
,

α5 (x)

Ω(1) =
∫

d3xṽA(1) (x)
δ

δξA (x)

∫
d3yH (1) (y)

= −1
2

∫
d3x

[
∂ x

j α5 (x)∂ x
k Fk j (x)−∂ x

j α5 (x)∂ x
l Fjl (x)

]

=
1
2

∫
d3xα5 (x)

[
∂ x

j ∂ x
k Fk j (x)−∂ x

j ∂ x
l Fjl (x)

]

= 0.



M(0) (x,y) =




0 0 0 0
0 0 ∂ x

j −1
0 ∂ x

i −2δ i
j∂ x

− 0
0 1 0 0


δ 3 (x−y) ,

δ 3 (x−y)≡ δ
(
x−− y−

)
δ 2 (xT − yT ) .

M(0) (x,y)

ṽA(0) (x) =
(

vA+ (x) 0 0 0 0
)
,

vA+ (x)

Ω(0) =
∫

d3xṽA(0) δ
δξA (x)

∫
d3yH (0)

= −
∫

d3xvA+ (x)
[

∂ x
−Π

− (x)+∂ x
k Π

k (x)
]

= 0.

vA+ (x)

Ω(0) = ∂ x
−Π

−+∂ x
k Π

k = ∂ x
−Π

−+∂ x
k
(
∂ x
−Ak −∂ x

k A−
)
= 0

L (1) =Π−∂+A−+
(
∂ x
−Ak −∂ x

k A−
)

∂+Ak +Ω(0)λ̇ −H (1)

H (1) = H (0)
∣∣∣
Ω(0)=0

.

H (0),

H (0) =
1
2
Π−Π−−A+

(
∂ x
−Π

−+∂ x
k Π

k
)
+

1
4

FklFkl ,

H (1) = H (0)
∣∣∣
Ω(0)=0

=
1
2
Π−Π−+

1
4

FklFkl .

ξ (1)
k H (1) A+

ξ (1)
k = (A−,Ai,Π−,λ )

K(1)
A−

→ Π− , K(1)
Ai

→Πi = ∂−Ai −∂iA− , K(1)
Π− → 0,

K(1)
λ → Ω(0) = ∂ x

−Π
−+∂ x

k
(
∂ x
−Ak −∂ x

k A−
)
,

M(1)
AB (x,y) =

δK(1)
B (y)

δξ (1)
A (x)

−
δK(1)

A (x)

δξ (1)
B (y)

,

M(1) (x,y) =




0 ∂ x
j −1 −∂ x

k ∂ x
k

∂ x
i −2δ i

j∂ x
− 0 ∂ x

i ∂ x
−

1 0 0 −∂ x
−

∂ x
k ∂ x

k −∂ x
j ∂ x

− −∂ x
− 0


δ 3 (x−y) .

ṽA(1) (x)
∫

d3xṽA(1) (x)M(1)
AB (x,y) = 0.

ṽA(1) (x) =
(

∂ x
−α5 (x) ∂ x

j α5 (x) 0 α5 (x)
)
,

α5 (x)

Ω(1) =
∫

d3xṽA(1) (x)
δ

δξA (x)

∫
d3yH (1) (y)

= −1
2

∫
d3x

[
∂ x

j α5 (x)∂ x
k Fk j (x)−∂ x

j α5 (x)∂ x
l Fjl (x)

]

=
1
2

∫
d3xα5 (x)

[
∂ x

j ∂ x
k Fk j (x)−∂ x

j ∂ x
l Fjl (x)

]

= 0.

Ω(1)

Θ = A− (x) = 0
η (x)

L (2) =Π−∂+A−+(∂−Ak −∂kA−)∂+Ak +Ω(0)λ̇ +Θη̇ −H (2),

H (2) = H (1)
∣∣∣
Θ=0

=
1
2
Π−Π−+

1
4

FklFkl .

