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“firmes”, “ izquierda”, “media vuelta” y “ ”. Dos 
se “multiplican” al 

 

CAPÍTULO 1.
Estructura de grupo

1.1 Preliminares
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1, 2, 3, 4

𝐼𝐼 𝐼𝐼 =
1234 𝐴𝐴 𝐴𝐴 = 4123 𝐵𝐵 𝐵𝐵 = 3412

𝐶𝐶 𝐶𝐶 =  2341
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2

3
3

4

𝐼𝐼 𝐴𝐴 𝐵𝐵
𝐶𝐶

120°
120°

(𝑆𝑆3,∘).
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𝐶𝐶
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𝐴𝐴 𝐴𝐴 𝐵𝐵 𝐶𝐶 𝐼𝐼
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𝐴𝐴, 𝐵𝐵 𝐶𝐶 𝐷𝐷 𝐸𝐸

3 𝐼𝐼 𝐷𝐷 𝐸𝐸

3
6
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𝐴𝐴, 𝐵𝐵 𝐶𝐶 𝐷𝐷 𝐸𝐸

3 𝐼𝐼 𝐷𝐷 𝐸𝐸

3
6 𝐼𝐼: 123 → 123

𝐴𝐴: 123 → 132



18

Elementos de álgebra moderna

𝐵𝐵: 123 → 321
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𝐵𝐵: 123 → 321

𝐶𝐶: 123 → 213

𝐸𝐸: 123 → 231

 

𝐼𝐼: 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑉𝑉: 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑎𝑎𝑎𝑎 á𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 (𝑏𝑏 ↔ 𝑎𝑎) 

𝐴𝐴: 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑎𝑎𝑎𝑎 á𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏) (𝑎𝑎 ↔ 𝑑𝑑)

𝐶𝐶: 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑎𝑎𝑎𝑎 á𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 (𝑑𝑑 ↔ 𝑏𝑏) (𝑐𝑐 ↔ 𝑎𝑎)

 

𝐼𝐼: 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑉𝑉: 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 →  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

𝐶𝐶: 𝐴𝐴𝐴𝐴 𝑟𝑟𝑟𝑟𝑟𝑟é𝑠𝑠 𝑦𝑦 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛

𝐴𝐴: 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 →  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑦𝑦 𝑎𝑎𝑎𝑎 𝑟𝑟𝑟𝑟𝑟𝑟é𝑠𝑠.
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1.1.1 Ley de Composición Interna 

𝐴𝐴

" ∗ " " ∗ "

(ℕ, 𝐿𝐿)

𝐴𝐴 𝐴𝐴 ≠ ∅ (𝐴𝐴,∗) " ∗ "

DEFINICIÓN 

𝐴𝐴

∗ : 𝐴𝐴 × 𝐴𝐴 → 𝐴𝐴 (𝑎𝑎, 𝑏𝑏) ∈ 𝐴𝐴 × 𝐴𝐴
𝑐𝑐 ∈ 𝐴𝐴 𝑐𝑐 = 𝑎𝑎 ∗ 𝑏𝑏

(𝐴𝐴,∗)

1.1.1 Ley de Composición Interna 

𝐴𝐴

" ∗ " " ∗ "

(ℕ, 𝐿𝐿)

𝐴𝐴 𝐴𝐴 ≠ ∅ (𝐴𝐴,∗) " ∗ "

DEFINICIÓN 

𝐴𝐴

∗ : 𝐴𝐴 × 𝐴𝐴 → 𝐴𝐴 (𝑎𝑎, 𝑏𝑏) ∈ 𝐴𝐴 × 𝐴𝐴
𝑐𝑐 ∈ 𝐴𝐴 𝑐𝑐 = 𝑎𝑎 ∗ 𝑏𝑏

(𝐴𝐴,∗)

1.1.1 Ley de Composición Interna

Definición
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1.1.1 Ley de Composición Interna 

𝐴𝐴

" ∗ " " ∗ "

(ℕ, 𝐿𝐿)

𝐴𝐴 𝐴𝐴 ≠ ∅ (𝐴𝐴,∗) " ∗ "

DEFINICIÓN 

𝐴𝐴

∗ : 𝐴𝐴 × 𝐴𝐴 → 𝐴𝐴 (𝑎𝑎, 𝑏𝑏) ∈ 𝐴𝐴 × 𝐴𝐴
𝑐𝑐 ∈ 𝐴𝐴 𝑐𝑐 = 𝑎𝑎 ∗ 𝑏𝑏

(𝐴𝐴,∗)

EJEMPLOS 

 𝐴𝐴 = ℕ

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎𝑏𝑏

 𝑎𝑎 ∗ 𝑏𝑏 = |𝑎𝑎 − 𝑏𝑏|
 𝑎𝑎 ∗ 𝑏𝑏 = (𝑎𝑎, 𝑏𝑏) 𝑎𝑎 𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = [𝑎𝑎, 𝑏𝑏] 𝑎𝑎 𝑏𝑏

 𝐴𝐴 = ℤ

 𝑎𝑎 ∗ 𝑏𝑏 =  𝑎𝑎 − 𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 + 𝑏𝑏2

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 − 𝑏𝑏2

 𝑎𝑎 ∗ 𝑏𝑏 = |𝑎𝑎|𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 − 𝑎𝑎𝑎𝑎
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 − 𝑏𝑏2 + 𝑎𝑎𝑎𝑎 − 1

 𝐴𝐴 = ℚ

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ÷ 𝑏𝑏 , 𝑏𝑏 ≠ 0

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎𝑎𝑎
𝑎𝑎+𝑏𝑏 , 𝑎𝑎 ≠ −𝑏𝑏

 𝐴𝐴 = ℝ

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 − 𝑏𝑏

Ejemplos
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 𝐴𝐴 = (0,1)

 𝑎𝑎 ∗ 𝑏𝑏 =  𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎𝑎𝑎
𝑎𝑎+𝑏𝑏

𝑖𝑖)
𝑎𝑎+𝑏𝑏

1+𝑎𝑎𝑎𝑎 > 1

𝑎𝑎 + 𝑏𝑏 > 1 + 𝑎𝑎𝑎𝑎 ⟹ a − ab + b − 1 > 0 𝑎𝑎(1 − 𝑏𝑏) − (1 −
𝑏𝑏) > 0 ⇒ (𝑎𝑎 − 1)(1 − 𝑏𝑏) > 0
𝑎𝑎 − 1 < 0 1 − 𝑏𝑏 > 0

0 < 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎 < 1

𝑖𝑖𝑖𝑖)

𝑎𝑎 < √𝑎𝑎 + 𝑏𝑏

𝑏𝑏 < √𝑎𝑎 + 𝑏𝑏

𝑎𝑎𝑎𝑎 < 𝑎𝑎 + 𝑏𝑏

0 < 𝑎𝑎∗𝑏𝑏
𝑎𝑎+𝑏𝑏 < 1 𝑎𝑎𝑎𝑎

𝑎𝑎+𝑏𝑏 𝜖𝜖(0,1)

(0,1)

 𝐴𝐴 = 𝒫𝒫(X), 𝑋𝑋 ≠ ∅

 𝑎𝑎 ∗ 𝑏𝑏 =  𝑎𝑎 ∪ 𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∩ 𝑏𝑏
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 𝐴𝐴 = (0,1)

 𝑎𝑎 ∗ 𝑏𝑏 =  𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎𝑎𝑎
𝑎𝑎+𝑏𝑏

𝑖𝑖)
𝑎𝑎+𝑏𝑏

1+𝑎𝑎𝑎𝑎 > 1

𝑎𝑎 + 𝑏𝑏 > 1 + 𝑎𝑎𝑎𝑎 ⟹ a − ab + b − 1 > 0 𝑎𝑎(1 − 𝑏𝑏) − (1 −
𝑏𝑏) > 0 ⇒ (𝑎𝑎 − 1)(1 − 𝑏𝑏) > 0
𝑎𝑎 − 1 < 0 1 − 𝑏𝑏 > 0

0 < 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎 < 1

𝑖𝑖𝑖𝑖)

𝑎𝑎 < √𝑎𝑎 + 𝑏𝑏

𝑏𝑏 < √𝑎𝑎 + 𝑏𝑏

𝑎𝑎𝑎𝑎 < 𝑎𝑎 + 𝑏𝑏

0 < 𝑎𝑎∗𝑏𝑏
𝑎𝑎+𝑏𝑏 < 1 𝑎𝑎𝑎𝑎

𝑎𝑎+𝑏𝑏 𝜖𝜖(0,1)

(0,1)

 𝐴𝐴 = 𝒫𝒫(X), 𝑋𝑋 ≠ ∅

 𝑎𝑎 ∗ 𝑏𝑏 =  𝑎𝑎 ∪ 𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∩ 𝑏𝑏

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 △ 𝑏𝑏
 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎\𝑏𝑏

 𝑋𝑋 𝐴𝐴 = 𝑆𝑆𝑋𝑋

𝑋𝑋 𝑋𝑋 𝑆𝑆𝑋𝑋 =  {𝑓𝑓: 𝑋𝑋 → 𝑋𝑋 | 𝑓𝑓 𝑒𝑒𝑒𝑒 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏ó𝑛𝑛}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∘ 𝑏𝑏

𝑎𝑎 𝑏𝑏 𝑆𝑆𝑋𝑋

 𝐴𝐴 =  {𝑋𝑋 ∈ ℤ 𝑥𝑥⁄ = 2𝑛𝑛 + 1, 𝑛𝑛 ∈ ℤ} 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏

 𝐴𝐴 = 2ℤ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏

 𝐴𝐴 = ℝ ×  ℝ

 (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎, 𝑏𝑏) + (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎 + 𝑐𝑐, 𝑏𝑏 + 𝑑𝑑)
 (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎, 𝑏𝑏). (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏)
 (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎𝑎𝑎 − 2𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)
 (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)

 𝐴𝐴 = {1, 2, 4, 7, 8, 11, 13, 14}  ⊂  ℤ15 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏

 𝐴𝐴 = {6, 9}  ⊂  ℤ15 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ⋅ 𝑏𝑏

 𝐴𝐴 =  ℝ𝑛𝑛×𝑛𝑛

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏
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1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

Definición

Ejemplo

1.1.2 Monoide

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

∗ 0 1 2 3

0

1 1 1 1 1

 2 2 2 2 2

3 3 3 3 3

(𝐴𝐴,∗) 𝑆𝑆 ≠ Ø, 𝑆𝑆 ⊂ 𝐴𝐴 𝑆𝑆
∗ 𝑎𝑎 ∈ 𝑆𝑆 𝑏𝑏 ∈ 𝑆𝑆 (𝑎𝑎 ∗ 𝑏𝑏) ∈  𝑆𝑆

 2ℤ ⊂ ℤ

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏

 ℝ × {0} ⊂ ℝ × ℝ
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1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

1.1.2 Monoide 

(𝐴𝐴,∗) 𝐴𝐴
" ∗ "

" ∗ " 𝐴𝐴

𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 0;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎2 ∙  𝑏𝑏2;
𝐴𝐴 = ℤ, 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎.

(𝐴𝐴,∗) 𝐴𝐴
(𝐴𝐴,∗)

𝐴𝐴 = {0, 1, 2, 3}
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

∗ 0 1 2 3

0

1 1 1 1 1

 2 2 2 2 2

3 3 3 3 3

(𝐴𝐴,∗) 𝑆𝑆 ≠ Ø, 𝑆𝑆 ⊂ 𝐴𝐴 𝑆𝑆
∗ 𝑎𝑎 ∈ 𝑆𝑆 𝑏𝑏 ∈ 𝑆𝑆 (𝑎𝑎 ∗ 𝑏𝑏) ∈  𝑆𝑆

 2ℤ ⊂ ℤ

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏

 ℝ × {0} ⊂ ℝ × ℝ

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

∗ 0 1 2 3

0

1 1 1 1 1

 2 2 2 2 2

3 3 3 3 3

(𝐴𝐴,∗) 𝑆𝑆 ≠ Ø, 𝑆𝑆 ⊂ 𝐴𝐴 𝑆𝑆
∗ 𝑎𝑎 ∈ 𝑆𝑆 𝑏𝑏 ∈ 𝑆𝑆 (𝑎𝑎 ∗ 𝑏𝑏) ∈  𝑆𝑆

 2ℤ ⊂ ℤ

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏

 ℝ × {0} ⊂ ℝ × ℝ

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

∗ 0 1 2 3

0

1 1 1 1 1

 2 2 2 2 2

3 3 3 3 3

(𝐴𝐴,∗) 𝑆𝑆 ≠ Ø, 𝑆𝑆 ⊂ 𝐴𝐴 𝑆𝑆
∗ 𝑎𝑎 ∈ 𝑆𝑆 𝑏𝑏 ∈ 𝑆𝑆 (𝑎𝑎 ∗ 𝑏𝑏) ∈  𝑆𝑆

 2ℤ ⊂ ℤ

𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∙ 𝑏𝑏

 ℝ × {0} ⊂ ℝ × ℝ

Definición

Ejemplo
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 𝑛𝑛ℤ = {𝑥𝑥 ∈ ℤ 𝑥𝑥 = 𝑛𝑛𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑡𝑡𝑡𝑡ℤ⁄ }

 𝑃𝑃 = {𝑝𝑝 ∈ ℕ ∕   𝑝𝑝 𝑒𝑒𝑒𝑒  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝}

1.1.2.1 Propiedades 

Asociatividad 

(𝐴𝐴,∗)

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴
𝐴𝐴

𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 estas composiciones “ternarias”

𝐴𝐴

∗ 𝑛𝑛 ∈ ℕ 𝑛𝑛 > 2 ∗
𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛

 𝑛𝑛ℤ = {𝑥𝑥 ∈ ℤ 𝑥𝑥 = 𝑛𝑛𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑡𝑡𝑡𝑡ℤ⁄ }

 𝑃𝑃 = {𝑝𝑝 ∈ ℕ ∕   𝑝𝑝 𝑒𝑒𝑒𝑒  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝}

1.1.2.1 Propiedades 

Asociatividad 

(𝐴𝐴,∗)

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴
𝐴𝐴

𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 estas composiciones “ternarias”

𝐴𝐴

∗ 𝑛𝑛 ∈ ℕ 𝑛𝑛 > 2 ∗
𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛

 𝑛𝑛ℤ = {𝑥𝑥 ∈ ℤ 𝑥𝑥 = 𝑛𝑛𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑡𝑡𝑡𝑡ℤ⁄ }

 𝑃𝑃 = {𝑝𝑝 ∈ ℕ ∕   𝑝𝑝 𝑒𝑒𝑒𝑒  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝}

1.1.2.1 Propiedades 

Asociatividad 

(𝐴𝐴,∗)

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴
𝐴𝐴

𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 estas composiciones “ternarias”

𝐴𝐴

∗ 𝑛𝑛 ∈ ℕ 𝑛𝑛 > 2 ∗
𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛

1.1.2.1 Propiedades

Asociatividad

Definición
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 𝑛𝑛ℤ = {𝑥𝑥 ∈ ℤ 𝑥𝑥 = 𝑛𝑛𝑛𝑛, 𝑛𝑛 ∈ ℕ, 𝑡𝑡𝑡𝑡ℤ⁄ }

 𝑃𝑃 = {𝑝𝑝 ∈ ℕ ∕   𝑝𝑝 𝑒𝑒𝑒𝑒  𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝}

1.1.2.1 Propiedades 

Asociatividad 

(𝐴𝐴,∗)

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴
𝐴𝐴

𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 estas composiciones “ternarias”

𝐴𝐴

∗ 𝑛𝑛 ∈ ℕ 𝑛𝑛 > 2 ∗
𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛

∗
𝑛𝑛

(𝐴𝐴,∗) ∗
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) 𝑎𝑎 𝑏𝑏 𝑐𝑐 𝐴𝐴

(⟸)

𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 (𝑎𝑎𝑛𝑛)𝑚𝑚 = 𝑎𝑎𝑛𝑛𝑛𝑛 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ

∗
𝑛𝑛

(𝐴𝐴,∗) ∗
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) 𝑎𝑎 𝑏𝑏 𝑐𝑐 𝐴𝐴

(⟸)

𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 (𝑎𝑎𝑛𝑛)𝑚𝑚 = 𝑎𝑎𝑛𝑛𝑛𝑛 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ

∗
𝑛𝑛

(𝐴𝐴,∗) ∗
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) 𝑎𝑎 𝑏𝑏 𝑐𝑐 𝐴𝐴

(⟸)

𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 (𝑎𝑎𝑛𝑛)𝑚𝑚 = 𝑎𝑎𝑛𝑛𝑛𝑛 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ

∗
𝑛𝑛

(𝐴𝐴,∗) ∗
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) 𝑎𝑎 𝑏𝑏 𝑐𝑐 𝐴𝐴

(⟸)

𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 (𝑎𝑎𝑛𝑛)𝑚𝑚 = 𝑎𝑎𝑛𝑛𝑛𝑛 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ

Definición

Teorema

Demostración
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1) 𝑖𝑖𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖)

𝑖𝑖𝑖𝑖𝑖𝑖)
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = (𝑎𝑎𝑏𝑏)𝑐𝑐 = 𝑎𝑎𝑏𝑏.𝑐𝑐

𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) =  𝑎𝑎𝑏𝑏𝑐𝑐

𝑎𝑎𝑏𝑏𝑏𝑏 ≠ 𝑎𝑎𝑏𝑏𝑐𝑐

𝑖𝑖𝑖𝑖)

(7 ∗ 2) ∗ 4 = ||7 − 2| − 4| = |5 − 4| = 1

7 ∗ (2 ∗ 4) = |7 − |2 − 4|| = |7 − 2| = 5

(7 ∗ 2) ∗ 4 ≠ 7 ∗ (2 ∗ 4)

2) 𝑖𝑖𝑖𝑖) 𝑣𝑣)
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1) 𝑖𝑖𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖)

𝑖𝑖𝑖𝑖𝑖𝑖)
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = (𝑎𝑎𝑏𝑏)𝑐𝑐 = 𝑎𝑎𝑏𝑏.𝑐𝑐

𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) =  𝑎𝑎𝑏𝑏𝑐𝑐

𝑎𝑎𝑏𝑏𝑏𝑏 ≠ 𝑎𝑎𝑏𝑏𝑐𝑐

𝑖𝑖𝑖𝑖)

(7 ∗ 2) ∗ 4 = ||7 − 2| − 4| = |5 − 4| = 1

7 ∗ (2 ∗ 4) = |7 − |2 − 4|| = |7 − 2| = 5

(7 ∗ 2) ∗ 4 ≠ 7 ∗ (2 ∗ 4)

2) 𝑖𝑖𝑖𝑖) 𝑣𝑣)

3) 𝑖𝑖) 𝑖𝑖𝑖𝑖)

(7 ∗ 5) ∗ 2 = 35
12 ∗ 2 =

35
6
59
12

= 35 ∗ 2
59 = 70

59

7 ∗ (5 ∗ 2) = 7 ∗ 107 =
10
59
7 = 70

59

(7 ∗ 5) ∗ 2 = 7 ∗ (5 ∗ 2)

" ∗ "

(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎𝑎𝑎
𝑎𝑎 + 𝑏𝑏 =

𝑎𝑎𝑎𝑎
𝑎𝑎 + 𝑏𝑏 . 𝑐𝑐
𝑎𝑎𝑎𝑎

𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐
=

𝑎𝑎𝑎𝑎𝑎𝑎
𝑎𝑎 + 𝑏𝑏

𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏
𝑎𝑎 + 𝑏𝑏

= 𝑎𝑎𝑎𝑎𝑎𝑎
𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏

=
𝑎𝑎𝑎𝑎𝑎𝑎
𝑏𝑏 + 𝑐𝑐

𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏
𝑏𝑏 + 𝑐𝑐

=
𝑎𝑎𝑎𝑎𝑎𝑎
𝑏𝑏 + 𝑐𝑐

𝑎𝑎 + 𝑏𝑏𝑏𝑏
𝑏𝑏 + 𝑐𝑐

= 𝑎𝑎 ∗ 𝑏𝑏𝑏𝑏
𝑏𝑏 + 𝑐𝑐

= 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐)

𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) = (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐

4) 𝑖𝑖)
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5)

6) 𝑖𝑖𝑖𝑖)

Conmutatividad 

(𝐴𝐴,∗) 𝑎𝑎 ∈  𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

(𝐴𝐴,∗) ∗

𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑎𝑎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛.