ξ (2)
k = (A−,Ai,Π−,λ ,η)

K(2)
A−

→ Π− , K(2)
Ai

→Πi = ∂−Ai −∂iA− , K(2)
Π− → 0,

K(2)
λ → Ω(0) = ∂ x

−Π
−+∂ x

k
(
∂ x
−Ak −∂ x

k A−
)

, K(2)
η →Θ = A−.

M(2) (x,y) =




0 ∂ x
j −1 −∂ x

k ∂ x
k 1

∂ x
i −2δ i

j∂ x
− 0 ∂ x

i ∂ x
− 0

1 0 0 −∂ x
− 0

∂ x
k ∂ x

k −∂ x
j ∂ x

− −∂ x
− 0 0

−1 0 0 0 0




δ 3 (x−y)

[
M(2)

]−1
(x,y)

∫
d3zM(2)

AC (x,z)
[
MCB(2)

]−1
(z,y) = δ B

A δ 3 (x−y)

[
M(2)

]−1
(x,y)
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Ω(1)

Θ = A− (x) = 0
η (x)

L (2) =Π−∂+A−+(∂−Ak −∂kA−)∂+Ak +Ω(0)λ̇ +Θη̇ −H (2),

H (2) = H (1)
∣∣∣
Θ=0

=
1
2
Π−Π−+

1
4

FklFkl .

ξ (2)
k = (A−,Ai,Π−,λ ,η)

K(2)
A−

→ Π− , K(2)
Ai

→Πi = ∂−Ai −∂iA− , K(2)
Π− → 0,

K(2)
λ → Ω(0) = ∂ x

−Π
−+∂ x

k
(
∂ x
−Ak −∂ x

k A−
)

, K(2)
η →Θ = A−.

M(2) (x,y) =




0 ∂ x
j −1 −∂ x

k ∂ x
k 1

∂ x
i −2δ i

j∂ x
− 0 ∂ x

i ∂ x
− 0

1 0 0 −∂ x
− 0

∂ x
k ∂ x

k −∂ x
j ∂ x

− −∂ x
− 0 0

−1 0 0 0 0




δ 3 (x−y)

[
M(2)

]−1
(x,y)

∫
d3zM(2)

AC (x,z)
[
MCB(2)

]−1
(z,y) = δ B

A δ 3 (x−y)

[
M(2)

]−1
(x,y)

[
M(2)

]−1
(z,y) =




0 0 0 0 α5 (z,y)
0 β2 jk (z,y) β3 j (z,y) 0 β5 j (z,y)
0 γ2k (z,y) γ3 (z,y) γ4 (z,y) 0
0 0 λ3 (z,y) 0 λ5 (z,y)

ζ1 (z,y) ζ2k (z,y) 0 ζ4 (z,y) 0



,

α5 (x,y) =−δ 3 (x−y) ,

β2i j (x,y) = −
δ i

j

2
1

∂ x
−

δ 3 (x−y) , β3i (x,y) =−1
2

∂ x
i

∂ x
−

δ 3 (x−y) ,

β5i (x,y) = −
∂ x

i
∂ x
−

δ 3 (x−y) ,

γ2 j (x,y) =
1
2

∂ x
j

∂ x
−

δ 3 (x−y) , γ3 (x,y) =
1
2

∂ x
k ∂ x

k
∂ x
−

δ 3 (x−y) ,

γ4 (x,y) = − 1
∂ x
−

δ 3 (x−y) ,

λ3 (x,y) =− 1
∂ x
−

δ 3 (x−y) , λ5 (x,y) =− 1
∂ x
−

δ 3 (x−y) ,

ζ1 (x,y) = δ 3 (x−y) , ζ2 j (x,y) =
∂ x

j

∂ x
−

δ 3 (x−y) ,

ζ4 (x,y) = − 1
∂ x
−

δ 3 (x−y) .

{
ξ (0)

Ai
(x) ,ξ (0)

A j
(y)

}
=

{
Ai (x) ,A j (y)

}
= β2i j (x,y)

= −
δ i

j

4
ε
(
x−− y−

)
δ 2 (xT − yT ) ,
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[
M(2)

]−1
(z,y) =




0 0 0 0 α5 (z,y)
0 β2 jk (z,y) β3 j (z,y) 0 β5 j (z,y)
0 γ2k (z,y) γ3 (z,y) γ4 (z,y) 0
0 0 λ3 (z,y) 0 λ5 (z,y)

ζ1 (z,y) ζ2k (z,y) 0 ζ4 (z,y) 0



,

α5 (x,y) =−δ 3 (x−y) ,

β2i j (x,y) = −
δ i

j

2
1

∂ x
−

δ 3 (x−y) , β3i (x,y) =−1
2

∂ x
i

∂ x
−

δ 3 (x−y) ,

β5i (x,y) = −
∂ x

i
∂ x
−

δ 3 (x−y) ,

γ2 j (x,y) =
1
2

∂ x
j

∂ x
−

δ 3 (x−y) , γ3 (x,y) =
1
2

∂ x
k ∂ x

k
∂ x
−

δ 3 (x−y) ,

γ4 (x,y) = − 1
∂ x
−

δ 3 (x−y) ,

λ3 (x,y) =− 1
∂ x
−

δ 3 (x−y) , λ5 (x,y) =− 1
∂ x
−

δ 3 (x−y) ,

ζ1 (x,y) = δ 3 (x−y) , ζ2 j (x,y) =
∂ x

j

∂ x
−

δ 3 (x−y) ,

ζ4 (x,y) = − 1
∂ x
−

δ 3 (x−y) .

{
ξ (0)

Ai
(x) ,ξ (0)

A j
(y)

}
=

{
Ai (x) ,A j (y)

}
= β2i j (x,y)

= −
δ i

j

4
ε
(
x−− y−

)
δ 2 (xT − yT ) ,



Ω(1)

Θ = A− (x) = 0
η (x)

L (2) =Π−∂+A−+(∂−Ak −∂kA−)∂+Ak +Ω(0)λ̇ +Θη̇ −H (2),

H (2) = H (1)
∣∣∣
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=
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1
4

FklFkl .
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→Πi = ∂−Ai −∂iA− , K(2)
Π− → 0,

K(2)
λ → Ω(0) = ∂ x
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ζ1 (z,y) ζ2k (z,y) 0 ζ4 (z,y) 0



,

α5 (x,y) =−δ 3 (x−y) ,

β2i j (x,y) = −
δ i

j

2
1

∂ x
−

δ 3 (x−y) , β3i (x,y) =−1
2

∂ x
i

∂ x
−

δ 3 (x−y) ,

β5i (x,y) = −
∂ x

i
∂ x
−

δ 3 (x−y) ,

γ2 j (x,y) =
1
2

∂ x
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−
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2
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k
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−
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γ4 (x,y) = − 1
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−
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−
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∂ x
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−
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ζ4 (x,y) = − 1
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−
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{
ξ (0)

Ai
(x) ,ξ (0)

A j
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}
=
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L =
i
2

ϕ̄γ+∂+ϕ − i
2

∂+ϕ̄γ+ϕ +
i
2

ϕ̄γ−∂−ϕ − i
2

∂−ϕ̄γ−ϕ −mϕ̄ϕ .

π̄ ≡ ∂L
∂ (∂+ϕ)

=− i
2

ϕ̄γ+ , π ≡ ∂L
∂ (∂+ϕ̄)

=− i
2

γ+ϕ.

ξ̇A

L
(

ξ , ξ̇
)
= ξAKA (ξ )−H (ξ ) ,

KA (ξ ) nA
H (ξ )

L (0) =− i
2
(∂+ϕc) ϕ̄bγ+bc −

i
2
(∂+ϕ̄b)γ+bcϕc −H (0),

H (0) =− i
2

ϕ̄γ−∂−ϕ +
i
2

∂−ϕ̄γ−ϕ +mϕ̄ϕ ,

ξ (0)
k = (ϕ, ϕ̄)

K(0)
1 ≡− i

2
ϕ̄γ+ , K(0)

2 ≡− i
2

γ+ϕ.