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

5)

6) 𝑖𝑖𝑖𝑖)

Conmutatividad 

(𝐴𝐴,∗) 𝑎𝑎 ∈  𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

(𝐴𝐴,∗) ∗

𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑎𝑎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛.

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

5)

6) 𝑖𝑖𝑖𝑖)

Conmutatividad 

(𝐴𝐴,∗) 𝑎𝑎 ∈  𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

(𝐴𝐴,∗) ∗

𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑎𝑎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛.

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

Conmutatividad

Teorema
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5)

6) 𝑖𝑖𝑖𝑖)

Conmutatividad 

(𝐴𝐴,∗) 𝑎𝑎 ∈  𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

(𝐴𝐴,∗) ∗

𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑎𝑎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛.

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

5)

6) 𝑖𝑖𝑖𝑖)

Conmutatividad 

(𝐴𝐴,∗) 𝑎𝑎 ∈  𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

(𝐴𝐴,∗) ∗

𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑎𝑎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛.

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

5)

6) 𝑖𝑖𝑖𝑖)

Conmutatividad 

(𝐴𝐴,∗) 𝑎𝑎 ∈  𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

(𝐴𝐴,∗) ∗

𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑎𝑎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
𝑚𝑚 ∈ ℕ 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑛𝑛+𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛.

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑛𝑛 ∈ ℕ
(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

𝑛𝑛 = 2

(𝑎𝑎 ∗ 𝑏𝑏)2 = (𝑎𝑎 ∗ 𝑏𝑏) ∗ (𝑎𝑎 ∗ 𝑏𝑏) = 𝑎𝑎 ∗ (𝑏𝑏 ∗ (𝑎𝑎 ∗ 𝑏𝑏)) = 𝑎𝑎 ∗ ((𝑏𝑏 ∗ 𝑎𝑎) ∗ 𝑏𝑏)
= 𝑎𝑎 ∗ ((𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑏𝑏) = (𝑎𝑎 ∗ 𝑎𝑎) ∗ (𝑏𝑏 ∗ 𝑏𝑏) = 𝑎𝑎2 ∗ 𝑏𝑏2

𝑛𝑛 = 𝑘𝑘

(𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 = 𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘+1 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏) = (𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘) ∗ (𝑎𝑎 ∗ 𝑏𝑏)

= (𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘) ∗ (𝑏𝑏 ∗ 𝑎𝑎) == 𝑎𝑎𝑘𝑘 ∗ ((𝑏𝑏𝑘𝑘 ∗ 𝑏𝑏) ∗ 𝑎𝑎)

= 𝑎𝑎𝑘𝑘 ∗ (𝑎𝑎 ∗ (𝑏𝑏𝑘𝑘+1)) = (𝑎𝑎𝑘𝑘 ∗ 𝑎𝑎) ∗ 𝑏𝑏𝑘𝑘+1

= 𝑎𝑎𝑘𝑘+1 ∗ 𝑏𝑏𝑘𝑘+1.

(ℕ,∗)  𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

𝑎𝑎 ∈ ℕ 𝑛𝑛 ∈ ℕ (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛 = 𝑎𝑎𝑛𝑛

𝑛𝑛 = 2

(𝑎𝑎 ∗ 𝑏𝑏)2 = (𝑎𝑎 ∗ 𝑏𝑏) ∗ (𝑎𝑎 ∗ 𝑏𝑏) = 𝑎𝑎 ∗ (𝑏𝑏 ∗ (𝑎𝑎 ∗ 𝑏𝑏)) = 𝑎𝑎 ∗ ((𝑏𝑏 ∗ 𝑎𝑎) ∗ 𝑏𝑏)
= 𝑎𝑎 ∗ ((𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑏𝑏) = (𝑎𝑎 ∗ 𝑎𝑎) ∗ (𝑏𝑏 ∗ 𝑏𝑏) = 𝑎𝑎2 ∗ 𝑏𝑏2

𝑛𝑛 = 𝑘𝑘

(𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 = 𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘+1 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏) = (𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘) ∗ (𝑎𝑎 ∗ 𝑏𝑏)

= (𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘) ∗ (𝑏𝑏 ∗ 𝑎𝑎) == 𝑎𝑎𝑘𝑘 ∗ ((𝑏𝑏𝑘𝑘 ∗ 𝑏𝑏) ∗ 𝑎𝑎)

= 𝑎𝑎𝑘𝑘 ∗ (𝑎𝑎 ∗ (𝑏𝑏𝑘𝑘+1)) = (𝑎𝑎𝑘𝑘 ∗ 𝑎𝑎) ∗ 𝑏𝑏𝑘𝑘+1

= 𝑎𝑎𝑘𝑘+1 ∗ 𝑏𝑏𝑘𝑘+1.

(ℕ,∗)  𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎

𝑎𝑎 ∈ ℕ 𝑛𝑛 ∈ ℕ (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛 = 𝑎𝑎𝑛𝑛

Demostración

Ejemplos
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(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎 (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 =
𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

1.1.2.2 Identidades e Inversos 

(𝐴𝐴,∗)
𝐴𝐴 0

ℤ,+) 1 ℤ,∙)

(𝐴𝐴,∗) 𝑒𝑒 ∈ 𝐴𝐴.

 𝑒𝑒 ∗ 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎
𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗ 𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗
" ∗ "

(𝐴𝐴,∗)

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎 (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 =
𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

1.1.2.2 Identidades e Inversos 

(𝐴𝐴,∗)
𝐴𝐴 0

ℤ,+) 1 ℤ,∙)

(𝐴𝐴,∗) 𝑒𝑒 ∈ 𝐴𝐴.

 𝑒𝑒 ∗ 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎
𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗ 𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗
" ∗ "

(𝐴𝐴,∗)

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎 (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 =
𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

1.1.2.2 Identidades e Inversos 

(𝐴𝐴,∗)
𝐴𝐴 0

ℤ,+) 1 ℤ,∙)

(𝐴𝐴,∗) 𝑒𝑒 ∈ 𝐴𝐴.

 𝑒𝑒 ∗ 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎
𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗ 𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗
" ∗ "

(𝐴𝐴,∗)

1.1.2.2 Identidades e Inversos

Definición

(𝐴𝐴,∗) 𝑒𝑒1 ∈ 𝐴𝐴 𝑒𝑒2 ∈ 𝐴𝐴

𝑒𝑒1 " ∗ " 𝑒𝑒2

" ∗ " 𝑒𝑒1 = 𝑒𝑒2

𝑒𝑒1 ∗ 𝑎𝑎 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑎𝑎 = 𝑒𝑒2 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒2 (1)

𝑎𝑎 ∗ 𝑒𝑒2 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑒𝑒1 = 𝑎𝑎 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒1 (2)

(1) (2) 𝑒𝑒1 = 𝑒𝑒2

(𝐴𝐴,∗)  𝑒𝑒

(𝐴𝐴,∗)
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(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎 (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 =
𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

1.1.2.2 Identidades e Inversos 

(𝐴𝐴,∗)
𝐴𝐴 0

ℤ,+) 1 ℤ,∙)

(𝐴𝐴,∗) 𝑒𝑒 ∈ 𝐴𝐴.

 𝑒𝑒 ∗ 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎
𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗ 𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗
" ∗ "

(𝐴𝐴,∗)

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎 (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 =
𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

1.1.2.2 Identidades e Inversos 

(𝐴𝐴,∗)
𝐴𝐴 0

ℤ,+) 1 ℤ,∙)

(𝐴𝐴,∗) 𝑒𝑒 ∈ 𝐴𝐴.

 𝑒𝑒 ∗ 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎
𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗ 𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗
" ∗ "

(𝐴𝐴,∗)

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎 (𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 =
𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛

1.1.2.2 Identidades e Inversos 

(𝐴𝐴,∗)
𝐴𝐴 0

ℤ,+) 1 ℤ,∙)

(𝐴𝐴,∗) 𝑒𝑒 ∈ 𝐴𝐴.

 𝑒𝑒 ∗ 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎
𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗ 𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

 𝑒𝑒 ∗
" ∗ "

(𝐴𝐴,∗)

(𝐴𝐴,∗) 𝑒𝑒1 ∈ 𝐴𝐴 𝑒𝑒2 ∈ 𝐴𝐴

𝑒𝑒1 " ∗ " 𝑒𝑒2

" ∗ " 𝑒𝑒1 = 𝑒𝑒2

𝑒𝑒1 ∗ 𝑎𝑎 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑎𝑎 = 𝑒𝑒2 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒2 (1)

𝑎𝑎 ∗ 𝑒𝑒2 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑒𝑒1 = 𝑎𝑎 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒1 (2)

(1) (2) 𝑒𝑒1 = 𝑒𝑒2

(𝐴𝐴,∗)  𝑒𝑒

(𝐴𝐴,∗)

(𝐴𝐴,∗) 𝑒𝑒1 ∈ 𝐴𝐴 𝑒𝑒2 ∈ 𝐴𝐴

𝑒𝑒1 " ∗ " 𝑒𝑒2

" ∗ " 𝑒𝑒1 = 𝑒𝑒2

𝑒𝑒1 ∗ 𝑎𝑎 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑎𝑎 = 𝑒𝑒2 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒2 (1)

𝑎𝑎 ∗ 𝑒𝑒2 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑒𝑒1 = 𝑎𝑎 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒1 (2)

(1) (2) 𝑒𝑒1 = 𝑒𝑒2

(𝐴𝐴,∗)  𝑒𝑒

(𝐴𝐴,∗)

(𝐴𝐴,∗) 𝑒𝑒1 ∈ 𝐴𝐴 𝑒𝑒2 ∈ 𝐴𝐴

𝑒𝑒1 " ∗ " 𝑒𝑒2

" ∗ " 𝑒𝑒1 = 𝑒𝑒2

𝑒𝑒1 ∗ 𝑎𝑎 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑎𝑎 = 𝑒𝑒2 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒2 (1)

𝑎𝑎 ∗ 𝑒𝑒2 = 𝑎𝑎 𝑎𝑎 ∈ 𝐴𝐴

𝑒𝑒1 = 𝑎𝑎 𝑒𝑒1 ∗ 𝑒𝑒2 = 𝑒𝑒1 (2)

(1) (2) 𝑒𝑒1 = 𝑒𝑒2

(𝐴𝐴,∗)  𝑒𝑒

(𝐴𝐴,∗)

Teorema

Demostración

Corolario
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 (ℕ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ℕ

 (ℕ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = (𝑎𝑎, 𝑏𝑏) (𝑀𝑀𝑀𝑀𝑀𝑀)

 (ℕ,∗) 𝑎𝑎 ∗ 𝑏𝑏 =  [𝑎𝑎, 𝑏𝑏] 1

 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 − 𝑏𝑏, 0

 (𝑋𝑋𝑋𝑋,∘) 𝑖𝑖𝑑𝑑𝐴𝐴: 𝑋𝑋 ⟶ 𝑋𝑋,
𝑖𝑖𝑖𝑖𝐴𝐴(𝑥𝑥) = 𝑥𝑥 𝑥𝑥 ∈ 𝑋𝑋

 (ℝ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 0

 ((0,1),∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎

𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎+𝑒𝑒
1+𝑎𝑎𝑎𝑎 = 𝑎𝑎

𝑎𝑎 + 𝑒𝑒 = 𝑎𝑎 + 𝑎𝑎2𝑒𝑒 𝑎𝑎2𝑒𝑒 − 𝑒𝑒 = 𝑒𝑒(𝑎𝑎2 − 1) = 0
𝑒𝑒 = 0

(0,1)
[0,1],

Ejemplos  (1,0)
𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖) (10)

 6) 𝐴𝐴 = 𝒫𝒫(𝑋𝑋)
𝑖𝑖) ∅ 𝑖𝑖𝑖𝑖) 𝑋𝑋 𝑖𝑖𝑖𝑖𝑖𝑖) ∅ ∅

(𝐴𝐴,∗) 𝑒𝑒 (𝐴𝐴,∗, 𝑒𝑒)

(𝐴𝐴,∗, 𝑒𝑒) 𝑎𝑎 ∈ 𝐴𝐴

 𝑎𝑎 𝑒𝑒  𝑏𝑏 ∈ 𝐴𝐴
𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒 𝑐𝑐 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑐𝑐 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒
𝑑𝑑 ∈ 𝐴𝐴 𝑑𝑑 ∗ 𝑎𝑎 = 𝑎𝑎 × 𝑑𝑑 = 𝑒𝑒

 (ℕ,∙ ,1),

  (ℤ,∙ ,1) {−1,1}
ℤ

 (ℚ,⋅ ,1)
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 (ℕ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ℕ

 (ℕ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = (𝑎𝑎, 𝑏𝑏) (𝑀𝑀𝑀𝑀𝑀𝑀)

 (ℕ,∗) 𝑎𝑎 ∗ 𝑏𝑏 =  [𝑎𝑎, 𝑏𝑏] 1

 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 − 𝑏𝑏, 0

 (𝑋𝑋𝑋𝑋,∘) 𝑖𝑖𝑑𝑑𝐴𝐴: 𝑋𝑋 ⟶ 𝑋𝑋,
𝑖𝑖𝑖𝑖𝐴𝐴(𝑥𝑥) = 𝑥𝑥 𝑥𝑥 ∈ 𝑋𝑋

 (ℝ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 + 𝑎𝑎𝑎𝑎 0

 ((0,1),∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎

𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 𝑎𝑎+𝑒𝑒
1+𝑎𝑎𝑎𝑎 = 𝑎𝑎

𝑎𝑎 + 𝑒𝑒 = 𝑎𝑎 + 𝑎𝑎2𝑒𝑒 𝑎𝑎2𝑒𝑒 − 𝑒𝑒 = 𝑒𝑒(𝑎𝑎2 − 1) = 0
𝑒𝑒 = 0

(0,1)
[0,1],

 (1,0)
𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖) (10)

 6) 𝐴𝐴 = 𝒫𝒫(𝑋𝑋)
𝑖𝑖) ∅ 𝑖𝑖𝑖𝑖) 𝑋𝑋 𝑖𝑖𝑖𝑖𝑖𝑖) ∅ ∅

(𝐴𝐴,∗) 𝑒𝑒 (𝐴𝐴,∗, 𝑒𝑒)

(𝐴𝐴,∗, 𝑒𝑒) 𝑎𝑎 ∈ 𝐴𝐴

 𝑎𝑎 𝑒𝑒  𝑏𝑏 ∈ 𝐴𝐴
𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒 𝑐𝑐 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑐𝑐 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒
𝑑𝑑 ∈ 𝐴𝐴 𝑑𝑑 ∗ 𝑎𝑎 = 𝑎𝑎 × 𝑑𝑑 = 𝑒𝑒

 (ℕ,∙ ,1),

  (ℤ,∙ ,1) {−1,1}
ℤ

 (ℚ,⋅ ,1)

 (1,0)
𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖) (10)

 6) 𝐴𝐴 = 𝒫𝒫(𝑋𝑋)
𝑖𝑖) ∅ 𝑖𝑖𝑖𝑖) 𝑋𝑋 𝑖𝑖𝑖𝑖𝑖𝑖) ∅ ∅

(𝐴𝐴,∗) 𝑒𝑒 (𝐴𝐴,∗, 𝑒𝑒)

(𝐴𝐴,∗, 𝑒𝑒) 𝑎𝑎 ∈ 𝐴𝐴

 𝑎𝑎 𝑒𝑒  𝑏𝑏 ∈ 𝐴𝐴
𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒 𝑐𝑐 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑐𝑐 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒
𝑑𝑑 ∈ 𝐴𝐴 𝑑𝑑 ∗ 𝑎𝑎 = 𝑎𝑎 × 𝑑𝑑 = 𝑒𝑒

 (ℕ,∙ ,1),

  (ℤ,∙ ,1) {−1,1}
ℤ

 (ℚ,⋅ ,1)

 (1,0)
𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖𝑖𝑖) 𝑖𝑖𝑖𝑖) (10)

 6) 𝐴𝐴 = 𝒫𝒫(𝑋𝑋)
𝑖𝑖) ∅ 𝑖𝑖𝑖𝑖) 𝑋𝑋 𝑖𝑖𝑖𝑖𝑖𝑖) ∅ ∅

(𝐴𝐴,∗) 𝑒𝑒 (𝐴𝐴,∗, 𝑒𝑒)

(𝐴𝐴,∗, 𝑒𝑒) 𝑎𝑎 ∈ 𝐴𝐴

 𝑎𝑎 𝑒𝑒  𝑏𝑏 ∈ 𝐴𝐴
𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒 𝑐𝑐 ∈ 𝐴𝐴
𝑎𝑎 ∗ 𝑐𝑐 = 𝑒𝑒

 𝑎𝑎 𝑒𝑒
𝑑𝑑 ∈ 𝐴𝐴 𝑑𝑑 ∗ 𝑎𝑎 = 𝑎𝑎 × 𝑑𝑑 = 𝑒𝑒

 (ℕ,∙ ,1),

  (ℤ,∙ ,1) {−1,1}
ℤ

 (ℚ,⋅ ,1)

Definición

Ejemplo
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 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 − 𝑎𝑎𝑎𝑎 0

𝑎𝑎 ∈ ℤ

𝑎𝑎 ∗ 𝑏𝑏 = 0 𝑎𝑎 + 𝑏𝑏 − 𝑎𝑎𝑎𝑎 = 0 𝑎𝑎 =
𝑎𝑎𝑎𝑎 − 𝑏𝑏 = 𝑏𝑏(𝑎𝑎 − 1)

𝑏𝑏 = 𝑎𝑎
𝑎𝑎−1

𝑏𝑏 ∈ ℤ

ℤ ℚ
1

 𝒫𝒫(𝑋𝑋),∪, ∅) ∅

𝒫𝒫(𝑋𝑋),∩, 𝑋𝑋) 𝑋𝑋

 𝑆𝑆𝑥𝑥,∘, 𝐼𝐼)
∘

 ([0,1),∗,∘) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 = 0 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎 = 0

𝑏𝑏 = −𝑎𝑎

[0,1)
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 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏 − 𝑎𝑎𝑎𝑎 0

𝑎𝑎 ∈ ℤ

𝑎𝑎 ∗ 𝑏𝑏 = 0 𝑎𝑎 + 𝑏𝑏 − 𝑎𝑎𝑎𝑎 = 0 𝑎𝑎 =
𝑎𝑎𝑎𝑎 − 𝑏𝑏 = 𝑏𝑏(𝑎𝑎 − 1)

𝑏𝑏 = 𝑎𝑎
𝑎𝑎−1

𝑏𝑏 ∈ ℤ

ℤ ℚ
1

 𝒫𝒫(𝑋𝑋),∪, ∅) ∅

𝒫𝒫(𝑋𝑋),∩, 𝑋𝑋) 𝑋𝑋

 𝑆𝑆𝑥𝑥,∘, 𝐼𝐼)
∘

 ([0,1),∗,∘) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 = 0 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎 = 0

𝑏𝑏 = −𝑎𝑎

[0,1)

((−1,1),∗ ,0) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎 

 (ℤ𝑛𝑛, ∙)
1

𝑥𝑥 ∈
ℤ𝑛𝑛 (𝑥𝑥, 𝑛𝑛) = 1 𝑛𝑛

ℤ8 1, 3, 5 y 7

ℤ15, 1, 2, 4, 7, 8, 11, 13 y 14.