M(0)
AB (x,y) =

δK(0)
B (y)

δξ (0)
A (x)

− (−1)nAnB
δK(0)

A (x)

δξ (0)
B (y)

.



nA nB ξ (0)
A ξ (0)

B
nA = nB = 1

M(0) (x,y)

M(0)
AB (x,y) =

δK(0)
B (y)

δξ (0)
A (x)

+
δK(0)

A (x)

δξ (0)
B (y)

.

M(0) (x,y) =−i
(

0 (γ+)T

γ+ 0

)
δ 3 (x−y) .

γ+ M(0) (x,y)

γµ

γ+ =

(
0 0√
2 0

)
, γ− =

(
0

√
2

0 0

)
.

M(0) (x,y)

M(0) (x,y) =−i




0 0 0
√

2
0 0 0 0
0 0 0 0√
2 0 0 0


δ 3 (x−y) .

ṽ1(0) (x) =
(

0 v2 (x) 0 0
)
,

ṽ2(0) (x) =
(

0 0 v̄1 (x) 0
)
,

v2 (x) v̄1 (x)
ṽ1(0) (x)

Ω
(0)
1 =

∫
d3xṽ1(0) δ

δξ1 (x)

∫
d3yH (0)

=
∫

d3xv2 (x)
[
− i∂ x

−ϕ̄ (x)γ−−mϕ̄ (x)
]

2
.

v2 (x)

Ω
(0)
1 =

[
ϕ̄
(

i∂ x
−γ−+m

)]
2
= 0.

nA nB ξ (0)
A ξ (0)

B
nA = nB = 1

M(0) (x,y)

M(0)
AB (x,y) =

δK(0)
B (y)

δξ (0)
A (x)

+
δK(0)

A (x)

δξ (0)
B (y)

.

M(0) (x,y) =−i
(

0 (γ+)T

γ+ 0

)
δ 3 (x−y) .

γ+ M(0) (x,y)

γµ

γ+ =

(
0 0√
2 0

)
, γ− =

(
0

√
2

0 0

)
.

M(0) (x,y)

M(0) (x,y) =−i




0 0 0
√

2
0 0 0 0
0 0 0 0√
2 0 0 0


δ 3 (x−y) .

ṽ1(0) (x) =
(

0 v2 (x) 0 0
)
,

ṽ2(0) (x) =
(

0 0 v̄1 (x) 0
)
,

v2 (x) v̄1 (x)
ṽ1(0) (x)

Ω
(0)
1 =

∫
d3xṽ1(0) δ

δξ1 (x)

∫
d3yH (0)

=
∫

d3xv2 (x)
[
− i∂ x

−ϕ̄ (x)γ−−mϕ̄ (x)
]

2
.

v2 (x)

Ω
(0)
1 =

[
ϕ̄
(

i∂ x
−γ−+m

)]
2
= 0.
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ṽ2(0) (x)

Ω
(0)
1 =

∫
d3xṽ2(0) δ

δξ2 (x)

∫
d3yH (0)

=
∫

d3xv̄1 (x)
[
− iγ−∂ x

−ϕ (x)+mϕ (x)
]

1
,

Ω
(0)
2 =

[(
iγ−∂ x

−−m
)

ϕ
]

1
= 0.

∆+ ≡ 1
2

γ−γ+ =

(
1 0
0 0

)
, ∆− ≡ 1

2
γ+γ− =

(
0 0
0 1

)
,

Ω
(0)
1 = ϕ̄ (x)

(
i∂ x

−γ−+m
)
∆− = 0,

Ω
(0)
2 = ∆+

(
iγ−∂ x

−−m
)

ϕ (x) = 0.

L (1)

L (0)

L (1) =− i
2
(∂+ϕc) ϕ̄bγ+bc −

i
2
(∂+ϕ̄b)γ+bcϕc − λ̇bΩ

(0)
1b

+ ˙̄λbΩ
(0)
2b

−H (1)

λ̇ ˙̄λ
L (1)

H (1) = H (0)
∣∣∣
Ω(0)=0

.