 

(ℝ × ℝ,∗, (1,0)) (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎𝑎𝑎 − 2𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)

(𝑥𝑥, 𝑦𝑦) (𝑎𝑎, 𝑏𝑏) (𝑎𝑎, 𝑏𝑏) ∗ (𝑥𝑥, 𝑦𝑦) =
 (1,0)

(𝑎𝑎𝑎𝑎 − 2𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏) = (1,0)
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{𝑎𝑎𝑎𝑎 − 2𝑏𝑏𝑏𝑏 = 1
𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0

𝑥𝑥 = 𝑎𝑎
𝑎𝑎2 + 2𝑏𝑏2

𝑦𝑦 = − 𝑏𝑏
𝑎𝑎2 + 2𝑏𝑏2

𝑎𝑎2 + 2𝑏𝑏2 ≠ 0
𝑎𝑎, 𝑏𝑏 ℝ ℝ × ℝ (0,0)

∗

 

({0,1,2,3},∗ ,1)

0: 2 ∗ 0 = 1
1: 1 ∗ 1 = 1
2: 3 ∗ 2 = 1
3: 3 ∗ 3 = 1

1: 1 ∗ 1 = 1
2: 2 ∗ 0 = 1
3: 3 ∗ 3 = 1

1: 1 ∗ 1 = 1 ∗ 1 = 1
3: 3 ∗ 3 = 3 ∗ 3 = 1

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑐𝑐 ∈ 𝐴𝐴
𝑏𝑏 = 𝑐𝑐

 𝑏𝑏 =  𝑏𝑏 ∗ 𝑒𝑒 =  𝑏𝑏 ∗ (𝑎𝑎 ∗ 𝑐𝑐)  =  (𝑏𝑏 ∗ 𝑎𝑎) ∗ 𝑐𝑐 =  𝑒𝑒 ∗ 𝑐𝑐 = 𝑐𝑐

𝑎𝑎 𝑎𝑎′

(ℕℕ,∘, 𝐼𝐼) 𝐼𝐼
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{𝑎𝑎𝑎𝑎 − 2𝑏𝑏𝑏𝑏 = 1
𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0

𝑥𝑥 = 𝑎𝑎
𝑎𝑎2 + 2𝑏𝑏2

𝑦𝑦 = − 𝑏𝑏
𝑎𝑎2 + 2𝑏𝑏2

𝑎𝑎2 + 2𝑏𝑏2 ≠ 0
𝑎𝑎, 𝑏𝑏 ℝ ℝ × ℝ (0,0)

∗

 

({0,1,2,3},∗ ,1)

0: 2 ∗ 0 = 1
1: 1 ∗ 1 = 1
2: 3 ∗ 2 = 1
3: 3 ∗ 3 = 1

1: 1 ∗ 1 = 1
2: 2 ∗ 0 = 1
3: 3 ∗ 3 = 1

1: 1 ∗ 1 = 1 ∗ 1 = 1
3: 3 ∗ 3 = 3 ∗ 3 = 1

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑐𝑐 ∈ 𝐴𝐴
𝑏𝑏 = 𝑐𝑐

 𝑏𝑏 =  𝑏𝑏 ∗ 𝑒𝑒 =  𝑏𝑏 ∗ (𝑎𝑎 ∗ 𝑐𝑐)  =  (𝑏𝑏 ∗ 𝑎𝑎) ∗ 𝑐𝑐 =  𝑒𝑒 ∗ 𝑐𝑐 = 𝑐𝑐

𝑎𝑎 𝑎𝑎′

(ℕℕ,∘, 𝐼𝐼) 𝐼𝐼

1: 1 ∗ 1 = 1
2: 2 ∗ 0 = 1
3: 3 ∗ 3 = 1

1: 1 ∗ 1 = 1 ∗ 1 = 1
3: 3 ∗ 3 = 3 ∗ 3 = 1

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑐𝑐 ∈ 𝐴𝐴
𝑏𝑏 = 𝑐𝑐

 𝑏𝑏 =  𝑏𝑏 ∗ 𝑒𝑒 =  𝑏𝑏 ∗ (𝑎𝑎 ∗ 𝑐𝑐)  =  (𝑏𝑏 ∗ 𝑎𝑎) ∗ 𝑐𝑐 =  𝑒𝑒 ∗ 𝑐𝑐 = 𝑐𝑐

𝑎𝑎 𝑎𝑎′

(ℕℕ,∘, 𝐼𝐼) 𝐼𝐼

1: 1 ∗ 1 = 1
2: 2 ∗ 0 = 1
3: 3 ∗ 3 = 1

1: 1 ∗ 1 = 1 ∗ 1 = 1
3: 3 ∗ 3 = 3 ∗ 3 = 1

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑐𝑐 ∈ 𝐴𝐴
𝑏𝑏 = 𝑐𝑐

 𝑏𝑏 =  𝑏𝑏 ∗ 𝑒𝑒 =  𝑏𝑏 ∗ (𝑎𝑎 ∗ 𝑐𝑐)  =  (𝑏𝑏 ∗ 𝑎𝑎) ∗ 𝑐𝑐 =  𝑒𝑒 ∗ 𝑐𝑐 = 𝑐𝑐

𝑎𝑎 𝑎𝑎′

(ℕℕ,∘, 𝐼𝐼) 𝐼𝐼

1: 1 ∗ 1 = 1
2: 2 ∗ 0 = 1
3: 3 ∗ 3 = 1

1: 1 ∗ 1 = 1 ∗ 1 = 1
3: 3 ∗ 3 = 3 ∗ 3 = 1

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑏𝑏 ∈ 𝐴𝐴 𝑐𝑐 ∈ 𝐴𝐴
𝑏𝑏 = 𝑐𝑐

 𝑏𝑏 =  𝑏𝑏 ∗ 𝑒𝑒 =  𝑏𝑏 ∗ (𝑎𝑎 ∗ 𝑐𝑐)  =  (𝑏𝑏 ∗ 𝑎𝑎) ∗ 𝑐𝑐 =  𝑒𝑒 ∗ 𝑐𝑐 = 𝑐𝑐

𝑎𝑎 𝑎𝑎′

(ℕℕ,∘, 𝐼𝐼) 𝐼𝐼

Teorema

Demostración

Ejemplo
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𝑓𝑓, 𝑔𝑔 ∈ ℕℕ

𝑓𝑓(𝑛𝑛) = 2𝑛𝑛

𝑔𝑔(𝑛𝑛) = {

𝑛𝑛
2  𝑠𝑠𝑠𝑠 𝑛𝑛 𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝

𝑛𝑛 + 1
2  𝑠𝑠𝑠𝑠 𝑛𝑛 𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑔𝑔 ∘ 𝑓𝑓 = 𝐼𝐼

𝑔𝑔 𝑓𝑓 𝑓𝑓

ℎ 𝑓𝑓 𝑔𝑔 = ℎ
𝑓𝑓

𝑓𝑓

(𝐴𝐴,∗, 𝑒𝑒)

 µ ∈ 𝐴𝐴 𝑣𝑣 ∈ 𝐴𝐴 𝑥𝑥 ∈ 𝐴𝐴
𝑦𝑦 ∈ 𝐴𝐴 𝑣𝑣 ∗ 𝑦𝑦

𝑥𝑥 ∗ µ

 

 𝑥𝑥′ 𝑥𝑥 µ′ (𝑥𝑥 ∗ µ)′ = µ′ ∗ 𝑥𝑥′

𝑓𝑓, 𝑔𝑔 ∈ ℕℕ

𝑓𝑓(𝑛𝑛) = 2𝑛𝑛

𝑔𝑔(𝑛𝑛) = {

𝑛𝑛
2  𝑠𝑠𝑠𝑠 𝑛𝑛 𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝

𝑛𝑛 + 1
2  𝑠𝑠𝑠𝑠 𝑛𝑛 𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑔𝑔 ∘ 𝑓𝑓 = 𝐼𝐼

𝑔𝑔 𝑓𝑓 𝑓𝑓

ℎ 𝑓𝑓 𝑔𝑔 = ℎ
𝑓𝑓

𝑓𝑓

(𝐴𝐴,∗, 𝑒𝑒)

 µ ∈ 𝐴𝐴 𝑣𝑣 ∈ 𝐴𝐴 𝑥𝑥 ∈ 𝐴𝐴
𝑦𝑦 ∈ 𝐴𝐴 𝑣𝑣 ∗ 𝑦𝑦

𝑥𝑥 ∗ µ

 

 𝑥𝑥′ 𝑥𝑥 µ′ (𝑥𝑥 ∗ µ)′ = µ′ ∗ 𝑥𝑥′

Teorema



41

Capítulo 1. Estructura de grupo

𝑓𝑓, 𝑔𝑔 ∈ ℕℕ

𝑓𝑓(𝑛𝑛) = 2𝑛𝑛

𝑔𝑔(𝑛𝑛) = {

𝑛𝑛
2  𝑠𝑠𝑠𝑠 𝑛𝑛 𝑒𝑒𝑒𝑒 𝑝𝑝𝑝𝑝𝑝𝑝

𝑛𝑛 + 1
2  𝑠𝑠𝑠𝑠 𝑛𝑛 𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

𝑔𝑔 ∘ 𝑓𝑓 = 𝐼𝐼

𝑔𝑔 𝑓𝑓 𝑓𝑓

ℎ 𝑓𝑓 𝑔𝑔 = ℎ
𝑓𝑓

𝑓𝑓

(𝐴𝐴,∗, 𝑒𝑒)

 µ ∈ 𝐴𝐴 𝑣𝑣 ∈ 𝐴𝐴 𝑥𝑥 ∈ 𝐴𝐴
𝑦𝑦 ∈ 𝐴𝐴 𝑣𝑣 ∗ 𝑦𝑦

𝑥𝑥 ∗ µ

 

 𝑥𝑥′ 𝑥𝑥 µ′ (𝑥𝑥 ∗ µ)′ = µ′ ∗ 𝑥𝑥′

(𝑥𝑥 ∗ µ) ∗ (𝑥𝑥 ∗ µ)′ = 𝑒𝑒     (1)
(𝑥𝑥 ∗ µ)( µ′ ∗ 𝑥𝑥′) =  𝑥𝑥 ∗ (µ ∗ µ′) ∗ 𝑥𝑥′  = (𝑥𝑥 ∗ 𝑒𝑒) ∗  𝑥𝑥′ = 𝑥𝑥 ∗ 𝑥𝑥′

= 𝑒𝑒    (2)

(1) (2)

(𝑥𝑥 ∗ µ)′ = µ′ ∗ 𝑥𝑥′.

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎1, 𝑎𝑎2, … 𝑎𝑎𝑛𝑛 𝐴𝐴 𝑎𝑎1
′, 𝑎𝑎2

′, … , 𝑎𝑎𝑛𝑛
′

𝐴𝐴

𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 (𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ,∗ 𝑎𝑎𝑛𝑛)´ =
𝑎𝑎𝑛𝑛

′ ∗ 𝑎𝑎𝑛𝑛−1
′ ∗ … ∗ 𝑎𝑎1

′

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑎𝑎′

𝐴𝐴 (𝑎𝑎′)′ = 𝑎𝑎

𝑎𝑎´ ∗ 𝑎𝑎 = 𝑒𝑒  y  𝑎𝑎´ ∗ (𝑎𝑎´)´ = 𝑒𝑒

(𝑥𝑥 ∗ µ) ∗ (𝑥𝑥 ∗ µ)′ = 𝑒𝑒     (1)
(𝑥𝑥 ∗ µ)( µ′ ∗ 𝑥𝑥′) =  𝑥𝑥 ∗ (µ ∗ µ′) ∗ 𝑥𝑥′  = (𝑥𝑥 ∗ 𝑒𝑒) ∗  𝑥𝑥′ = 𝑥𝑥 ∗ 𝑥𝑥′

= 𝑒𝑒    (2)

(1) (2)

(𝑥𝑥 ∗ µ)′ = µ′ ∗ 𝑥𝑥′.

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎1, 𝑎𝑎2, … 𝑎𝑎𝑛𝑛 𝐴𝐴 𝑎𝑎1
′, 𝑎𝑎2

′, … , 𝑎𝑎𝑛𝑛
′

𝐴𝐴

𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 (𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ,∗ 𝑎𝑎𝑛𝑛)´ =
𝑎𝑎𝑛𝑛

′ ∗ 𝑎𝑎𝑛𝑛−1
′ ∗ … ∗ 𝑎𝑎1

′

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑎𝑎′

𝐴𝐴 (𝑎𝑎′)′ = 𝑎𝑎

𝑎𝑎´ ∗ 𝑎𝑎 = 𝑒𝑒  y  𝑎𝑎´ ∗ (𝑎𝑎´)´ = 𝑒𝑒

(𝑥𝑥 ∗ µ) ∗ (𝑥𝑥 ∗ µ)′ = 𝑒𝑒     (1)
(𝑥𝑥 ∗ µ)( µ′ ∗ 𝑥𝑥′) =  𝑥𝑥 ∗ (µ ∗ µ′) ∗ 𝑥𝑥′  = (𝑥𝑥 ∗ 𝑒𝑒) ∗  𝑥𝑥′ = 𝑥𝑥 ∗ 𝑥𝑥′

= 𝑒𝑒    (2)

(1) (2)

(𝑥𝑥 ∗ µ)′ = µ′ ∗ 𝑥𝑥′.

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎1, 𝑎𝑎2, … 𝑎𝑎𝑛𝑛 𝐴𝐴 𝑎𝑎1
′, 𝑎𝑎2

′, … , 𝑎𝑎𝑛𝑛
′

𝐴𝐴

𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 (𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ,∗ 𝑎𝑎𝑛𝑛)´ =
𝑎𝑎𝑛𝑛

′ ∗ 𝑎𝑎𝑛𝑛−1
′ ∗ … ∗ 𝑎𝑎1

′

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑎𝑎′

𝐴𝐴 (𝑎𝑎′)′ = 𝑎𝑎

𝑎𝑎´ ∗ 𝑎𝑎 = 𝑒𝑒  y  𝑎𝑎´ ∗ (𝑎𝑎´)´ = 𝑒𝑒

(𝑥𝑥 ∗ µ) ∗ (𝑥𝑥 ∗ µ)′ = 𝑒𝑒     (1)
(𝑥𝑥 ∗ µ)( µ′ ∗ 𝑥𝑥′) =  𝑥𝑥 ∗ (µ ∗ µ′) ∗ 𝑥𝑥′  = (𝑥𝑥 ∗ 𝑒𝑒) ∗  𝑥𝑥′ = 𝑥𝑥 ∗ 𝑥𝑥′

= 𝑒𝑒    (2)

(1) (2)

(𝑥𝑥 ∗ µ)′ = µ′ ∗ 𝑥𝑥′.

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎1, 𝑎𝑎2, … 𝑎𝑎𝑛𝑛 𝐴𝐴 𝑎𝑎1
′, 𝑎𝑎2

′, … , 𝑎𝑎𝑛𝑛
′

𝐴𝐴

𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 (𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ,∗ 𝑎𝑎𝑛𝑛)´ =
𝑎𝑎𝑛𝑛

′ ∗ 𝑎𝑎𝑛𝑛−1
′ ∗ … ∗ 𝑎𝑎1

′

(𝐴𝐴,∗, 𝑒𝑒)

𝑎𝑎 ∈ 𝐴𝐴 𝑎𝑎′

𝐴𝐴 (𝑎𝑎′)′ = 𝑎𝑎

𝑎𝑎´ ∗ 𝑎𝑎 = 𝑒𝑒  y  𝑎𝑎´ ∗ (𝑎𝑎´)´ = 𝑒𝑒

Demostración

Corolario
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𝑎𝑎 = (𝑎𝑎´)´

∎

(𝐴𝐴,∗, 𝑒𝑒)

(𝑎𝑎 ∗ 𝑏𝑏)´ = 𝑏𝑏´ ∗ 𝑎𝑎´ (𝑎𝑎 ∗ 𝑏𝑏)´ = 𝑎𝑎´ ∗ 𝑏𝑏´

(𝐴𝐴,∗, 𝑒𝑒) 𝐴𝐴
𝐴𝐴 𝐴𝐴

∗ 𝑈𝑈(𝐴𝐴)

𝑈𝑈(𝐴𝐴) = {𝑎𝑎 ∈ 𝐴𝐴 | 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎´ ∈ 𝐴𝐴, 𝑡𝑡𝑡𝑡𝑡𝑡 𝑞𝑞𝑞𝑞𝑞𝑞 𝑎𝑎. 𝑎𝑎´ = 𝑒𝑒}.

𝑈𝑈(𝐴𝐴)

 𝑈𝑈(𝐴𝐴)
(𝑈𝑈(𝐴𝐴),∗, 𝑒𝑒)

 𝑈𝑈(𝐴𝐴)

(𝑈𝑈(𝐴𝐴),∗)

𝑎𝑎 = (𝑎𝑎´)´

∎

(𝐴𝐴,∗, 𝑒𝑒)

(𝑎𝑎 ∗ 𝑏𝑏)´ = 𝑏𝑏´ ∗ 𝑎𝑎´ (𝑎𝑎 ∗ 𝑏𝑏)´ = 𝑎𝑎´ ∗ 𝑏𝑏´

(𝐴𝐴,∗, 𝑒𝑒) 𝐴𝐴
𝐴𝐴 𝐴𝐴

∗ 𝑈𝑈(𝐴𝐴)

𝑈𝑈(𝐴𝐴) = {𝑎𝑎 ∈ 𝐴𝐴 | 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎´ ∈ 𝐴𝐴, 𝑡𝑡𝑡𝑡𝑡𝑡 𝑞𝑞𝑞𝑞𝑞𝑞 𝑎𝑎. 𝑎𝑎´ = 𝑒𝑒}.

𝑈𝑈(𝐴𝐴)

 𝑈𝑈(𝐴𝐴)
(𝑈𝑈(𝐴𝐴),∗, 𝑒𝑒)

 𝑈𝑈(𝐴𝐴)

(𝑈𝑈(𝐴𝐴),∗)

1.2 Grupos
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𝑎𝑎 = (𝑎𝑎´)´

∎

(𝐴𝐴,∗, 𝑒𝑒)

(𝑎𝑎 ∗ 𝑏𝑏)´ = 𝑏𝑏´ ∗ 𝑎𝑎´ (𝑎𝑎 ∗ 𝑏𝑏)´ = 𝑎𝑎´ ∗ 𝑏𝑏´

(𝐴𝐴,∗, 𝑒𝑒) 𝐴𝐴
𝐴𝐴 𝐴𝐴

∗ 𝑈𝑈(𝐴𝐴)

𝑈𝑈(𝐴𝐴) = {𝑎𝑎 ∈ 𝐴𝐴 | 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎´ ∈ 𝐴𝐴, 𝑡𝑡𝑡𝑡𝑡𝑡 𝑞𝑞𝑞𝑞𝑞𝑞 𝑎𝑎. 𝑎𝑎´ = 𝑒𝑒}.

𝑈𝑈(𝐴𝐴)

 𝑈𝑈(𝐴𝐴)
(𝑈𝑈(𝐴𝐴),∗, 𝑒𝑒)

 𝑈𝑈(𝐴𝐴)

(𝑈𝑈(𝐴𝐴),∗)

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴

2)

𝑈𝑈(𝐴𝐴) = 𝐴𝐴

(𝐴𝐴,∗)

 𝐴𝐴

 ∗ : 𝐴𝐴 × 𝐴𝐴 → 𝐴𝐴 𝐴𝐴

 (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴

 𝑒𝑒 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 𝑎𝑎
𝐴𝐴

 𝑎𝑎 ∈ 𝐴𝐴 𝑎𝑎′ ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑎𝑎′ ∗ 𝑎𝑎 = 𝑒𝑒

(𝑈𝑈(𝐴𝐴),∗)
(𝐴𝐴,∗)

 (𝐴𝐴,∗) 𝑎𝑎, 𝑏𝑏 𝐴𝐴
𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

(𝐴𝐴,∗)

Definición
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(ℤ, +,0), (ℚ, +,0), (ℝ, +,0) (ℝ ∖ {0},⋅, 1).

(ℂ, +,0 + 0𝑖𝑖), (ℂ ∖ {0 + 0𝑖𝑖}, 1 + 0𝑖𝑖), (𝒫𝒫(𝑥𝑥), Δ, 𝜙𝜙).

(ℤ𝑛𝑛, +, 0), (ℤ[𝑖𝑖], + , 0 + 0𝑖𝑖)

𝐴𝐴 𝑈𝑈(𝐴𝐴)
ℤ,⋅, 1) {−1,1}

(ℕ,∙ ,1) {1}
(ℚ,∙ ,1) ℚ − {0}
(ℝ,∙ ,1) ℝ − {0}
(ℤ[𝑖𝑖],∙ ,1 + 0𝑖𝑖) {−1,1, 𝑖𝑖, −𝑖𝑖}
(ℤ𝑛𝑛,∙, 1) 𝑈𝑈(ℤ𝑛𝑛) = {𝑥𝑥𝑥𝑥ℤ𝑛𝑛 | (𝑥𝑥, 𝑛𝑛) = 1}

(𝑥𝑥, 𝑛𝑛) = 1
𝑥𝑥 𝑛𝑛 1

 (ℤ,⊕, 1) 𝑎𝑎 ⊕ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏– 1

(ℤ, +,0), (ℚ, +,0), (ℝ, +,0) (ℝ ∖ {0},⋅, 1).