ξ (1)
k =

(
ϕ, ϕ̄,λ , λ̄

)

K(1)
1 = − i

2
ϕ̄γ+ , K(1)

2 =− i
2

γ+ϕ,

K(1)
3 = Ω

(0)
1 = ϕ̄

[(
i∂ x

−γ−+m
)
∆−

]
,

K(1)
4 = Ω

(0)
2 =

[
∆+

(
iγ−∂ x

−−m
)]

ϕ.

29

1.5 Campo de Dirac



M(1)
AB (x,y) =

δK(1)
B (y)

δξ (1)
A (x)

+
δK(1)

A (x)

δξ (1)
B (y)

,

M(1) (x,y) =




0 −i(γ+)T 0
−iγ+ 0 −

[(
i∂ x

−γ−−m
)
∆−]

0
[(

i∂ x
−γ−+m

)
∆−]T 0[

∆+
(

iγ−∂ x
−−m

)]
0 0

−
[
∆+

(
iγ−∂ x

−+m
)]T

0
0
0


δ 3 (x−y) .

[
M(1)

]−1
(x,y)

∫
d3zM(1)

AC (x,z)
[
MCB(1)

]−1
(z,y) = δ B

A δ 3 (x−y)

[
M(1)

]−1
(z,y)=




0 0 α3 (z,y) α4 (z,y) 0 0
0 0 β3 (z,y) β4 (z,y) 0 β6 (z,y)

γ1 (z,y) γ2 (z,y) 0 0 γ5 (z,y) 0
λ1 (z,y) λ2 (z,y) 0 0 0 0

0 0 ζ3 (z,y) 0 0 0
0 χ2 (z,y) 0 0 0 0



,

α3 (x,y) =
m
2

1
∂ x
−

δ 3 (x−y) , α4 (x,y) =
i√
2

δ 3 (x−y) ,

β3 (x,y) = − im2

2
√

2
1

∂ x
−∂ x

−
δ 3 (x−y) , β4 (x,y) =

m
2

1
∂ x
−

δ 3 (x−y) ,

β6 (x,y) = − i√
2

1
∂ x
−

δ 3 (x−y) ,

M(1)
AB (x,y) =

δK(1)
B (y)

δξ (1)
A (x)

+
δK(1)

A (x)

δξ (1)
B (y)

,

M(1) (x,y) =




0 −i(γ+)T 0
−iγ+ 0 −

[(
i∂ x

−γ−−m
)
∆−]

0
[(

i∂ x
−γ−+m

)
∆−]T 0[

∆+
(

iγ−∂ x
−−m

)]
0 0

−
[
∆+

(
iγ−∂ x

−+m
)]T

0
0
0


δ 3 (x−y) .

[
M(1)

]−1
(x,y)

∫
d3zM(1)

AC (x,z)
[
MCB(1)

]−1
(z,y) = δ B

A δ 3 (x−y)

[
M(1)

]−1
(z,y)=




0 0 α3 (z,y) α4 (z,y) 0 0
0 0 β3 (z,y) β4 (z,y) 0 β6 (z,y)

γ1 (z,y) γ2 (z,y) 0 0 γ5 (z,y) 0
λ1 (z,y) λ2 (z,y) 0 0 0 0

0 0 ζ3 (z,y) 0 0 0
0 χ2 (z,y) 0 0 0 0



,

α3 (x,y) =
m
2

1
∂ x
−

δ 3 (x−y) , α4 (x,y) =
i√
2

δ 3 (x−y) ,

β3 (x,y) = − im2

2
√

2
1

∂ x
−∂ x

−
δ 3 (x−y) , β4 (x,y) =

m
2

1
∂ x
−

δ 3 (x−y) ,

β6 (x,y) = − i√
2

1
∂ x
−

δ 3 (x−y) ,

M(1)
AB (x,y) =

δK(1)
B (y)

δξ (1)
A (x)

+
δK(1)

A (x)

δξ (1)
B (y)

,

M(1) (x,y) =




0 −i(γ+)T 0
−iγ+ 0 −

[(
i∂ x

−γ−−m
)
∆−]

0
[(

i∂ x
−γ−+m

)
∆−]T 0[

∆+
(

iγ−∂ x
−−m

)]
0 0

−
[
∆+

(
iγ−∂ x

−+m
)]T

0
0
0


δ 3 (x−y) .