(ℂ, +,0 + 0𝑖𝑖), (ℂ ∖ {0 + 0𝑖𝑖}, 1 + 0𝑖𝑖), (𝒫𝒫(𝑥𝑥), Δ, 𝜙𝜙).

(ℤ𝑛𝑛, +, 0), (ℤ[𝑖𝑖], + , 0 + 0𝑖𝑖)

𝐴𝐴 𝑈𝑈(𝐴𝐴)
ℤ,⋅, 1) {−1,1}

(ℕ,∙ ,1) {1}
(ℚ,∙ ,1) ℚ − {0}
(ℝ,∙ ,1) ℝ − {0}
(ℤ[𝑖𝑖],∙ ,1 + 0𝑖𝑖) {−1,1, 𝑖𝑖, −𝑖𝑖}
(ℤ𝑛𝑛,∙, 1) 𝑈𝑈(ℤ𝑛𝑛) = {𝑥𝑥𝑥𝑥ℤ𝑛𝑛 | (𝑥𝑥, 𝑛𝑛) = 1}

(𝑥𝑥, 𝑛𝑛) = 1
𝑥𝑥 𝑛𝑛 1

 (ℤ,⊕, 1) 𝑎𝑎 ⊕ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏– 1

(ℤ, +,0), (ℚ, +,0), (ℝ, +,0) (ℝ ∖ {0},⋅, 1).

(ℂ, +,0 + 0𝑖𝑖), (ℂ ∖ {0 + 0𝑖𝑖}, 1 + 0𝑖𝑖), (𝒫𝒫(𝑥𝑥), Δ, 𝜙𝜙).

(ℤ𝑛𝑛, +, 0), (ℤ[𝑖𝑖], + , 0 + 0𝑖𝑖)

𝐴𝐴 𝑈𝑈(𝐴𝐴)
ℤ,⋅, 1) {−1,1}

(ℕ,∙ ,1) {1}
(ℚ,∙ ,1) ℚ − {0}
(ℝ,∙ ,1) ℝ − {0}
(ℤ[𝑖𝑖],∙ ,1 + 0𝑖𝑖) {−1,1, 𝑖𝑖, −𝑖𝑖}
(ℤ𝑛𝑛,∙, 1) 𝑈𝑈(ℤ𝑛𝑛) = {𝑥𝑥𝑥𝑥ℤ𝑛𝑛 | (𝑥𝑥, 𝑛𝑛) = 1}

(𝑥𝑥, 𝑛𝑛) = 1
𝑥𝑥 𝑛𝑛 1

 (ℤ,⊕, 1) 𝑎𝑎 ⊕ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏– 1

(ℤ, +,0), (ℚ, +,0), (ℝ, +,0) (ℝ ∖ {0},⋅, 1).

(ℂ, +,0 + 0𝑖𝑖), (ℂ ∖ {0 + 0𝑖𝑖}, 1 + 0𝑖𝑖), (𝒫𝒫(𝑥𝑥), Δ, 𝜙𝜙).

(ℤ𝑛𝑛, +, 0), (ℤ[𝑖𝑖], + , 0 + 0𝑖𝑖)

𝐴𝐴 𝑈𝑈(𝐴𝐴)
ℤ,⋅, 1) {−1,1}

(ℕ,∙ ,1) {1}
(ℚ,∙ ,1) ℚ − {0}
(ℝ,∙ ,1) ℝ − {0}
(ℤ[𝑖𝑖],∙ ,1 + 0𝑖𝑖) {−1,1, 𝑖𝑖, −𝑖𝑖}
(ℤ𝑛𝑛,∙, 1) 𝑈𝑈(ℤ𝑛𝑛) = {𝑥𝑥𝑥𝑥ℤ𝑛𝑛 | (𝑥𝑥, 𝑛𝑛) = 1}

(𝑥𝑥, 𝑛𝑛) = 1
𝑥𝑥 𝑛𝑛 1

 (ℤ,⊕, 1) 𝑎𝑎 ⊕ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏– 1

Grupos

No grupos

Otros ejemplos
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(ℤ, +,0), (ℚ, +,0), (ℝ, +,0) (ℝ ∖ {0},⋅, 1).

(ℂ, +,0 + 0𝑖𝑖), (ℂ ∖ {0 + 0𝑖𝑖}, 1 + 0𝑖𝑖), (𝒫𝒫(𝑥𝑥), Δ, 𝜙𝜙).

(ℤ𝑛𝑛, +, 0), (ℤ[𝑖𝑖], + , 0 + 0𝑖𝑖)

𝐴𝐴 𝑈𝑈(𝐴𝐴)
ℤ,⋅, 1) {−1,1}

(ℕ,∙ ,1) {1}
(ℚ,∙ ,1) ℚ − {0}
(ℝ,∙ ,1) ℝ − {0}
(ℤ[𝑖𝑖],∙ ,1 + 0𝑖𝑖) {−1,1, 𝑖𝑖, −𝑖𝑖}
(ℤ𝑛𝑛,∙, 1) 𝑈𝑈(ℤ𝑛𝑛) = {𝑥𝑥𝑥𝑥ℤ𝑛𝑛 | (𝑥𝑥, 𝑛𝑛) = 1}

(𝑥𝑥, 𝑛𝑛) = 1
𝑥𝑥 𝑛𝑛 1

 (ℤ,⊕, 1) 𝑎𝑎 ⊕ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏– 1

(ℤ, +,0), (ℚ, +,0), (ℝ, +,0) (ℝ ∖ {0},⋅, 1).

(ℂ, +,0 + 0𝑖𝑖), (ℂ ∖ {0 + 0𝑖𝑖}, 1 + 0𝑖𝑖), (𝒫𝒫(𝑥𝑥), Δ, 𝜙𝜙).

(ℤ𝑛𝑛, +, 0), (ℤ[𝑖𝑖], + , 0 + 0𝑖𝑖)

𝐴𝐴 𝑈𝑈(𝐴𝐴)
ℤ,⋅, 1) {−1,1}

(ℕ,∙ ,1) {1}
(ℚ,∙ ,1) ℚ − {0}
(ℝ,∙ ,1) ℝ − {0}
(ℤ[𝑖𝑖],∙ ,1 + 0𝑖𝑖) {−1,1, 𝑖𝑖, −𝑖𝑖}
(ℤ𝑛𝑛,∙, 1) 𝑈𝑈(ℤ𝑛𝑛) = {𝑥𝑥𝑥𝑥ℤ𝑛𝑛 | (𝑥𝑥, 𝑛𝑛) = 1}

(𝑥𝑥, 𝑛𝑛) = 1
𝑥𝑥 𝑛𝑛 1

 (ℤ,⊕, 1) 𝑎𝑎 ⊕ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏– 1

(ℤ, +,0), (ℚ, +,0), (ℝ, +,0) (ℝ ∖ {0},⋅, 1).

(ℂ, +,0 + 0𝑖𝑖), (ℂ ∖ {0 + 0𝑖𝑖}, 1 + 0𝑖𝑖), (𝒫𝒫(𝑥𝑥), Δ, 𝜙𝜙).

(ℤ𝑛𝑛, +, 0), (ℤ[𝑖𝑖], + , 0 + 0𝑖𝑖)

𝐴𝐴 𝑈𝑈(𝐴𝐴)
ℤ,⋅, 1) {−1,1}

(ℕ,∙ ,1) {1}
(ℚ,∙ ,1) ℚ − {0}
(ℝ,∙ ,1) ℝ − {0}
(ℤ[𝑖𝑖],∙ ,1 + 0𝑖𝑖) {−1,1, 𝑖𝑖, −𝑖𝑖}
(ℤ𝑛𝑛,∙, 1) 𝑈𝑈(ℤ𝑛𝑛) = {𝑥𝑥𝑥𝑥ℤ𝑛𝑛 | (𝑥𝑥, 𝑛𝑛) = 1}

(𝑥𝑥, 𝑛𝑛) = 1
𝑥𝑥 𝑛𝑛 1

 (ℤ,⊕, 1) 𝑎𝑎 ⊕ 𝑏𝑏 = 𝑎𝑎 + 𝑏𝑏– 1

 𝐴𝐴 = (−1,1) 𝑎𝑎 ∗ 𝑏𝑏 =  𝑎𝑎+𝑏𝑏
1+𝑎𝑎𝑎𝑎 𝐴𝐴,∗)

 (𝑛𝑛ℤ, +, 0) 𝑛𝑛

 𝐴𝐴 = ℝ × ℝ y (𝑎𝑎, 𝑏𝑏) ∗  (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎 + 𝑐𝑐, 𝑏𝑏 + 𝑑𝑑) (𝐴𝐴,∗)

(𝐴𝐴– {(0,0)},∗)
(𝑎𝑎, 𝑏𝑏) ∗  (𝑐𝑐, 𝑑𝑑) =  (𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏);
(𝑎𝑎, 𝑏𝑏) ∗  (𝑐𝑐, 𝑑𝑑) =  (𝑎𝑎𝑎𝑎 –  2𝑏𝑏𝑏𝑏 , 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏);
(𝑎𝑎, 𝑏𝑏)  ∗  (𝑐𝑐, 𝑑𝑑)  =  (𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏)

 𝐺𝐺 = {𝑤𝑤 ∈ ℂ | 𝑤𝑤𝑛𝑛 = 1} (𝐺𝐺,∙ ,1)
𝑛𝑛 𝑛𝑛 𝑤𝑤

𝑛𝑛 1

𝑛𝑛 = 6 𝐺𝐺 = {1, −1, 1
2 + √3

2 𝑖𝑖, 1
2 − √3

2 𝑖𝑖, − 1
2 +

√3
2 𝑖𝑖, − 1

2 − √3
2 𝑖𝑖}

𝑛𝑛 = 4 𝐺𝐺 = 𝑈𝑈(ℤ[𝑖𝑖])

𝑛𝑛 = 6



46

Elementos de álgebra moderna

𝑤𝑤1 =
1
2 +

√3
2 𝑖𝑖

 (ℝ𝑛𝑛×𝑛𝑛,∙, 𝐼𝐼)
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𝑤𝑤1 =
1
2 +

√3
2 𝑖𝑖

 (ℝ𝑛𝑛×𝑛𝑛,∙, 𝐼𝐼)

 

∙

 

00 (𝐼𝐼) 1800 (𝐴𝐴)
(𝐵𝐵)

(𝐶𝐶)

𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅: { 00        𝐼𝐼: 1234 → 1234
1800   𝐴𝐴: 1234 → 3412
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𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅: { Eje vertical         𝐵𝐵: 1234 → 2143
 Eje horizontal  𝐶𝐶: 1234 → 4321

 

𝐼𝐼: 𝑁𝑁𝑁𝑁 ℎ𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝐴𝐴: 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
𝐵𝐵: 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝐶𝐶: 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
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𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅: { Eje vertical         𝐵𝐵: 1234 → 2143
 Eje horizontal  𝐶𝐶: 1234 → 4321

 

𝐼𝐼: 𝑁𝑁𝑁𝑁 ℎ𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝐴𝐴: 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
𝐵𝐵: 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝐶𝐶: 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑦𝑦 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

 

𝐼𝐼: 123 → 123
𝐴𝐴: 123 → 132
𝐵𝐵: 123 →  321
𝐶𝐶: 123 →  213
𝐸𝐸: 123 →  231

(𝐴𝐴)
2 (𝐵𝐵) 3 (𝐶𝐶)

00 (𝐼𝐼) 1800 (𝐷𝐷) 2400 (𝐸𝐸)
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3 𝑆𝑆3

𝑋𝑋 = {1,2,3} 𝑆𝑆𝑥𝑥 (𝑆𝑆𝑥𝑥,∘)

𝜌𝜌0 = (1 2 3
1 2 3) = 𝐼𝐼; 𝜌𝜌1 = (1 2 3

2 3 1) = 𝐸𝐸; 𝜌𝜌2 = (1 2 3
3 1 2)

= 𝐷𝐷;

𝑢𝑢1 = (1 2 3
1 3 2) = 𝐴𝐴; 𝑢𝑢2 = (1 2 3

3 2 1) = 𝐵𝐵; 𝑢𝑢3

= (1 2 3
2 1 3) = 𝐶𝐶.

𝜌𝜌2 ∘  𝑢𝑢3 = (1 2 3
3 1 2) (1 2 3

2 1 3) = (1 2 3
3 2 1) = 𝑢𝑢2

𝑢𝑢3 ∘ 𝜌𝜌2 = (1 2 3
2 1 3) (1 2 3

3 1 2) = (1 2 3
1 3 2) = 𝑢𝑢1

𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3

𝜌𝜌0 𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3

𝜌𝜌1 𝜌𝜌1 𝜌𝜌2 𝜌𝜌0 𝜇𝜇2 𝜇𝜇3 𝜇𝜇1

𝜌𝜌2 𝜌𝜌2 𝜌𝜌0 𝜌𝜌1 𝜇𝜇3 𝜇𝜇1 𝜇𝜇2
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3 𝑆𝑆3

𝑋𝑋 = {1,2,3} 𝑆𝑆𝑥𝑥 (𝑆𝑆𝑥𝑥,∘)

𝜌𝜌0 = (1 2 3
1 2 3) = 𝐼𝐼; 𝜌𝜌1 = (1 2 3

2 3 1) = 𝐸𝐸; 𝜌𝜌2 = (1 2 3
3 1 2)

= 𝐷𝐷;

𝑢𝑢1 = (1 2 3
1 3 2) = 𝐴𝐴; 𝑢𝑢2 = (1 2 3

3 2 1) = 𝐵𝐵; 𝑢𝑢3

= (1 2 3
2 1 3) = 𝐶𝐶.

𝜌𝜌2 ∘  𝑢𝑢3 = (1 2 3
3 1 2) (1 2 3

2 1 3) = (1 2 3
3 2 1) = 𝑢𝑢2

𝑢𝑢3 ∘ 𝜌𝜌2 = (1 2 3
2 1 3) (1 2 3

3 1 2) = (1 2 3
1 3 2) = 𝑢𝑢1

𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3

𝜌𝜌0 𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3

𝜌𝜌1 𝜌𝜌1 𝜌𝜌2 𝜌𝜌0 𝜇𝜇2 𝜇𝜇3 𝜇𝜇1

𝜌𝜌2 𝜌𝜌2 𝜌𝜌0 𝜌𝜌1 𝜇𝜇3 𝜇𝜇1 𝜇𝜇2

𝜇𝜇1 𝜇𝜇1 𝜇𝜇3 𝜇𝜇2 𝜌𝜌0 𝜌𝜌2 𝜌𝜌1

𝜇𝜇2 𝜇𝜇2 𝜇𝜇1 𝜇𝜇3 𝜌𝜌1 𝜌𝜌0 𝜌𝜌2

𝜇𝜇3 𝜇𝜇3 𝜇𝜇2 𝜇𝜇1 𝜌𝜌2 𝜌𝜌1 𝜌𝜌0

 (𝑅𝑅𝑛𝑛, +)

 𝑈𝑈(𝐻𝐻) = {1, −1, 𝑖𝑖, −𝑖𝑖, 𝑗𝑗, −𝑗𝑗, 𝑘𝑘, −𝑘𝑘}

 

𝑥𝑥 𝑆𝑆𝑥𝑥 = 𝑆𝑆(𝑋𝑋) = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑥𝑥) = {𝑓𝑓: 𝑋𝑋 →
𝑋𝑋, 𝑓𝑓 𝑒𝑒𝑒𝑒 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏ó𝑛𝑛}

𝑋𝑋 𝑋𝑋
𝑋𝑋 2

𝑋𝑋 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑}
𝑠𝑠(𝑎𝑎) = 𝑏𝑏, 𝑠𝑠(𝑏𝑏) = 𝑐𝑐, 𝑠𝑠(𝑐𝑐) = 𝑎𝑎, 𝑠𝑠(𝑑𝑑) = 𝑑𝑑 𝑠𝑠′(𝑎𝑎) = 𝑏𝑏, 𝑠𝑠′(𝑏𝑏) =
𝑐𝑐, 𝑠𝑠′(𝑐𝑐) = 𝑎𝑎, 𝑠𝑠′(𝑑𝑑) = 𝑑𝑑 (𝑠𝑠′ ∘ 𝑠𝑠)(𝑎𝑎) = 𝑠𝑠′(𝑠𝑠(𝑎𝑎)) = 𝑠𝑠′(𝑏𝑏) =
𝑎𝑎 (𝑠𝑠′ ∘ 𝑠𝑠)(𝑎𝑎) = 𝑠𝑠(𝑠𝑠′(𝑎𝑎)) = 𝑠𝑠(𝑏𝑏) = 𝑐𝑐

(𝑠𝑠′ ∘ 𝑠𝑠) ≠ (𝑠𝑠 ∘ 𝑠𝑠′)
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𝑋𝑋 𝑌𝑌

𝑋𝑋 = {1,2, … , 𝑛𝑛} 𝑆𝑆(𝑥𝑥) 𝑆𝑆𝑋𝑋

𝑆𝑆𝑛𝑛 𝑛𝑛!

𝑆𝑆 ∈ 𝑆𝑆𝑛𝑛 𝑆𝑆𝑖𝑖 = 𝑠𝑠(𝑖𝑖) ( 𝑖𝑖
𝑆𝑆𝑖𝑖

)

𝑆𝑆4

𝐼𝐼 = 𝑆𝑆𝑜𝑜 = (1 2 3
1 2 3   44)   𝑆𝑆1 = (1 2 3

3 2 1   44)

 

𝐹𝐹
𝐹𝐹

𝑡𝑡2 ∘ 𝑡𝑡1 𝑡𝑡1 𝑡𝑡2

𝑡𝑡1 𝑡𝑡2

𝑡𝑡2 ∘ 𝑡𝑡1 𝑡𝑡1 𝑡𝑡2

𝐹𝐹
𝑡𝑡

𝑡𝑡−1 𝑡𝑡
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𝑋𝑋 𝑌𝑌

𝑋𝑋 = {1,2, … , 𝑛𝑛} 𝑆𝑆(𝑥𝑥) 𝑆𝑆𝑋𝑋

𝑆𝑆𝑛𝑛 𝑛𝑛!