[
M(1)

]−1
(x,y)

∫
d3zM(1)

AC (x,z)
[
MCB(1)

]−1
(z,y) = δ B

A δ 3 (x−y)

[
M(1)

]−1
(z,y)=




0 0 α3 (z,y) α4 (z,y) 0 0
0 0 β3 (z,y) β4 (z,y) 0 β6 (z,y)

γ1 (z,y) γ2 (z,y) 0 0 γ5 (z,y) 0
λ1 (z,y) λ2 (z,y) 0 0 0 0

0 0 ζ3 (z,y) 0 0 0
0 χ2 (z,y) 0 0 0 0



,

α3 (x,y) =
m
2

1
∂ x
−

δ 3 (x−y) , α4 (x,y) =
i√
2

δ 3 (x−y) ,

β3 (x,y) = − im2

2
√

2
1

∂ x
−∂ x

−
δ 3 (x−y) , β4 (x,y) =

m
2

1
∂ x
−

δ 3 (x−y) ,

β6 (x,y) = − i√
2

1
∂ x
−

δ 3 (x−y) ,
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γ1 (x,y) = −m
2

1
∂ x
−

δ 3 (x−y) , γ2 (x,y) =− im2

2
√

2
1

∂ x
−∂ x

−
δ 3 (x−y) ,

γ5 (x,y) = − i√
2

1
∂ x
−

δ 3 (x−y) ,

λ1 (x,y) =
i√
2

δ 3 (x−y) , λ2 (x,y) =−m
2

1
∂ x
−

δ 3 (x−y) ,

ζ3 (x,y) =
i√
2

1
∂ x
−

δ 3 (x−y) ,

χ2 (x,y) =
i√
2

1
∂ x
−

δ 3 (x−y) .

ξ (1)
k =

(
ϕ, ϕ̄,λ , λ̄

)

{
ξ (0)

ϕa (x) ,ξ (0)
ϕ̄b

(y)
}

=
{

ϕa (x) , ϕ̄b

}

=

( m
2

1
∂ x
−

δ (x−− y−) i√
2
δ (x−− y−)

− im2

2
√

2
1

∂ x
−∂ x

−
δ (x−− y−) m

2
1

∂ x
−

δ (x−− y−)

)

= − im2

8

∣∣x−− y−
∣∣γ+ab +

m
4

ε
(
x−− y−

)
Iab +

i
2

δ
(
x−− y−

)
γ−ab,

M(1) (x,y)
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Θ = A− (x) = 0

x+ x−

x+ ≡ x0 + x3
√

2
x− ≡ x0 − x3

√
2

,

x⊥ ≡ (x1,x2)

x = (x+,x1,x2,x−)

g =




0 0 0 1
0 −1 0 0
0 0 −1 0
1 0 0 0


 ,

x+ = x− , x− = x+ , x · y = x+y−+ x−y+− x⊥ · y⊥ ,

x+ x−

∂+ ≡ ∂
∂x+

, ∂− ≡ ∂
∂x−
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∂+ = ∂−

δ 4(x− y) = δ (x+− y+)δ 2(x⊥− y⊥)δ (x−− y−).

1
2

d
dx−

ε(x−− y−) = δ (x−− y−) ,
1
2

∫
dy− ε(x−− y−)ε(y−− z−) = |x−− y−|

{γµ ,γν}= 2gµν

γ+ γ−

(γ+)† = γ− , (γ−)† = γ+ (γk)† =−γk k = 1,2.