𝑆𝑆 ∈ 𝑆𝑆𝑛𝑛 𝑆𝑆𝑖𝑖 = 𝑠𝑠(𝑖𝑖) ( 𝑖𝑖
𝑆𝑆𝑖𝑖

)

𝑆𝑆4

𝐼𝐼 = 𝑆𝑆𝑜𝑜 = (1 2 3
1 2 3   44)   𝑆𝑆1 = (1 2 3

3 2 1   44)

 

𝐹𝐹
𝐹𝐹

𝑡𝑡2 ∘ 𝑡𝑡1 𝑡𝑡1 𝑡𝑡2

𝑡𝑡1 𝑡𝑡2

𝑡𝑡2 ∘ 𝑡𝑡1 𝑡𝑡1 𝑡𝑡2

𝐹𝐹
𝑡𝑡

𝑡𝑡−1 𝑡𝑡

 

𝐹𝐹 𝑛𝑛 𝐴𝐴1, 𝐴𝐴2, … , 𝐴𝐴𝑛𝑛

𝐹𝐹

 

𝑟𝑟𝑘𝑘 0 ≤ 𝑘𝑘 < 𝑛𝑛 2𝑘𝑘𝑘𝑘
𝑛𝑛 , 𝑘𝑘 = 1, 𝑘𝑘 =

2, … , 𝑘𝑘 = 𝑛𝑛 − 1, 𝑘𝑘 = 0

𝑟𝑟𝑘𝑘 𝐴𝐴1 𝐴𝐴𝑘𝑘+1  𝐴𝐴2

𝐴𝐴𝑘𝑘+2
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{𝑟𝑟𝑘𝑘  | 0 ≤ 𝑘𝑘 < 𝑛𝑛}
𝑟𝑟𝑘𝑘 = 𝑟𝑟1𝑘𝑘 = 𝑟𝑟1 ∘ 𝑟𝑟1 ∘ … ∘ 𝑟𝑟1 𝑘𝑘

𝑛𝑛
ℤ𝑛𝑛

 𝐺𝐺 𝑛𝑛
𝑟𝑟𝑘𝑘, 0 ≤ 𝑘𝑘 < 𝑛𝑛 𝑎𝑎 𝐺𝐺

𝑆𝑆
𝑟𝑟𝑘𝑘

𝑠𝑠 =

{
  
 

  
 𝐴𝐴1 → 𝐴𝐴1
𝐴𝐴2 → 𝐴𝐴𝑛𝑛
𝐴𝐴3 → 𝐴𝐴𝑛𝑛−1

…
𝐴𝐴𝑛𝑛−1 → 𝐴𝐴3
𝐴𝐴𝑛𝑛 → 𝐴𝐴2
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{𝑟𝑟𝑘𝑘  | 0 ≤ 𝑘𝑘 < 𝑛𝑛}
𝑟𝑟𝑘𝑘 = 𝑟𝑟1𝑘𝑘 = 𝑟𝑟1 ∘ 𝑟𝑟1 ∘ … ∘ 𝑟𝑟1 𝑘𝑘

𝑛𝑛
ℤ𝑛𝑛

 𝐺𝐺 𝑛𝑛
𝑟𝑟𝑘𝑘, 0 ≤ 𝑘𝑘 < 𝑛𝑛 𝑎𝑎 𝐺𝐺

𝑆𝑆
𝑟𝑟𝑘𝑘

𝑠𝑠 =

{
  
 

  
 𝐴𝐴1 → 𝐴𝐴1
𝐴𝐴2 → 𝐴𝐴𝑛𝑛
𝐴𝐴3 → 𝐴𝐴𝑛𝑛−1

…
𝐴𝐴𝑛𝑛−1 → 𝐴𝐴3
𝐴𝐴𝑛𝑛 → 𝐴𝐴2

𝐻𝐻1 ⊂ 𝐺𝐺
𝐴𝐴1 𝐻𝐻1 = {𝑡𝑡 ∈ 𝐺𝐺 | 𝑡𝑡(𝐴𝐴1) = 𝐴𝐴1}

𝑡𝑡 ∈ 𝐻𝐻1,

𝐴𝐴2 𝐴𝐴𝑛𝑛

𝑡𝑡(𝐴𝐴2) = 𝐴𝐴𝑛𝑛 𝑡𝑡(𝐴𝐴2) = 𝐴𝐴2

𝑡𝑡(𝐴𝐴2) = 𝐴𝐴𝑛𝑛 𝑡𝑡(𝐴𝐴3) = 𝐴𝐴𝑛𝑛−1 𝑡𝑡

𝑡𝑡(𝐴𝐴2) = 𝐴𝐴2 𝑡𝑡(𝐴𝐴3) = 𝐴𝐴3

𝑡𝑡 = 𝐼𝐼
𝑡𝑡 = 𝑠𝑠 𝑠𝑠

𝐻𝐻1

𝐻𝐻1 = {𝐼𝐼, 𝑠𝑠}

𝐺𝐺

𝑡𝑡 ∈ 𝐺𝐺 𝑡𝑡(𝐴𝐴1) = 𝐴𝐴𝑘𝑘 1 ≤ 𝑘𝑘 < 𝑛𝑛

𝑟𝑟𝑘𝑘−1
−1 2(𝑘𝑘−1)𝜋𝜋

𝑛𝑛 𝑟𝑟𝑘𝑘−1
−1 (𝐴𝐴𝑘𝑘) = 𝐴𝐴1

(𝑟𝑟𝑘𝑘−1
−1 ∘)(𝐴𝐴1) = 𝐴𝐴1 𝐴𝐴1)

𝑟𝑟𝑘𝑘−1
−1 ∘ 𝑡𝑡 = 𝐼𝐼 𝑟𝑟𝑘𝑘−1

−1 ∘ 𝑡𝑡 = 𝑠𝑠 
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𝑟𝑟𝑘𝑘−1
−1 ∘  𝑟𝑟𝑘𝑘−1 = 𝐼𝐼 𝑡𝑡 = 𝑟𝑟𝑘𝑘−1

𝑡𝑡 = 𝑟𝑟𝑘𝑘−1 ∘ 𝑠𝑠 𝑠𝑠

𝐺𝐺
𝑟𝑟𝑘𝑘 𝑠𝑠

𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠 1 ≤ 𝑘𝑘 < 𝑛𝑛)

0 ≤ 𝑘𝑘 < 𝑛𝑛 0 ≤ 𝑘𝑘′ < 𝑛𝑛 𝑘𝑘 ≠ 𝑘𝑘′ 𝑟𝑟𝑘𝑘

𝑟𝑟𝑘𝑘′ 𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠 ≠ 𝑟𝑟𝑘𝑘′ ∘ 𝑠𝑠
𝑟𝑟𝑘𝑘 =  𝑟𝑟𝑘𝑘′ 𝑠𝑠

𝑟𝑟𝑘𝑘 = 𝑟𝑟𝑘𝑘′ ∘ 𝑠𝑠

𝑟𝑟𝑘𝑘 𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠 0 ≤ 𝑘𝑘 < 𝑛𝑛

𝑛𝑛 𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠
𝑛𝑛 𝐺𝐺

2𝑛𝑛
𝑟𝑟1 𝑠𝑠

𝐺𝐺 =< {𝑟𝑟, 𝑠𝑠} >

8

𝑟𝑟1
𝑛𝑛 = 𝐼𝐼 = 𝑠𝑠2.
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𝑟𝑟𝑘𝑘−1
−1 ∘  𝑟𝑟𝑘𝑘−1 = 𝐼𝐼 𝑡𝑡 = 𝑟𝑟𝑘𝑘−1

𝑡𝑡 = 𝑟𝑟𝑘𝑘−1 ∘ 𝑠𝑠 𝑠𝑠

𝐺𝐺
𝑟𝑟𝑘𝑘 𝑠𝑠

𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠 1 ≤ 𝑘𝑘 < 𝑛𝑛)

0 ≤ 𝑘𝑘 < 𝑛𝑛 0 ≤ 𝑘𝑘′ < 𝑛𝑛 𝑘𝑘 ≠ 𝑘𝑘′ 𝑟𝑟𝑘𝑘

𝑟𝑟𝑘𝑘′ 𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠 ≠ 𝑟𝑟𝑘𝑘′ ∘ 𝑠𝑠
𝑟𝑟𝑘𝑘 =  𝑟𝑟𝑘𝑘′ 𝑠𝑠

𝑟𝑟𝑘𝑘 = 𝑟𝑟𝑘𝑘′ ∘ 𝑠𝑠

𝑟𝑟𝑘𝑘 𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠 0 ≤ 𝑘𝑘 < 𝑛𝑛

𝑛𝑛 𝑟𝑟𝑘𝑘 ∘ 𝑠𝑠
𝑛𝑛 𝐺𝐺

2𝑛𝑛
𝑟𝑟1 𝑠𝑠

𝐺𝐺 =< {𝑟𝑟, 𝑠𝑠} >

8

𝑟𝑟1
𝑛𝑛 = 𝐼𝐼 = 𝑠𝑠2.

𝑟𝑟1 ∘ 𝑠𝑠 =

{ 
 
  
𝐴𝐴1 → 𝐴𝐴2
𝐴𝐴2 → 𝐴𝐴1
𝐴𝐴3 → 𝐴𝐴𝑛𝑛…
𝐴𝐴𝑛𝑛 → 𝐴𝐴3

(𝑟𝑟1 ∘ 𝑠𝑠)2 = 𝐼𝐼

𝐺𝐺
2𝑛𝑛

𝑟𝑟1 𝑠𝑠 𝑟𝑟𝑛𝑛𝑘𝑘 = 𝑠𝑠2 = (𝑟𝑟1 ∘ 𝑠𝑠)2 = 𝐼𝐼.

𝐺𝐺 𝐷𝐷𝑛𝑛

 

𝑂𝑂
𝑂𝑂

12

24

24
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60

60

(𝐺𝐺,∗) 𝐺𝐺 𝐺𝐺
𝐺𝐺 𝐺𝐺 𝐺𝐺 

 𝐾𝐾 𝐺𝐺𝐺𝐺(𝑛𝑛, 𝑘𝑘)
𝐾𝐾𝑛𝑛×𝑛𝑛 𝐾𝐾

𝐾𝐾 = ℂ  𝑛𝑛 = 2 𝑤𝑤 ∈ 𝐺𝐺
1 2𝑚𝑚 𝑤𝑤2𝑚𝑚 = 1 𝑚𝑚 ≥ 2

𝐻𝐻𝑚𝑚 𝐺𝐺𝐺𝐺(2, 𝐺𝐺) 𝐴𝐴 = (𝑤𝑤 0
0 𝑤𝑤−1)  y 𝐵𝐵 =

(0 −1
1 0 )

𝐻𝐻𝑚𝑚

𝐴𝐴 = (𝑤𝑤 0
0 𝑤𝑤−1) 𝑖𝑖 ≥ 0 𝐴𝐴𝑖𝑖 = (𝑤𝑤𝑖𝑖 0

0 𝑤𝑤−𝑖𝑖)

𝑤𝑤 2𝑚𝑚 (𝑤𝑤2𝑚𝑚 = 1, 𝑤𝑤2𝑚𝑚−1 ≠ 1)
𝐴𝐴 2𝑚𝑚

𝑤𝑤 𝑤𝑤2𝑚𝑚−1 = −1 𝐴𝐴2𝑚𝑚−1 =

(−1 0
0 −1)

60

60

(𝐺𝐺,∗) 𝐺𝐺 𝐺𝐺
𝐺𝐺 𝐺𝐺 𝐺𝐺 

 𝐾𝐾 𝐺𝐺𝐺𝐺(𝑛𝑛, 𝑘𝑘)
𝐾𝐾𝑛𝑛×𝑛𝑛 𝐾𝐾

𝐾𝐾 = ℂ  𝑛𝑛 = 2 𝑤𝑤 ∈ 𝐺𝐺
1 2𝑚𝑚 𝑤𝑤2𝑚𝑚 = 1 𝑚𝑚 ≥ 2

𝐻𝐻𝑚𝑚 𝐺𝐺𝐺𝐺(2, 𝐺𝐺) 𝐴𝐴 = (𝑤𝑤 0
0 𝑤𝑤−1)  y 𝐵𝐵 =

(0 −1
1 0 )

𝐻𝐻𝑚𝑚

𝐴𝐴 = (𝑤𝑤 0
0 𝑤𝑤−1) 𝑖𝑖 ≥ 0 𝐴𝐴𝑖𝑖 = (𝑤𝑤𝑖𝑖 0

0 𝑤𝑤−𝑖𝑖)

𝑤𝑤 2𝑚𝑚 (𝑤𝑤2𝑚𝑚 = 1, 𝑤𝑤2𝑚𝑚−1 ≠ 1)
𝐴𝐴 2𝑚𝑚

𝑤𝑤 𝑤𝑤2𝑚𝑚−1 = −1 𝐴𝐴2𝑚𝑚−1 =

(−1 0
0 −1)

Definición
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60

60

(𝐺𝐺,∗) 𝐺𝐺 𝐺𝐺
𝐺𝐺 𝐺𝐺 𝐺𝐺 

 𝐾𝐾 𝐺𝐺𝐺𝐺(𝑛𝑛, 𝑘𝑘)
𝐾𝐾𝑛𝑛×𝑛𝑛 𝐾𝐾

𝐾𝐾 = ℂ  𝑛𝑛 = 2 𝑤𝑤 ∈ 𝐺𝐺
1 2𝑚𝑚 𝑤𝑤2𝑚𝑚 = 1 𝑚𝑚 ≥ 2

𝐻𝐻𝑚𝑚 𝐺𝐺𝐺𝐺(2, 𝐺𝐺) 𝐴𝐴 = (𝑤𝑤 0
0 𝑤𝑤−1)  y 𝐵𝐵 =

(0 −1
1 0 )

𝐻𝐻𝑚𝑚

𝐴𝐴 = (𝑤𝑤 0
0 𝑤𝑤−1) 𝑖𝑖 ≥ 0 𝐴𝐴𝑖𝑖 = (𝑤𝑤𝑖𝑖 0

0 𝑤𝑤−𝑖𝑖)

𝑤𝑤 2𝑚𝑚 (𝑤𝑤2𝑚𝑚 = 1, 𝑤𝑤2𝑚𝑚−1 ≠ 1)
𝐴𝐴 2𝑚𝑚

𝑤𝑤 𝑤𝑤2𝑚𝑚−1 = −1 𝐴𝐴2𝑚𝑚−1 =

(−1 0
0 −1)

𝐵𝐵2 = 𝐴𝐴2𝑚𝑚−1, 𝐵𝐵4 = 𝐼𝐼, 𝐴𝐴−1𝐵𝐵 = (0 −𝑤𝑤−1

𝑤𝑤 0 )  y  𝐵𝐵𝐵𝐵

= (0 −1
1 0 ) (𝑤𝑤 0

0 𝑤𝑤−1) = (0 −𝑤𝑤−1

𝑤𝑤 0 ).

𝐴𝐴−1𝐵𝐵 = 𝐴𝐴𝐴𝐴

𝐴𝐴−1𝐵𝐵 = 𝐴𝐴𝐴𝐴 𝐻𝐻𝑚𝑚

𝐴𝐴𝑖𝑖𝐵𝐵𝑗𝑗

𝐻𝐻𝑚𝑚 𝐴𝐴
𝐵𝐵

𝐴𝐴 𝑒𝑒𝑒𝑒 2𝑚𝑚 𝐵𝐵 4
0 ≤ 𝑖𝑖 < 2𝑚𝑚, 0 ≤ 𝑗𝑗 < 4 𝐵𝐵2 = 𝐴𝐴2𝑚𝑚−1

0 ≤ 𝑗𝑗 < 2

𝐻𝐻𝑚𝑚 2𝑚𝑚 ∙ 2 = 2𝑚𝑚+1

𝐴𝐴𝑖𝑖 = (𝑤𝑤𝑖𝑖 0
0 𝑤𝑤−𝑖𝑖) , 0 ≤ 𝑖𝑖 < 2𝑚𝑚 𝐴𝐴𝑖𝑖𝐵𝐵 =

( 0 −𝑤𝑤𝑖𝑖

𝑤𝑤𝑖𝑖 0 ) , 0 ≤ 𝑖𝑖 < 2𝑚𝑚

𝐻𝐻𝑚𝑚 2𝑚𝑚+1

𝑚𝑚 = 2
8 
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𝐴𝐴
𝑎𝑎 ∗ 𝑥𝑥 ∗ ℎ = 𝑐𝑐, 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴 y 𝑥𝑥

𝑥𝑥 𝑥𝑥

𝐴𝐴 𝑒𝑒 𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎
𝐴𝐴

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴 (𝐴𝐴,∗)
𝑎𝑎 y 𝑏𝑏 en 𝐴𝐴 𝑥𝑥 = 𝑎𝑎−1 ∗ 𝑐𝑐 ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ 𝑐𝑐 ∗ 𝑏𝑏′

𝑦𝑦 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 y 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑏𝑏 = 𝑐𝑐

𝐴𝐴
𝑎𝑎 ∗ 𝑥𝑥 ∗ ℎ = 𝑐𝑐, 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴 y 𝑥𝑥

𝑥𝑥 𝑥𝑥

𝐴𝐴 𝑒𝑒 𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎
𝐴𝐴

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴 (𝐴𝐴,∗)
𝑎𝑎 y 𝑏𝑏 en 𝐴𝐴 𝑥𝑥 = 𝑎𝑎−1 ∗ 𝑐𝑐 ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ 𝑐𝑐 ∗ 𝑏𝑏′

𝑦𝑦 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 y 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑏𝑏 = 𝑐𝑐

𝐴𝐴
𝑎𝑎 ∗ 𝑥𝑥 ∗ ℎ = 𝑐𝑐, 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴 y 𝑥𝑥

𝑥𝑥 𝑥𝑥

𝐴𝐴 𝑒𝑒 𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎
𝐴𝐴

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴 (𝐴𝐴,∗)
𝑎𝑎 y 𝑏𝑏 en 𝐴𝐴 𝑥𝑥 = 𝑎𝑎−1 ∗ 𝑐𝑐 ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ 𝑐𝑐 ∗ 𝑏𝑏′

𝑦𝑦 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 y 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑏𝑏 = 𝑐𝑐

Teorema

Demostración

1.2.1 Ecuaciones que definen la Estructura de Grupo
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𝐴𝐴
𝑎𝑎 ∗ 𝑥𝑥 ∗ ℎ = 𝑐𝑐, 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴 y 𝑥𝑥

𝑥𝑥 𝑥𝑥

𝐴𝐴 𝑒𝑒 𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎
𝐴𝐴

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴 (𝐴𝐴,∗)
𝑎𝑎 y 𝑏𝑏 en 𝐴𝐴 𝑥𝑥 = 𝑎𝑎−1 ∗ 𝑐𝑐 ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ 𝑐𝑐 ∗ 𝑏𝑏′

𝑦𝑦 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 y 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑏𝑏 = 𝑐𝑐

𝐴𝐴
𝑎𝑎 ∗ 𝑥𝑥 ∗ ℎ = 𝑐𝑐, 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴 y 𝑥𝑥

𝑥𝑥 𝑥𝑥

𝐴𝐴 𝑒𝑒 𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎
𝐴𝐴

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴 (𝐴𝐴,∗)
𝑎𝑎 y 𝑏𝑏 en 𝐴𝐴 𝑥𝑥 = 𝑎𝑎−1 ∗ 𝑐𝑐 ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ 𝑐𝑐 ∗ 𝑏𝑏′

𝑦𝑦 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 y 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑏𝑏 = 𝑐𝑐

𝐴𝐴
𝑎𝑎 ∗ 𝑥𝑥 ∗ ℎ = 𝑐𝑐, 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏

𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝐴𝐴 y 𝑥𝑥

𝑥𝑥 𝑥𝑥

𝐴𝐴 𝑒𝑒 𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎
𝐴𝐴

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 𝐴𝐴 (𝐴𝐴,∗)
𝑎𝑎 y 𝑏𝑏 en 𝐴𝐴 𝑥𝑥 = 𝑎𝑎−1 ∗ 𝑐𝑐 ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ 𝑐𝑐 ∗ 𝑏𝑏′

𝑦𝑦 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐 y 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑏𝑏 = 𝑐𝑐

𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑏𝑏 (𝑎𝑎 ∗ 𝑎𝑎′) ∗ (𝑏𝑏 ∗ 𝑏𝑏′) = (𝑎𝑎′ ∗ 𝑎𝑎) ∗ (𝑏𝑏′ ∗
𝑏𝑏) 𝑒𝑒 ∗ 𝑥𝑥 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑦𝑦 ∗ 𝑒𝑒 𝑥𝑥 = 𝑦𝑦

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖𝑖𝑖)
𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑏𝑏 = 𝑐𝑐

𝑖𝑖𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖)
𝑎𝑎 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎

𝑒𝑒 = 𝑎𝑎 ∗ 𝑥𝑥
𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎  y 𝑒𝑒2 = 𝑒𝑒 ∗ 𝑒𝑒 = 𝑎𝑎 ∗ 𝑥𝑥 ∗ 𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎 ∗ 𝑥𝑥 = 𝑒𝑒.

𝑦𝑦 ∈ 𝐴𝐴 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑒𝑒 = 𝑎𝑎
𝑎𝑎 ∗ 𝑒𝑒 = 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑒𝑒 ∗ 𝑒𝑒 = 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑒𝑒2 = 𝑎𝑎 ∗ 𝑦𝑦 ∗ 𝑒𝑒 = 𝑎𝑎.

𝑎𝑎 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎

(𝐴𝐴,∗) 𝑒𝑒 𝑎𝑎 ∀ 𝑏𝑏 ∈ 𝐴𝐴 𝑒𝑒
𝑒𝑒 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑒𝑒 = 𝑏𝑏

𝑏𝑏 ∈ 𝐴𝐴 𝑣𝑣 ∈ 𝐴𝐴 𝑏𝑏 = 𝑎𝑎 ∗ 𝑣𝑣 ∗ 𝑎𝑎
𝑒𝑒 ∗ 𝑏𝑏 = (𝑒𝑒 ∗ 𝑎𝑎) ∗ 𝑣𝑣 ∗ 𝑎𝑎 = 𝑒𝑒 ∗ 𝑣𝑣 ∗ 𝑎𝑎 = 𝑏𝑏; y 𝑏𝑏 ∗ 𝑒𝑒 = 𝑎𝑎 ∗ 𝑣𝑣 ∗ (𝑎𝑎 ∗ 𝑒𝑒)

= 𝑎𝑎 ∗ 𝑣𝑣 ∗ 𝑎𝑎 = 𝑏𝑏.
𝑒𝑒 (𝐴𝐴,∗)

𝑏𝑏 𝐴𝐴

𝑧𝑧 𝑤𝑤  en 𝐴𝐴
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𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧 ∗ 𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧
𝑒𝑒 = 𝑒𝑒 ∗ 𝑤𝑤 ∗ 𝑏𝑏 = 𝑤𝑤 ∗ 𝑏𝑏

𝑤𝑤 = 𝑧𝑧 𝑏𝑏

∎

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏  ó  𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

∎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴

 𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒 𝐴𝐴 𝑎𝑎  𝑒𝑒

𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒

𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧 ∗ 𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧
𝑒𝑒 = 𝑒𝑒 ∗ 𝑤𝑤 ∗ 𝑏𝑏 = 𝑤𝑤 ∗ 𝑏𝑏

𝑤𝑤 = 𝑧𝑧 𝑏𝑏

∎

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏  ó  𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

∎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴

 𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒 𝐴𝐴 𝑎𝑎  𝑒𝑒

𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒

Teorema
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𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧 ∗ 𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧
𝑒𝑒 = 𝑒𝑒 ∗ 𝑤𝑤 ∗ 𝑏𝑏 = 𝑤𝑤 ∗ 𝑏𝑏

𝑤𝑤 = 𝑧𝑧 𝑏𝑏

∎

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏  ó  𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

∎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴

 𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒 𝐴𝐴 𝑎𝑎  𝑒𝑒

𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒

𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧 ∗ 𝑒𝑒 = 𝑏𝑏 ∗ 𝑧𝑧
𝑒𝑒 = 𝑒𝑒 ∗ 𝑤𝑤 ∗ 𝑏𝑏 = 𝑤𝑤 ∗ 𝑏𝑏

𝑤𝑤 = 𝑧𝑧 𝑏𝑏

∎

(𝐴𝐴,∗)

 (𝐴𝐴,∗)

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏  ó  𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

 𝐴𝐴 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏, 𝑥𝑥 ∗ 𝑎𝑎 = 𝑏𝑏
𝐴𝐴

∎

(𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴

 𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒 𝐴𝐴 𝑎𝑎  𝑒𝑒

𝑎𝑎 ∗ 𝑥𝑥 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒

 (𝑎𝑎′)′ = 𝑎𝑎

𝑎𝑎 (𝑎𝑎′)′ 𝑎𝑎′ ∗ 𝑥𝑥 = 𝑒𝑒

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑒𝑒 𝑎𝑎′ = 𝑏𝑏 𝑎𝑎 ∗
𝑥𝑥 = 𝑒𝑒

 𝑒𝑒′ = 𝑒𝑒 𝑒𝑒 ∗ 𝑒𝑒 = 𝑒𝑒

(ℕ,∗)

𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ℕ 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏
ℕ (ℕ,∗)

𝑥𝑥 ∗ 2 = 7 ℕ

0
(−𝑎𝑎)

(𝐺𝐺,∗) (𝐺𝐺′,∘)

 (𝑎𝑎′)′ = 𝑎𝑎

𝑎𝑎 (𝑎𝑎′)′ 𝑎𝑎′ ∗ 𝑥𝑥 = 𝑒𝑒

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑒𝑒 𝑎𝑎′ = 𝑏𝑏 𝑎𝑎 ∗
𝑥𝑥 = 𝑒𝑒

 𝑒𝑒′ = 𝑒𝑒 𝑒𝑒 ∗ 𝑒𝑒 = 𝑒𝑒

(ℕ,∗)

𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ℕ 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏
ℕ (ℕ,∗)

𝑥𝑥 ∗ 2 = 7 ℕ

0
(−𝑎𝑎)

(𝐺𝐺,∗) (𝐺𝐺′,∘)

1.2.2 Propiedades de los Grupos
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𝑓𝑓: 𝐺𝐺 → 𝐺𝐺′
𝑓𝑓(𝑎𝑎 ∗ 𝑏𝑏) = 𝑓𝑓(𝑎𝑎) ∘ 𝑓𝑓(𝑏𝑏)

(ℤ, +) ≈ (2ℤ, +)
𝑓𝑓: ℤ → 2ℤ 𝑓𝑓(𝑘𝑘) = 2𝑘𝑘 2ℤ 

ℤ

(ℝ+,∙) ≈ (ℝ, +)
𝑓𝑓(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙 ≈

𝑛𝑛 (ℤ𝑛𝑛, +)

(𝐺𝐺,∗)

 𝑒𝑒

 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎′ ∈ 𝐺𝐺

 𝑎𝑎 ∈ 𝐺𝐺, (𝑎𝑎′)′ = 𝑎𝑎

 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, entonces (𝑎𝑎 ∗ 𝑏𝑏)′ = 𝑏𝑏′ ∗ 𝑎𝑎′

𝑓𝑓: 𝐺𝐺 → 𝐺𝐺′
𝑓𝑓(𝑎𝑎 ∗ 𝑏𝑏) = 𝑓𝑓(𝑎𝑎) ∘ 𝑓𝑓(𝑏𝑏)

(ℤ, +) ≈ (2ℤ, +)
𝑓𝑓: ℤ → 2ℤ 𝑓𝑓(𝑘𝑘) = 2𝑘𝑘 2ℤ 

ℤ

(ℝ+,∙) ≈ (ℝ, +)
𝑓𝑓(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙 ≈

𝑛𝑛 (ℤ𝑛𝑛, +)

(𝐺𝐺,∗)

 𝑒𝑒

 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎′ ∈ 𝐺𝐺

 𝑎𝑎 ∈ 𝐺𝐺, (𝑎𝑎′)′ = 𝑎𝑎

 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, entonces (𝑎𝑎 ∗ 𝑏𝑏)′ = 𝑏𝑏′ ∗ 𝑎𝑎′
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𝑓𝑓: 𝐺𝐺 → 𝐺𝐺′
𝑓𝑓(𝑎𝑎 ∗ 𝑏𝑏) = 𝑓𝑓(𝑎𝑎) ∘ 𝑓𝑓(𝑏𝑏)

(ℤ, +) ≈ (2ℤ, +)
𝑓𝑓: ℤ → 2ℤ 𝑓𝑓(𝑘𝑘) = 2𝑘𝑘 2ℤ 

ℤ

(ℝ+,∙) ≈ (ℝ, +)
𝑓𝑓(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙 ≈

𝑛𝑛 (ℤ𝑛𝑛, +)

(𝐺𝐺,∗)

 𝑒𝑒

 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎′ ∈ 𝐺𝐺

 𝑎𝑎 ∈ 𝐺𝐺, (𝑎𝑎′)′ = 𝑎𝑎

 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, entonces (𝑎𝑎 ∗ 𝑏𝑏)′ = 𝑏𝑏′ ∗ 𝑎𝑎′

𝑓𝑓: 𝐺𝐺 → 𝐺𝐺′
𝑓𝑓(𝑎𝑎 ∗ 𝑏𝑏) = 𝑓𝑓(𝑎𝑎) ∘ 𝑓𝑓(𝑏𝑏)

(ℤ, +) ≈ (2ℤ, +)
𝑓𝑓: ℤ → 2ℤ 𝑓𝑓(𝑘𝑘) = 2𝑘𝑘 2ℤ 

ℤ

(ℝ+,∙) ≈ (ℝ, +)
𝑓𝑓(𝑥𝑥) = 𝑙𝑙𝑙𝑙𝑙𝑙 ≈

𝑛𝑛 (ℤ𝑛𝑛, +)

(𝐺𝐺,∗)

 𝑒𝑒

 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎′ ∈ 𝐺𝐺

 𝑎𝑎 ∈ 𝐺𝐺, (𝑎𝑎′)′ = 𝑎𝑎

 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, entonces (𝑎𝑎 ∗ 𝑏𝑏)′ = 𝑏𝑏′ ∗ 𝑎𝑎′

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∗ 𝑐𝑐 𝑏𝑏 = 𝑐𝑐

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑐𝑐 ∗ 𝑏𝑏 𝑎𝑎 = 𝑐𝑐

𝑖𝑖 𝑖𝑖𝑖𝑖 𝑣𝑣 𝑣𝑣𝑣𝑣

𝑣𝑣
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∗ 𝑐𝑐 𝑎𝑎′ ∈ 𝐴𝐴, 𝑎𝑎′

(𝑎𝑎′ ∗ 𝑎𝑎) ∗ 𝑏𝑏 = (𝑎𝑎′ ∗ 𝑎𝑎) ∗ 𝑐𝑐

𝑒𝑒 ∗ 𝑏𝑏 = 𝑒𝑒 ∗ 𝑐𝑐 𝑏𝑏 = 𝑐𝑐
𝑣𝑣𝑣𝑣

∎

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑛𝑛 ∈ ℤ+ 𝑒𝑒

 𝑎𝑎0 = 𝑒𝑒

 𝑎𝑎1 = 𝑎𝑎

 𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎

 𝑎𝑎3 = 𝑎𝑎2 ∗ 𝑎𝑎

….

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∗ 𝑐𝑐 𝑏𝑏 = 𝑐𝑐

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑐𝑐 ∗ 𝑏𝑏 𝑎𝑎 = 𝑐𝑐

𝑖𝑖 𝑖𝑖𝑖𝑖 𝑣𝑣 𝑣𝑣𝑣𝑣

𝑣𝑣
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∗ 𝑐𝑐 𝑎𝑎′ ∈ 𝐴𝐴, 𝑎𝑎′

(𝑎𝑎′ ∗ 𝑎𝑎) ∗ 𝑏𝑏 = (𝑎𝑎′ ∗ 𝑎𝑎) ∗ 𝑐𝑐

𝑒𝑒 ∗ 𝑏𝑏 = 𝑒𝑒 ∗ 𝑐𝑐 𝑏𝑏 = 𝑐𝑐
𝑣𝑣𝑣𝑣

∎

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑛𝑛 ∈ ℤ+ 𝑒𝑒

 𝑎𝑎0 = 𝑒𝑒

 𝑎𝑎1 = 𝑎𝑎

 𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎

 𝑎𝑎3 = 𝑎𝑎2 ∗ 𝑎𝑎

….

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∗ 𝑐𝑐 𝑏𝑏 = 𝑐𝑐

 𝑎𝑎 ∗ 𝑏𝑏 = 𝑐𝑐 ∗ 𝑏𝑏 𝑎𝑎 = 𝑐𝑐

𝑖𝑖 𝑖𝑖𝑖𝑖 𝑣𝑣 𝑣𝑣𝑣𝑣

𝑣𝑣
𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎 ∗ 𝑐𝑐 𝑎𝑎′ ∈ 𝐴𝐴, 𝑎𝑎′

(𝑎𝑎′ ∗ 𝑎𝑎) ∗ 𝑏𝑏 = (𝑎𝑎′ ∗ 𝑎𝑎) ∗ 𝑐𝑐

𝑒𝑒 ∗ 𝑏𝑏 = 𝑒𝑒 ∗ 𝑐𝑐 𝑏𝑏 = 𝑐𝑐
𝑣𝑣𝑣𝑣

∎

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑛𝑛 ∈ ℤ+ 𝑒𝑒

 𝑎𝑎0 = 𝑒𝑒

 𝑎𝑎1 = 𝑎𝑎

 𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎

 𝑎𝑎3 = 𝑎𝑎2 ∗ 𝑎𝑎

….
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 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ 𝑎𝑎

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

(𝐺𝐺,∗)
𝑎𝑎𝑛𝑛

𝑎𝑎𝑛𝑛 = 𝑎𝑎 + 𝑎𝑎 + ⋯ + 𝑎𝑎 = 𝑛𝑛𝑛𝑛.

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑚𝑚 ∈ ℤ+ y 𝑛𝑛 ∈ ℤ+

 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛

 (𝑎𝑎𝑚𝑚)𝑛𝑛 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′

 

 𝑚𝑚 𝑛𝑛

𝑛𝑛 = 1, 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎 = 𝑎𝑎𝑚𝑚+1

 𝑛𝑛 = 𝑘𝑘

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘 = 𝑎𝑎𝑚𝑚+𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘+1 = 𝑎𝑎𝑚𝑚+(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚+𝑛𝑛

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚+𝑛𝑛 𝑚𝑚
𝑛𝑛 ℤ+

 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ 𝑎𝑎

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

(𝐺𝐺,∗)
𝑎𝑎𝑛𝑛

𝑎𝑎𝑛𝑛 = 𝑎𝑎 + 𝑎𝑎 + ⋯ + 𝑎𝑎 = 𝑛𝑛𝑛𝑛.

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑚𝑚 ∈ ℤ+ y 𝑛𝑛 ∈ ℤ+

 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛

 (𝑎𝑎𝑚𝑚)𝑛𝑛 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′

 

 𝑚𝑚 𝑛𝑛

𝑛𝑛 = 1, 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎 = 𝑎𝑎𝑚𝑚+1

 𝑛𝑛 = 𝑘𝑘

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘 = 𝑎𝑎𝑚𝑚+𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘+1 = 𝑎𝑎𝑚𝑚+(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚+𝑛𝑛

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚+𝑛𝑛 𝑚𝑚
𝑛𝑛 ℤ+

 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ 𝑎𝑎

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

(𝐺𝐺,∗)
𝑎𝑎𝑛𝑛

𝑎𝑎𝑛𝑛 = 𝑎𝑎 + 𝑎𝑎 + ⋯ + 𝑎𝑎 = 𝑛𝑛𝑛𝑛.

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑚𝑚 ∈ ℤ+ y 𝑛𝑛 ∈ ℤ+

 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛

 (𝑎𝑎𝑚𝑚)𝑛𝑛 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′

 

 𝑚𝑚 𝑛𝑛

𝑛𝑛 = 1, 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎 = 𝑎𝑎𝑚𝑚+1

 𝑛𝑛 = 𝑘𝑘

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘 = 𝑎𝑎𝑚𝑚+𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘+1 = 𝑎𝑎𝑚𝑚+(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚+𝑛𝑛

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚+𝑛𝑛 𝑚𝑚
𝑛𝑛 ℤ+
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 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ 𝑎𝑎

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

(𝐺𝐺,∗)
𝑎𝑎𝑛𝑛

𝑎𝑎𝑛𝑛 = 𝑎𝑎 + 𝑎𝑎 + ⋯ + 𝑎𝑎 = 𝑛𝑛𝑛𝑛.

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑚𝑚 ∈ ℤ+ y 𝑛𝑛 ∈ ℤ+

 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛

 (𝑎𝑎𝑚𝑚)𝑛𝑛 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′

 

 𝑚𝑚 𝑛𝑛

𝑛𝑛 = 1, 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎 = 𝑎𝑎𝑚𝑚+1

 𝑛𝑛 = 𝑘𝑘

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘 = 𝑎𝑎𝑚𝑚+𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘+1 = 𝑎𝑎𝑚𝑚+(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚+𝑛𝑛

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚+𝑛𝑛 𝑚𝑚
𝑛𝑛 ℤ+

 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ 𝑎𝑎

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

(𝐺𝐺,∗)
𝑎𝑎𝑛𝑛

𝑎𝑎𝑛𝑛 = 𝑎𝑎 + 𝑎𝑎 + ⋯ + 𝑎𝑎 = 𝑛𝑛𝑛𝑛.

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑚𝑚 ∈ ℤ+ y 𝑛𝑛 ∈ ℤ+

 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛

 (𝑎𝑎𝑚𝑚)𝑛𝑛 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′

 

 𝑚𝑚 𝑛𝑛

𝑛𝑛 = 1, 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎 = 𝑎𝑎𝑚𝑚+1

 𝑛𝑛 = 𝑘𝑘

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘 = 𝑎𝑎𝑚𝑚+𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘+1 = 𝑎𝑎𝑚𝑚+(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚+𝑛𝑛

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚+𝑛𝑛 𝑚𝑚
𝑛𝑛 ℤ+

 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ 𝑎𝑎

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

(𝐺𝐺,∗)
𝑎𝑎𝑛𝑛

𝑎𝑎𝑛𝑛 = 𝑎𝑎 + 𝑎𝑎 + ⋯ + 𝑎𝑎 = 𝑛𝑛𝑛𝑛.

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑚𝑚 ∈ ℤ+ y 𝑛𝑛 ∈ ℤ+

 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚+𝑛𝑛

 (𝑎𝑎𝑚𝑚)𝑛𝑛 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′

 

 𝑚𝑚 𝑛𝑛

𝑛𝑛 = 1, 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎 = 𝑎𝑎𝑚𝑚+1

 𝑛𝑛 = 𝑘𝑘

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘 = 𝑎𝑎𝑚𝑚+𝑘𝑘

𝑛𝑛 = 𝑘𝑘 + 1

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑘𝑘+1 = 𝑎𝑎𝑚𝑚+(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚+𝑛𝑛

𝑎𝑎𝑚𝑚 ∗ 𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚+𝑛𝑛 𝑚𝑚
𝑛𝑛 ℤ+

 𝑚𝑚 𝑛𝑛

 𝑛𝑛 = 1, (𝑎𝑎𝑚𝑚)𝑛𝑛 = (𝑎𝑎𝑚𝑚)1 =  𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚×1 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑛𝑛 = 𝑘𝑘
(𝑎𝑎𝑚𝑚)𝑘𝑘 = 𝑎𝑎𝑚𝑚𝑚𝑚

𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎𝑚𝑚)𝑛𝑛 = (𝑎𝑎𝑚𝑚)𝑘𝑘+1 = (𝑎𝑎𝑚𝑚)𝑘𝑘 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚𝑚𝑚 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚𝑚𝑚+𝑚𝑚 =
𝑎𝑎𝑚𝑚(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎𝑛𝑛 ∗ 𝑥𝑥 = 𝑒𝑒
𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 𝑎𝑎𝑛𝑛 ∗ (𝑎𝑎′)𝑛𝑛 = 𝑒𝑒

𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎−𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ (𝑎𝑎′)𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ (𝑎𝑎 ∗ 𝑎𝑎′) ∗ (𝑎𝑎′)𝑛𝑛−1

= 𝑎𝑎𝑛𝑛−1 ∗ (𝑎𝑎′)𝑛𝑛−1 = 𝑎𝑎𝑛𝑛−2 ∗ (𝑎𝑎′)𝑛𝑛−2 = ⋯
= 𝑎𝑎1 ∗ (𝑎𝑎′)′ = 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒

𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′
∎

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑛𝑛 ∈ ℤ+

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 = 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = (𝑎𝑎 ∗ 𝑏𝑏)1 = 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎1 ∗ 𝑏𝑏1 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 = 𝑘𝑘 (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 = 𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘

 𝑚𝑚 𝑛𝑛

 𝑛𝑛 = 1, (𝑎𝑎𝑚𝑚)𝑛𝑛 = (𝑎𝑎𝑚𝑚)1 =  𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚×1 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑛𝑛 = 𝑘𝑘
(𝑎𝑎𝑚𝑚)𝑘𝑘 = 𝑎𝑎𝑚𝑚𝑚𝑚

𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎𝑚𝑚)𝑛𝑛 = (𝑎𝑎𝑚𝑚)𝑘𝑘+1 = (𝑎𝑎𝑚𝑚)𝑘𝑘 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚𝑚𝑚 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚𝑚𝑚+𝑚𝑚 =
𝑎𝑎𝑚𝑚(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎𝑛𝑛 ∗ 𝑥𝑥 = 𝑒𝑒
𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 𝑎𝑎𝑛𝑛 ∗ (𝑎𝑎′)𝑛𝑛 = 𝑒𝑒

𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎−𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ (𝑎𝑎′)𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ (𝑎𝑎 ∗ 𝑎𝑎′) ∗ (𝑎𝑎′)𝑛𝑛−1

= 𝑎𝑎𝑛𝑛−1 ∗ (𝑎𝑎′)𝑛𝑛−1 = 𝑎𝑎𝑛𝑛−2 ∗ (𝑎𝑎′)𝑛𝑛−2 = ⋯
= 𝑎𝑎1 ∗ (𝑎𝑎′)′ = 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒

𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′
∎

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑛𝑛 ∈ ℤ+

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 = 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = (𝑎𝑎 ∗ 𝑏𝑏)1 = 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎1 ∗ 𝑏𝑏1 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 = 𝑘𝑘 (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 = 𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘

 𝑚𝑚 𝑛𝑛

 𝑛𝑛 = 1, (𝑎𝑎𝑚𝑚)𝑛𝑛 = (𝑎𝑎𝑚𝑚)1 =  𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚×1 = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑛𝑛 = 𝑘𝑘
(𝑎𝑎𝑚𝑚)𝑘𝑘 = 𝑎𝑎𝑚𝑚𝑚𝑚

𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎𝑚𝑚)𝑛𝑛 = (𝑎𝑎𝑚𝑚)𝑘𝑘+1 = (𝑎𝑎𝑚𝑚)𝑘𝑘 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚𝑚𝑚 ∗ 𝑎𝑎𝑚𝑚 = 𝑎𝑎𝑚𝑚𝑚𝑚+𝑚𝑚 =
𝑎𝑎𝑚𝑚(𝑘𝑘+1) = 𝑎𝑎𝑚𝑚𝑚𝑚

 𝑎𝑎𝑛𝑛 ∗ 𝑥𝑥 = 𝑒𝑒
𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 𝑎𝑎𝑛𝑛 ∗ (𝑎𝑎′)𝑛𝑛 = 𝑒𝑒

𝑎𝑎𝑛𝑛 ∗ 𝑎𝑎−𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ (𝑎𝑎′)𝑛𝑛 = 𝑎𝑎𝑛𝑛−1 ∗ (𝑎𝑎 ∗ 𝑎𝑎′) ∗ (𝑎𝑎′)𝑛𝑛−1

= 𝑎𝑎𝑛𝑛−1 ∗ (𝑎𝑎′)𝑛𝑛−1 = 𝑎𝑎𝑛𝑛−2 ∗ (𝑎𝑎′)𝑛𝑛−2 = ⋯
= 𝑎𝑎1 ∗ (𝑎𝑎′)′ = 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒

𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛 = (𝑎𝑎𝑛𝑛)′
∎

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺, 𝑛𝑛 ∈ ℤ+

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 = 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = (𝑎𝑎 ∗ 𝑏𝑏)1 = 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎1 ∗ 𝑏𝑏1 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 = 𝑘𝑘 (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 = 𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘

Teorema

Demostración
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Elementos de álgebra moderna

 𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘+1 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏) = (𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘) ∗ (𝑎𝑎 ∗ 𝑏𝑏)
= 𝑎𝑎𝑘𝑘 ∗ (𝑏𝑏𝑘𝑘 ∗ 𝑎𝑎) ∗ 𝑏𝑏 = 𝑎𝑎𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏𝑘𝑘) ∗ 𝑏𝑏
= (𝑎𝑎𝑘𝑘 ∗ 𝑎𝑎) ∗ (𝑏𝑏𝑘𝑘 ∗ 𝑏𝑏) = 𝑎𝑎𝑘𝑘+1 ∗ 𝑏𝑏𝑘𝑘+1 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 ∈ ℤ+ 𝑎𝑎 𝑏𝑏 𝐺𝐺
∎

1.2.3 Grupos de Orden 1, 2, 3, 4, 5 y 6 

𝑒𝑒

𝑒𝑒
𝑎𝑎 𝑎𝑎 ≠ 𝑒𝑒 𝑎𝑎2 = 𝑒𝑒

𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒
𝑎𝑎 = 𝑒𝑒

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎

 𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘+1 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏) = (𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘) ∗ (𝑎𝑎 ∗ 𝑏𝑏)
= 𝑎𝑎𝑘𝑘 ∗ (𝑏𝑏𝑘𝑘 ∗ 𝑎𝑎) ∗ 𝑏𝑏 = 𝑎𝑎𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏𝑘𝑘) ∗ 𝑏𝑏
= (𝑎𝑎𝑘𝑘 ∗ 𝑎𝑎) ∗ (𝑏𝑏𝑘𝑘 ∗ 𝑏𝑏) = 𝑎𝑎𝑘𝑘+1 ∗ 𝑏𝑏𝑘𝑘+1 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 ∈ ℤ+ 𝑎𝑎 𝑏𝑏 𝐺𝐺
∎

1.2.3 Grupos de Orden 1, 2, 3, 4, 5 y 6 

𝑒𝑒

𝑒𝑒
𝑎𝑎 𝑎𝑎 ≠ 𝑒𝑒 𝑎𝑎2 = 𝑒𝑒

𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒
𝑎𝑎 = 𝑒𝑒

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎

1.2.3 Grupos de Orden 1, 2, 3, 4, 5, 6
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Capítulo 1. Estructura de grupo

 𝑛𝑛 = 𝑘𝑘 + 1

(𝑎𝑎 ∗ 𝑏𝑏)𝑛𝑛 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘+1 = (𝑎𝑎 ∗ 𝑏𝑏)𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏) = (𝑎𝑎𝑘𝑘 ∗ 𝑏𝑏𝑘𝑘) ∗ (𝑎𝑎 ∗ 𝑏𝑏)
= 𝑎𝑎𝑘𝑘 ∗ (𝑏𝑏𝑘𝑘 ∗ 𝑎𝑎) ∗ 𝑏𝑏 = 𝑎𝑎𝑘𝑘 ∗ (𝑎𝑎 ∗ 𝑏𝑏𝑘𝑘) ∗ 𝑏𝑏
= (𝑎𝑎𝑘𝑘 ∗ 𝑎𝑎) ∗ (𝑏𝑏𝑘𝑘 ∗ 𝑏𝑏) = 𝑎𝑎𝑘𝑘+1 ∗ 𝑏𝑏𝑘𝑘+1 = 𝑎𝑎𝑛𝑛 ∗ 𝑏𝑏𝑛𝑛.

 𝑛𝑛 ∈ ℤ+ 𝑎𝑎 𝑏𝑏 𝐺𝐺
∎

1.2.3 Grupos de Orden 1, 2, 3, 4, 5 y 6 

𝑒𝑒

𝑒𝑒
𝑎𝑎 𝑎𝑎 ≠ 𝑒𝑒 𝑎𝑎2 = 𝑒𝑒

𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒
𝑎𝑎 = 𝑒𝑒

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎

{𝑒𝑒, 𝑎𝑎, 𝑏𝑏}

𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎 𝑦𝑦 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏
𝑏𝑏 =

𝑒𝑒 𝑎𝑎 = 𝑒𝑒

𝑎𝑎 ∗ 𝑏𝑏 = 𝑒𝑒 𝑏𝑏 ∗
𝑎𝑎 = 𝑒𝑒

𝑎𝑎2 ≠ 𝑎𝑎 𝑦𝑦 𝑏𝑏2 ≠ 𝑏𝑏 𝑎𝑎2 = 𝑎𝑎 𝑎𝑎 = 𝑒𝑒
𝑎𝑎 ≠ 𝑒𝑒 𝑎𝑎2 = 𝑒𝑒 𝑎𝑎2 = 𝑏𝑏 𝑎𝑎2 = 𝑒𝑒

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎 ∗ 𝑎𝑎 = 𝑒𝑒  𝑎𝑎 ∗ 𝑏𝑏 = 𝑒𝑒 𝑎𝑎 ∗
𝑎𝑎 = 𝑎𝑎 ∗ 𝑏𝑏 𝑎𝑎 = 𝑏𝑏

𝑎𝑎2 = 𝑏𝑏 𝑏𝑏2 = 𝑎𝑎 𝑎𝑎3 = 𝑎𝑎 ∗ 𝑏𝑏 = 𝑒𝑒 y 𝑏𝑏3 = 𝑏𝑏 ∗
𝑎𝑎 = 𝑒𝑒
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𝒆𝒆 𝒂𝒂 𝒃𝒃
𝒆𝒆 𝑒𝑒 𝑎𝑎 𝑏𝑏
𝒂𝒂 𝑎𝑎 𝑏𝑏 𝑒𝑒
𝒃𝒃 𝑏𝑏 𝑒𝑒 𝑎𝑎

(ℤ4, +)
ℤ2 × ℤ2,+)

5
(ℤ5, +)

1,2,3,4 5

𝑆𝑆3 6
6

(𝐺𝐺,∗) 𝐺𝐺

𝐺𝐺
𝑒𝑒, 𝑎𝑎, 𝑏𝑏, 𝑎𝑎 ∗ 𝑏𝑏 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎
𝑎𝑎 𝑏𝑏
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𝒆𝒆 𝒂𝒂 𝒃𝒃
𝒆𝒆 𝑒𝑒 𝑎𝑎 𝑏𝑏
𝒂𝒂 𝑎𝑎 𝑏𝑏 𝑒𝑒
𝒃𝒃 𝑏𝑏 𝑒𝑒 𝑎𝑎

(ℤ4, +)
ℤ2 × ℤ2,+)

5
(ℤ5, +)

1,2,3,4 5

𝑆𝑆3 6
6

(𝐺𝐺,∗) 𝐺𝐺

𝐺𝐺
𝑒𝑒, 𝑎𝑎, 𝑏𝑏, 𝑎𝑎 ∗ 𝑏𝑏 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎
𝑎𝑎 𝑏𝑏

5
(ℤ5, +)

1,2,3,4 5

𝑆𝑆3 6
6

(𝐺𝐺,∗) 𝐺𝐺

𝐺𝐺
𝑒𝑒, 𝑎𝑎, 𝑏𝑏, 𝑎𝑎 ∗ 𝑏𝑏 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎
𝑎𝑎 𝑏𝑏

5
(ℤ5, +)

1,2,3,4 5

𝑆𝑆3 6
6

(𝐺𝐺,∗) 𝐺𝐺

𝐺𝐺
𝑒𝑒, 𝑎𝑎, 𝑏𝑏, 𝑎𝑎 ∗ 𝑏𝑏 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑏𝑏 ∗ 𝑎𝑎
𝑎𝑎 𝑏𝑏

Teorema

Demostración
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𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑎𝑎, 𝑎𝑎2 ≠ 𝑎𝑎 ∗ 𝑏𝑏, 𝑎𝑎2 ≠ 𝑏𝑏 ∗ 𝑎𝑎   (𝑏𝑏2 ≠ 𝑎𝑎 ∗ 𝑏𝑏  y 𝑏𝑏2 ≠ 𝑏𝑏 ∗
𝑎𝑎) 𝑎𝑎2 ≠ 𝑎𝑎 𝑎𝑎2 𝑎𝑎2 =
𝑒𝑒 o 𝑎𝑎2 = 𝑏𝑏

𝑎𝑎2 = 𝑏𝑏 𝑎𝑎 = 𝑎𝑎′ ∗ 𝑏𝑏 y  𝑎𝑎 = 𝑏𝑏 ∗ 𝑎𝑎′ 𝑎𝑎′
𝑎𝑎′ ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎′

𝐺𝐺

𝑎𝑎2 = 𝑒𝑒

𝑎𝑎 = 𝑎𝑎′
𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 𝑎𝑎 = 𝑎𝑎′

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒, 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎, 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏, 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑏𝑏 o  𝑎𝑎 ∗ 𝑏𝑏 ∗
𝑎𝑎 = 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑒𝑒 ∗ 𝑎𝑎′ = 𝑎𝑎′ = 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒 ⟹ 𝑏𝑏 = 𝑒𝑒

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎 ⟹ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒 = 𝑎𝑎 ∗ 𝑏𝑏 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑏𝑏 ⟹ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏 𝑎𝑎 = 𝑒𝑒

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏 ∗ 𝑎𝑎 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 𝑎𝑎 = 𝑒𝑒

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎
5 𝐺𝐺 6
∎

(𝐴𝐴,∗) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ∈ 𝐴𝐴 ∗
𝐶𝐶 𝐶𝐶

𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 (𝑎𝑎 ∗
𝑏𝑏) ∈ 𝐶𝐶

𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴 (𝐴𝐴,∗)

𝐶𝐶

 𝐶𝐶 𝑑𝑑𝑑𝑑 𝐴𝐴

 ∗ 𝐶𝐶 (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐)
𝑎𝑎, 𝑏𝑏 𝑐𝑐 𝐶𝐶

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎
5 𝐺𝐺 6
∎

(𝐴𝐴,∗) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ∈ 𝐴𝐴 ∗
𝐶𝐶 𝐶𝐶

𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 (𝑎𝑎 ∗
𝑏𝑏) ∈ 𝐶𝐶

𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴 (𝐴𝐴,∗)

𝐶𝐶

 𝐶𝐶 𝑑𝑑𝑑𝑑 𝐴𝐴

 ∗ 𝐶𝐶 (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐)
𝑎𝑎, 𝑏𝑏 𝑐𝑐 𝐶𝐶
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𝑎𝑎 ∗ 𝑏𝑏 ≠ 𝑎𝑎, 𝑎𝑎2 ≠ 𝑎𝑎 ∗ 𝑏𝑏, 𝑎𝑎2 ≠ 𝑏𝑏 ∗ 𝑎𝑎   (𝑏𝑏2 ≠ 𝑎𝑎 ∗ 𝑏𝑏  y 𝑏𝑏2 ≠ 𝑏𝑏 ∗
𝑎𝑎) 𝑎𝑎2 ≠ 𝑎𝑎 𝑎𝑎2 𝑎𝑎2 =
𝑒𝑒 o 𝑎𝑎2 = 𝑏𝑏

𝑎𝑎2 = 𝑏𝑏 𝑎𝑎 = 𝑎𝑎′ ∗ 𝑏𝑏 y  𝑎𝑎 = 𝑏𝑏 ∗ 𝑎𝑎′ 𝑎𝑎′
𝑎𝑎′ ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎′

𝐺𝐺

𝑎𝑎2 = 𝑒𝑒

𝑎𝑎 = 𝑎𝑎′
𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 𝑎𝑎 = 𝑎𝑎′

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒, 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎, 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏, 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑏𝑏 o  𝑎𝑎 ∗ 𝑏𝑏 ∗
𝑎𝑎 = 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑒𝑒 ∗ 𝑎𝑎′ = 𝑎𝑎′ = 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒 ⟹ 𝑏𝑏 = 𝑒𝑒

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎 ⟹ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑒𝑒 = 𝑎𝑎 ∗ 𝑏𝑏 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑎𝑎

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑏𝑏 ⟹ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏 𝑎𝑎 = 𝑒𝑒

𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎 = 𝑏𝑏 ∗ 𝑎𝑎 ⟹ 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 𝑎𝑎 = 𝑒𝑒

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎
5 𝐺𝐺 6
∎

(𝐴𝐴,∗) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ∈ 𝐴𝐴 ∗
𝐶𝐶 𝐶𝐶

𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 (𝑎𝑎 ∗
𝑏𝑏) ∈ 𝐶𝐶

𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴 (𝐴𝐴,∗)

𝐶𝐶

 𝐶𝐶 𝑑𝑑𝑑𝑑 𝐴𝐴

 ∗ 𝐶𝐶 (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐)
𝑎𝑎, 𝑏𝑏 𝑐𝑐 𝐶𝐶

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎
5 𝐺𝐺 6
∎

(𝐴𝐴,∗) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ∈ 𝐴𝐴 ∗
𝐶𝐶 𝐶𝐶

𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 (𝑎𝑎 ∗
𝑏𝑏) ∈ 𝐶𝐶

𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴 (𝐴𝐴,∗)

𝐶𝐶

 𝐶𝐶 𝑑𝑑𝑑𝑑 𝐴𝐴

 ∗ 𝐶𝐶 (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐)
𝑎𝑎, 𝑏𝑏 𝑐𝑐 𝐶𝐶

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎
5 𝐺𝐺 6
∎

(𝐴𝐴,∗) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ∈ 𝐴𝐴 ∗
𝐶𝐶 𝐶𝐶

𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 (𝑎𝑎 ∗
𝑏𝑏) ∈ 𝐶𝐶

𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴 (𝐴𝐴,∗)

𝐶𝐶

 𝐶𝐶 𝑑𝑑𝑑𝑑 𝐴𝐴

 ∗ 𝐶𝐶 (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐)
𝑎𝑎, 𝑏𝑏 𝑐𝑐 𝐶𝐶

𝑎𝑎2 = 𝑒𝑒 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑎𝑎
5 𝐺𝐺 6
∎

(𝐴𝐴,∗) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ∈ 𝐴𝐴 ∗
𝐶𝐶 𝐶𝐶

𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 (𝑎𝑎 ∗
𝑏𝑏) ∈ 𝐶𝐶

𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴 (𝐴𝐴,∗)

𝐶𝐶

 𝐶𝐶 𝑑𝑑𝑑𝑑 𝐴𝐴

 ∗ 𝐶𝐶 (𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐)
𝑎𝑎, 𝑏𝑏 𝑐𝑐 𝐶𝐶

Submonoides

Definición

Definición

1.3 Subgrupos
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(𝐴𝐴,∗)

 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 − 𝑎𝑎

 𝐶𝐶 = {0}
 𝐶𝐶 = 2ℤ

(ℤ,∗)

 𝐴𝐴 𝑎𝑎 ∈ 𝐴𝐴
𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 𝐶𝐶 = {0} 𝐴𝐴

 (𝐴𝐴, +) 𝐴𝐴 = {0,1,2} 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎
𝐴𝐴 𝐴𝐴

 (𝐴𝐴,∗)

∗

(𝐴𝐴,∗)

 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 − 𝑎𝑎

 𝐶𝐶 = {0}
 𝐶𝐶 = 2ℤ

(ℤ,∗)

 𝐴𝐴 𝑎𝑎 ∈ 𝐴𝐴
𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 𝐶𝐶 = {0} 𝐴𝐴

 (𝐴𝐴, +) 𝐴𝐴 = {0,1,2} 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎
𝐴𝐴 𝐴𝐴

 (𝐴𝐴,∗)

∗

Ejemplos
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(𝐴𝐴,∗)

 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 − 𝑎𝑎

 𝐶𝐶 = {0}
 𝐶𝐶 = 2ℤ

(ℤ,∗)

 𝐴𝐴 𝑎𝑎 ∈ 𝐴𝐴
𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 𝐶𝐶 = {0} 𝐴𝐴

 (𝐴𝐴, +) 𝐴𝐴 = {0,1,2} 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎
𝐴𝐴 𝐴𝐴

 (𝐴𝐴,∗)

∗

(𝐴𝐴,∗)

 (ℤ,∗) 𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 − 𝑎𝑎

 𝐶𝐶 = {0}
 𝐶𝐶 = 2ℤ

(ℤ,∗)

 𝐴𝐴 𝑎𝑎 ∈ 𝐴𝐴
𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 𝐶𝐶 = {0} 𝐴𝐴

 (𝐴𝐴, +) 𝐴𝐴 = {0,1,2} 𝑎𝑎 ∗ 𝑏𝑏 = 𝑎𝑎
𝐴𝐴 𝐴𝐴

 (𝐴𝐴,∗)

∗

𝐶𝐶 = {0} 𝑦𝑦 𝐶𝐶 = {0,1,2}

 𝑌𝑌 ⊂ 𝑋𝑋 𝑋𝑋 ≠ 𝑌𝑌 (𝒫𝒫(𝑌𝑌),∩)
(𝒫𝒫(𝑋𝑋),∩)

𝑌𝑌 𝑋𝑋

 (𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴

𝐶𝐶𝑎𝑎 = {𝑎𝑎𝑘𝑘 | 𝑘𝑘 ∈ ℕ}
𝑎𝑎

𝑎𝑎𝑘𝑘 ∗ 𝑎𝑎𝑗𝑗 = 𝑎𝑎𝑘𝑘+𝑗𝑗 𝐶𝐶𝑎𝑎 ≠ ∅
𝐶𝐶𝑎𝑎

𝐶𝐶𝑎𝑎 𝐴𝐴 𝑎𝑎
𝑎𝑎

 (ℕ, +)
𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 + 𝑎𝑎 = 2𝑎𝑎
𝑎𝑎3 = 𝑎𝑎2 ∗ 𝑎𝑎 = 2𝑎𝑎 + 𝑎𝑎 = 3𝑎𝑎
⋮