∆± =
1
2

γ∓γ± ,

(∆±)2 = ∆± , ∆±∆∓ = 0 , ∆++∆− = 1 .

ψ± = ∆±ψ , ψ̄± = ψ̄∆∓,

FB = (−1)nAnB BF ,

n = 0 n = 1

ψα

∂
∂ψα

{
ψα1ψα2 · · ·ψαn

}
= −δαα1ψα2 · · ·ψαn +δαα2ψα1ψα3 · · ·ψαn

+ · · · +(−1)nδααnψα1ψα2 · · ·ψαn−1 .
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1.7 Apéndice



qi pi πα

B(F)

{B1,B2}=−{B2,B1} =

{
∂B1

∂qi

∂B2

∂ pi −
∂B2

∂qi

∂B1

∂ pi

}
+

{
∂B1

∂φα

∂B2

∂πα − ∂B2

∂φα

∂B1

∂πα

}

{F,B}=−{B,F} =

{
∂F
∂qi

∂B
∂ pi −

∂B
∂qi

∂F
∂ pi

}
−
{

∂F
∂φα

∂B
∂πα +

∂B
∂φα

∂F
∂πα

}

{F1,F2}= {F2,F1} =

{
∂F1

∂qi

∂F2

∂ pi +
∂F2

∂qi

∂F1

∂ pi

}
−
{

∂F1

∂φα

∂F2

∂πα +
∂F2

∂φα

∂F1

∂πα

}
.

{A,B} = −(−1)nAnB{B,A}

{A,B+C} = {A,B}+{A,C}

{A,BC} = (−1)nAnBB{A,C}+{A,B}C

{AB,C} = (−1)nBnC{A,C}B+A{B,C}

(−1)nAnC{A,{B,C}} + (−1)nBnA{B,{C,A}}+(−1)nCnB{C,{A,B}}= 0 .
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 2. Estructura Atómica de la Materia:
dificultades de aprendizaje y resultados

de una propuesta de enseñanza



40

2.1 Introducción
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42

 2.2 Contextualización del problema de la enseñanza de la Estructura Atómica de la  materia
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44

 2.3 Algunos referentes conceptuales y didácticos



74,5
74,5

n m l

74,5
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74,5
74,5

n m l

46

2.4 Desarrollo y proceso metodológico de la investigación

n m ln m l

Pregunta
¿Enuncie los hechos que se relacionancon la crisis de la física clásica?
¿Cómo explica el efecto fotoeléctrico?
¿Cómo definiría los espectros atómicos?

¿Como explicaría el concepto de spin?

¿Cómo definiría electrón?
¿Cómo explicaría los niveles de energía en los átomos?
¿Cómo explicaría los números cuánticos 
¿Cómo definiría orbital atómico?

n m l n m l



2 0

2 0
2 0

n m l
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Estadisticas de fiabilidad
Alfa de Cronbach
0,732

N de elementos
8



2 0

48

2.4 Desarrollo y proceso metodológico de la investigación

51

n m l



57%
2%

15%

85%

51
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Item 1
Enuncie los hechos que se relacionen con la crisis de la física clásica

0
86%

1
10%

2
4%

Item 2
¿Cómo explica el efecto fotoeléctrico?

0
100%

1 2



50

2.5 Resultados y análisis

Item 3
¿Cómo definiría los espectros atómicos?

0
98% 2% 0%

1 2

57%
2%

15%

85%

Item 4
¿Cómo definiría electrón?

0
41% 57% 2%

1 2

51



90%

57%
2%

15%

85%

85%

n m l

94%

7

20%

51
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Item 5
¿Cómo explicaría los niveles de energía en los átomos?

0
85% 15% 0%

1 2

85%

n m l

94%

7

20%

Item 6
¿Cómo explicaría los números cuánticos?

0
94% 6% 0%

1 2
n m l



85%

n m l

94%

7

20%

Item 8
¿Cómo explicaría el concepto de espin?

0
100% 0% 0%

1 2

90%

52

2.5 Resultados y análisis

Item 7
¿Cómo definiría orbital atómico?

0
78% 20% 2%

1 2

85%

n m l

94%

7

20%

85%

n m l

94%

7

20%



90%

90%
90%

90%
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2.5 Resultados y análisis
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2.5 Resultados y análisis

NOMBRE DEL
PROGRAMA GUÍA

La química como
disciplina científica

La construcción de un
concepto de materia

Electrón

El átomo tiene núcleo

La crisis de la ciencia
clásica

El problema del átomo
de Bohr

Objetos cuánticos

Las relaciones de
indeterminación

Modelo
mecánico
Cuántico

SESIÓN

1

2

4

5

6

7

8

9

10

3

TEMATICAS
DESARROLLADAS

Conceptualización de ciencia.
Conceptualización de química.

Introducción a un concepto
de materia.

La idea filosófica de materia:
El atomismo de Demócrito.

La prevalencia del planteamiento
aristotélico.

Los trabajos de Thomsom

Experimento de Rutherfod
La radiactividad

El efecto fotoeléctrico
La estabilidad del átomo

de Rutherford
Los espectros atómicos

La cuantización de la energía.
Los espectros

El átomo de Bohr

El fotón
El electrón

Ni onda, ni partícula,
objetos nuevos con

un comportamiento nuevo

Heisenberg.
Un poco de Historia.

Ni un principio,
ni incentidumbre

Ecuación de Onda
Orbital como estado estable

Números Cuánticos

La teoría Atómica:
Boyle, Lavoisier, Dalton

DIFICULTADES
EVIDENCIADAS
EN EL PRE-TEST

Idea de ciencia, lineal,
secuencial y acumulativa.

No se considera la
discontinuidad de la materia

Confusión átomo-electrón
(asocio carga positiva al electrón)

No se reconoce la crisis
de la física clasica.

No se reconoce el efecto fotoeléctrico
tampoco los espectros atomicos

en el contexto de la crisis de la física
clásica

Se asume orbita y
orbital como sinónimos

No relacionan propiedades
de los objetos cuánticos.

Se desconoce la existencia de
las relaciones de indeterminación.

Prevalece la analogía de átomo
como sistema planetario

en miniatura.

La teoría de Dalton desde
el trabajo de Demócrito
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58,8%

58

2.5 Resultados y análisis

Ítem 1

P1-pre

Total

p1-post Total
1
9
0
0
9

0
19
0
0

0
1
2

19

2
21
1
1
23

49
1
1
51



28%
72%

28%
72%

58,8%
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Ítem 2

P1-pre

Total

p1-post Total
1
8
1
0
9

0
10
0
0

0
1
2

10

2
27
5
0
32

45
6
0
51

Ítem 3

P1-pre

Total

p1-post Total
1
16
0
16

0
14
1
27

0
1
2

2
20
0
8

50
1
51



28%
72%

80%
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2.5 Resultados y análisis

Ítem 4

P1-pre

Total

p1-post Total
1
13
4
0
17

0
9
0
1

0
1
2

10

2
17
7
0
24

39
11
1
51

Ítem 5

P1-pre

Total

p1-post Total
1
14
1
9

0
20
0
26

0
1

2
14
1
16

48
2
51

58,8%



74%

74%

80%
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Ítem 6

P1-pre

Total

p1-post Total
1
13
0
7

0
18
0
24

0
1

2
19
1
20

50
1
51

Ítem 7

P1-pre

Total

p1-post Total
1
16
0
6

0
13
1
24

0
1

2
19
2
21

48
3
51



74%

62

2.5 Resultados y análisis

Ítem 8

P1-pre

Total

p1-post Total
1
20
0
10

0
15
0
25

0
1

2
15
1
16

50
1
51

80%
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2.5 Resultados y análisis

estudiantes con actividades entre pares que fortalecen el aprendizaje.
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3.2 El computador como un laboratorio para “hacer matemáticas”
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3.3 Introducción a la Teoría de Códigos
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