𝐶𝐶1 = {1,2,3, … } =  ℕ
𝐶𝐶2 = {2,4,6, … } =  2ℕ 
𝐶𝐶3 = {3,6,9, … } =  3ℕ

𝐶𝐶 = {0} 𝑦𝑦 𝐶𝐶 = {0,1,2}

 𝑌𝑌 ⊂ 𝑋𝑋 𝑋𝑋 ≠ 𝑌𝑌 (𝒫𝒫(𝑌𝑌),∩)
(𝒫𝒫(𝑋𝑋),∩)

𝑌𝑌 𝑋𝑋

 (𝐴𝐴,∗) 𝑎𝑎 ∈ 𝐴𝐴

𝐶𝐶𝑎𝑎 = {𝑎𝑎𝑘𝑘 | 𝑘𝑘 ∈ ℕ}
𝑎𝑎

𝑎𝑎𝑘𝑘 ∗ 𝑎𝑎𝑗𝑗 = 𝑎𝑎𝑘𝑘+𝑗𝑗 𝐶𝐶𝑎𝑎 ≠ ∅
𝐶𝐶𝑎𝑎

𝐶𝐶𝑎𝑎 𝐴𝐴 𝑎𝑎
𝑎𝑎

 (ℕ, +)
𝑎𝑎2 = 𝑎𝑎 ∗ 𝑎𝑎 = 𝑎𝑎 + 𝑎𝑎 = 2𝑎𝑎
𝑎𝑎3 = 𝑎𝑎2 ∗ 𝑎𝑎 = 2𝑎𝑎 + 𝑎𝑎 = 3𝑎𝑎
⋮

𝐶𝐶1 = {1,2,3, … } =  ℕ
𝐶𝐶2 = {2,4,6, … } =  2ℕ 
𝐶𝐶3 = {3,6,9, … } =  3ℕ

Ejemplos
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 (𝐴𝐴,∗) = (ℕ,∙)
𝐶𝐶1 = {1}
𝐶𝐶2 = {2,4,6,8,16,32, … }
𝐶𝐶3 = {3,9,27,81, … }

(𝐴𝐴,∗) = (ℤ,∙) 𝐶𝐶−1 = {−1,1}

 (𝐴𝐴,∗, 𝑒𝑒)

𝑈𝑈(𝐴𝐴) 𝐴𝐴 (𝑈𝑈(𝐴𝐴),∗)
𝐴𝐴

𝑈𝑈(𝐴𝐴) ≠ 0 𝑒𝑒 ∈ 𝑈𝑈(𝐴𝐴)
(𝑎𝑎 ∗ 𝑏𝑏)′ = 𝑏𝑏′ ∗ 𝑎𝑎′ 𝑎𝑎 ∈ 𝑈𝑈(𝐴𝐴)  𝑏𝑏 ∈ 𝑈𝑈(𝐴𝐴)

(𝑎𝑎 ∗ 𝐵𝐵) ∈ 𝑈𝑈(𝐴𝐴) 𝑈𝑈(𝐴𝐴)

(𝑈𝑈(𝐴𝐴),∗) 𝐴𝐴

 𝑋𝑋 ≠ ∅ 𝐴𝐴 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋)
𝑋𝑋 𝑋𝑋 𝑓𝑓 ∈ 𝑈𝑈(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋)) 𝑔𝑔 ∈

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋) 𝑓𝑓𝑓𝑓𝑓𝑓 = 𝑔𝑔 ∘ 𝑓𝑓 = 𝐼𝐼 𝑓𝑓

𝑈𝑈(𝐴𝐴)
𝑋𝑋 𝑋𝑋

𝑋𝑋 𝑈𝑈(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋)) = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)
𝑋𝑋
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 (𝐴𝐴,∗) = (ℕ,∙)
𝐶𝐶1 = {1}
𝐶𝐶2 = {2,4,6,8,16,32, … }
𝐶𝐶3 = {3,9,27,81, … }

(𝐴𝐴,∗) = (ℤ,∙) 𝐶𝐶−1 = {−1,1}

 (𝐴𝐴,∗, 𝑒𝑒)

𝑈𝑈(𝐴𝐴) 𝐴𝐴 (𝑈𝑈(𝐴𝐴),∗)
𝐴𝐴

𝑈𝑈(𝐴𝐴) ≠ 0 𝑒𝑒 ∈ 𝑈𝑈(𝐴𝐴)
(𝑎𝑎 ∗ 𝑏𝑏)′ = 𝑏𝑏′ ∗ 𝑎𝑎′ 𝑎𝑎 ∈ 𝑈𝑈(𝐴𝐴)  𝑏𝑏 ∈ 𝑈𝑈(𝐴𝐴)

(𝑎𝑎 ∗ 𝐵𝐵) ∈ 𝑈𝑈(𝐴𝐴) 𝑈𝑈(𝐴𝐴)

(𝑈𝑈(𝐴𝐴),∗) 𝐴𝐴

 𝑋𝑋 ≠ ∅ 𝐴𝐴 = 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋)
𝑋𝑋 𝑋𝑋 𝑓𝑓 ∈ 𝑈𝑈(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋)) 𝑔𝑔 ∈

𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋) 𝑓𝑓𝑓𝑓𝑓𝑓 = 𝑔𝑔 ∘ 𝑓𝑓 = 𝐼𝐼 𝑓𝑓

𝑈𝑈(𝐴𝐴)
𝑋𝑋 𝑋𝑋

𝑋𝑋 𝑈𝑈(𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴(𝑋𝑋)) = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)
𝑋𝑋

 (ℤ,∙ ,1) 𝑈𝑈(𝐴𝐴) = {−1,1}

 𝐴𝐴 = {1,2,3,6} 𝑎𝑎 ∗ 𝑏𝑏 = (𝑎𝑎, 𝑏𝑏) (𝑎𝑎, 𝑏𝑏) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑎𝑎, 𝑏𝑏)

𝑈𝑈(𝐴𝐴) = {6}

 𝐴𝐴 (ℤ, +,0) 𝑈𝑈(𝐴𝐴) = ℤ

 𝐺𝐺: {𝑓𝑓: ℝ → ℝ | 𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏, 𝑎𝑎 ≠ 0}

𝐺𝐺 (𝑎𝑎, 𝑏𝑏)
𝑓𝑓 ∈ 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺 𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏  𝑔𝑔(𝑥𝑥) = 𝑐𝑐𝑐𝑐 + 𝑑𝑑

(𝑓𝑓 ∘ 𝑔𝑔)(𝑥𝑥) = 𝑓𝑓(𝑔𝑔(𝑥𝑥)) = 𝑓𝑓(𝑐𝑐𝑐𝑐 + 𝑑𝑑) = 𝑎𝑎(𝑐𝑐𝑐𝑐 + 𝑑𝑑) + 𝑏𝑏 =
𝑎𝑎𝑎𝑎𝑎𝑎 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏 𝑎𝑎𝑎𝑎 ≠ 0   (𝑎𝑎 ≠ 0, 𝑏𝑏 ≠ 0)

(𝑔𝑔 ∘ 𝑓𝑓)(𝑥𝑥) = 𝑔𝑔(𝑓𝑓(𝑥𝑥)) = 𝑔𝑔(𝑎𝑎𝑎𝑎 + 𝑏𝑏) = 𝑐𝑐(𝑎𝑎𝑎𝑎 + 𝑏𝑏) + 𝑑𝑑 = 𝑎𝑎𝑎𝑎𝑎𝑎 +
𝑏𝑏𝑏𝑏 + 𝑑𝑑

𝐺𝐺

(𝑔𝑔 ∘ 𝑓𝑓)(𝑥𝑥) ≠ (𝑓𝑓 ∘ 𝑔𝑔)(𝑥𝑥)

𝐺𝐺 = (ℝ − {0} × ℝ
(𝑎𝑎, 𝑏𝑏) ∘ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎𝑎𝑎, 𝑎𝑎𝑎𝑎 + 𝑏𝑏) (𝐺𝐺,∘)
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(1,0) 𝑓𝑓(𝑥𝑥) = 𝑥𝑥

(𝑎𝑎, 𝑏𝑏)−1 = (1𝑎𝑎 , −
𝑏𝑏
𝑎𝑎)

𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏

𝑓𝑓(𝑥𝑥) = 1
𝑎𝑎 𝑥𝑥 −

𝑏𝑏
𝑎𝑎

𝐺𝐺 𝑦𝑦 = 𝑥𝑥
𝑦𝑦 = 𝑎𝑎𝑥𝑥 + 𝑏𝑏 𝑠𝑠

𝑓𝑓(𝑠𝑠) = 𝑠𝑠 (𝑠𝑠, 𝑠𝑠)
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(1,0) 𝑓𝑓(𝑥𝑥) = 𝑥𝑥

(𝑎𝑎, 𝑏𝑏)−1 = (1𝑎𝑎 , −
𝑏𝑏
𝑎𝑎)

𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏

𝑓𝑓(𝑥𝑥) = 1
𝑎𝑎 𝑥𝑥 −

𝑏𝑏
𝑎𝑎

𝐺𝐺 𝑦𝑦 = 𝑥𝑥
𝑦𝑦 = 𝑎𝑎𝑥𝑥 + 𝑏𝑏 𝑠𝑠

𝑓𝑓(𝑠𝑠) = 𝑠𝑠 (𝑠𝑠, 𝑠𝑠)

(𝑠𝑠, 𝑠𝑠) 𝑠𝑠
𝐺𝐺

𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏
𝑓𝑓(𝑠𝑠) = 𝑎𝑎𝑎𝑎 + 𝑏𝑏 = 𝑠𝑠 ⟹ 𝑏𝑏 = 𝑠𝑠(1 − 𝑎𝑎)

(𝑠𝑠, 𝑠𝑠)
(𝑎𝑎, 𝑠𝑠(1 − 𝑎𝑎))

𝑓𝑓(𝑥𝑥) = 𝑎𝑎𝑎𝑎 + 𝑠𝑠(1 − 𝑎𝑎)
𝑓𝑓 𝑓𝑓(𝑠𝑠) = 𝑠𝑠

(𝑠𝑠, 𝑠𝑠)
𝑓𝑓

(𝑠𝑠, 𝑠𝑠)
(𝑎𝑎, 𝑠𝑠(1 − 𝑎𝑎)) (𝑏𝑏, 𝑠𝑠(1 − 𝑏𝑏))
(𝑎𝑎, 𝑠𝑠(1 − 𝑎𝑎)) ∘ (𝑏𝑏, 𝑠𝑠(1 − 𝑏𝑏)) = (𝑎𝑎𝑎𝑎, 𝑠𝑠(1 − 𝑎𝑎𝑎𝑎))

(𝑠𝑠, 𝑠𝑠)

𝐺𝐺

𝐿𝐿𝑠𝑠

𝐿𝐿−5 = {(𝑎𝑎, 5(𝑎𝑎 − 1)): 𝑎𝑎 ∈ ℝ∗}
𝐿𝐿3 = {(𝑎𝑎, 3(1 − 𝑎𝑎)): 𝑎𝑎 ∈ ℝ∗}
𝐿𝐿𝑒𝑒 = {(𝑎𝑎, 𝑒𝑒(1 − 𝑎𝑎)): 𝑎𝑎 ∈ ℝ∗}
𝐿𝐿𝜋𝜋 = {(𝑎𝑎, 𝜋𝜋(1 − 𝑎𝑎)): 𝑎𝑎 ∈ ℝ∗}
𝐿𝐿−7 = {(𝑎𝑎, 7(𝑎𝑎 − 1)): 𝑎𝑎 ∈ ℝ∗}
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ℝ∗ = ℝ − {0}

𝐺𝐺 𝐿𝐿𝑠𝑠
𝐺𝐺

𝐺𝐺
𝐿𝐿𝑠𝑠

𝐿𝐿3 𝑦𝑦 = 2𝑥𝑥 − 3 𝑦𝑦 = 5𝑥𝑥 − 12 𝑦𝑦 =
10𝑥𝑥 − 27 (3,3)

𝐿𝐿3

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 𝐴𝐴
∗ 𝐶𝐶

𝐶𝐶 𝐴𝐴

1

1

2*x-3

5*x-12

10*x-27

(3,00; 3,00)

y = 10 x - 27

y = 5 x - 12

y = 2 x - 3

ℝ∗ = ℝ − {0}

𝐺𝐺 𝐿𝐿𝑠𝑠
𝐺𝐺

𝐺𝐺
𝐿𝐿𝑠𝑠

𝐿𝐿3 𝑦𝑦 = 2𝑥𝑥 − 3 𝑦𝑦 = 5𝑥𝑥 − 12 𝑦𝑦 =
10𝑥𝑥 − 27 (3,3)

𝐿𝐿3

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 𝐴𝐴
∗ 𝐶𝐶

𝐶𝐶 𝐴𝐴

1

1

2*x-3

5*x-12

10*x-27

(3,00; 3,00)

y = 10 x - 27

y = 5 x - 12

y = 2 x - 3

Definición

 𝐶𝐶 𝐴𝐴
 𝑒𝑒 ∈ 𝐶𝐶
 (𝐶𝐶,∗, 𝑒𝑒)

𝐴𝐴 𝐶𝐶

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴

 𝐶𝐶 𝐴𝐴

 𝐴𝐴 𝑒𝑒 ∈ 𝐶𝐶, 𝑒𝑒′ existe 𝑒𝑒′ ∈ 𝐶𝐶

 𝐶𝐶 𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶, 𝑦𝑦 𝑐𝑐′ ∗ 𝑐𝑐 = 𝑒𝑒 ∈ 𝐶𝐶 (𝐶𝐶,∗)
𝐴𝐴

 (𝐴𝐴,∗, 𝑒𝑒) (𝐶𝐶,∗) 𝐴𝐴
𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑦𝑦 𝑐𝑐 ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴, 𝑐𝑐 ∈ 𝐴𝐴 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) =
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 (𝐶𝐶,∗) 𝐴𝐴

𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶 (𝐶𝐶,∗) 𝑐𝑐 ∗ 𝑐𝑐′ = 𝑒𝑒 ∈ 𝐶𝐶

(𝐶𝐶,∗)

∎



81

Capítulo 1. Estructura de grupo

ℝ∗ = ℝ − {0}

𝐺𝐺 𝐿𝐿𝑠𝑠
𝐺𝐺

𝐺𝐺
𝐿𝐿𝑠𝑠

𝐿𝐿3 𝑦𝑦 = 2𝑥𝑥 − 3 𝑦𝑦 = 5𝑥𝑥 − 12 𝑦𝑦 =
10𝑥𝑥 − 27 (3,3)

𝐿𝐿3

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 𝐴𝐴
∗ 𝐶𝐶

𝐶𝐶 𝐴𝐴

1

1

2*x-3

5*x-12

10*x-27

(3,00; 3,00)

y = 10 x - 27

y = 5 x - 12

y = 2 x - 3

 𝐶𝐶 𝐴𝐴
 𝑒𝑒 ∈ 𝐶𝐶
 (𝐶𝐶,∗, 𝑒𝑒)

𝐴𝐴 𝐶𝐶

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴

 𝐶𝐶 𝐴𝐴

 𝐴𝐴 𝑒𝑒 ∈ 𝐶𝐶, 𝑒𝑒′ existe 𝑒𝑒′ ∈ 𝐶𝐶

 𝐶𝐶 𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶, 𝑦𝑦 𝑐𝑐′ ∗ 𝑐𝑐 = 𝑒𝑒 ∈ 𝐶𝐶 (𝐶𝐶,∗)
𝐴𝐴

 (𝐴𝐴,∗, 𝑒𝑒) (𝐶𝐶,∗) 𝐴𝐴
𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑦𝑦 𝑐𝑐 ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴, 𝑐𝑐 ∈ 𝐴𝐴 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) =
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 (𝐶𝐶,∗) 𝐴𝐴

𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶 (𝐶𝐶,∗) 𝑐𝑐 ∗ 𝑐𝑐′ = 𝑒𝑒 ∈ 𝐶𝐶

(𝐶𝐶,∗)

∎

 𝐶𝐶 𝐴𝐴
 𝑒𝑒 ∈ 𝐶𝐶
 (𝐶𝐶,∗, 𝑒𝑒)

𝐴𝐴 𝐶𝐶

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴

 𝐶𝐶 𝐴𝐴

 𝐴𝐴 𝑒𝑒 ∈ 𝐶𝐶, 𝑒𝑒′ existe 𝑒𝑒′ ∈ 𝐶𝐶

 𝐶𝐶 𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶, 𝑦𝑦 𝑐𝑐′ ∗ 𝑐𝑐 = 𝑒𝑒 ∈ 𝐶𝐶 (𝐶𝐶,∗)
𝐴𝐴

 (𝐴𝐴,∗, 𝑒𝑒) (𝐶𝐶,∗) 𝐴𝐴
𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑦𝑦 𝑐𝑐 ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴, 𝑐𝑐 ∈ 𝐴𝐴 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) =
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 (𝐶𝐶,∗) 𝐴𝐴

𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶 (𝐶𝐶,∗) 𝑐𝑐 ∗ 𝑐𝑐′ = 𝑒𝑒 ∈ 𝐶𝐶

(𝐶𝐶,∗)

∎

 𝐶𝐶 𝐴𝐴
 𝑒𝑒 ∈ 𝐶𝐶
 (𝐶𝐶,∗, 𝑒𝑒)

𝐴𝐴 𝐶𝐶

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ 0, 𝐶𝐶 ⊂ 𝐴𝐴

 𝐶𝐶 𝐴𝐴

 𝐴𝐴 𝑒𝑒 ∈ 𝐶𝐶, 𝑒𝑒′ existe 𝑒𝑒′ ∈ 𝐶𝐶

 𝐶𝐶 𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶, 𝑦𝑦 𝑐𝑐′ ∗ 𝑐𝑐 = 𝑒𝑒 ∈ 𝐶𝐶 (𝐶𝐶,∗)
𝐴𝐴

 (𝐴𝐴,∗, 𝑒𝑒) (𝐶𝐶,∗) 𝐴𝐴
𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑦𝑦 𝑐𝑐 ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐴𝐴, 𝑏𝑏 ∈ 𝐴𝐴, 𝑐𝑐 ∈ 𝐴𝐴 𝑎𝑎 ∗ (𝑏𝑏 ∗ 𝑐𝑐) =
(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 (𝐶𝐶,∗) 𝐴𝐴

𝑐𝑐 ∈ 𝐶𝐶, 𝑐𝑐′ ∈ 𝐶𝐶 (𝐶𝐶,∗) 𝑐𝑐 ∗ 𝑐𝑐′ = 𝑒𝑒 ∈ 𝐶𝐶

(𝐶𝐶,∗)

∎
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Elementos de álgebra moderna

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ⊂ 𝐴𝐴

 (𝐶𝐶,∗) (𝐴𝐴,∗)

 (𝐶𝐶,∗) (𝐴𝐴,∗) 𝑐𝑐 ∈ 𝐶𝐶 𝑐𝑐′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0, 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶, 𝑎𝑎′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖)

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈
𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶
𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝐶𝐶 𝐴𝐴.

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ⊂ 𝐴𝐴

 (𝐶𝐶,∗) (𝐴𝐴,∗)

 (𝐶𝐶,∗) (𝐴𝐴,∗) 𝑐𝑐 ∈ 𝐶𝐶 𝑐𝑐′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0, 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶, 𝑎𝑎′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖)

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈
𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶
𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝐶𝐶 𝐴𝐴.
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Capítulo 1. Estructura de grupo

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ⊂ 𝐴𝐴

 (𝐶𝐶,∗) (𝐴𝐴,∗)

 (𝐶𝐶,∗) (𝐴𝐴,∗) 𝑐𝑐 ∈ 𝐶𝐶 𝑐𝑐′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0, 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶, 𝑎𝑎′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖)

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈
𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶
𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝐶𝐶 𝐴𝐴.

(𝐴𝐴,∗, 𝑒𝑒) 𝐶𝐶 ≠ ∅, 𝐶𝐶 ⊂ 𝐴𝐴

 (𝐶𝐶,∗) (𝐴𝐴,∗)

 (𝐶𝐶,∗) (𝐴𝐴,∗) 𝑐𝑐 ∈ 𝐶𝐶 𝑐𝑐′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

 𝐶𝐶 ≠ 0, 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶

𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶, 𝑎𝑎′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖)

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈
𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎′ ∗ 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

(𝐶𝐶,∗) 𝐴𝐴 𝑐𝑐 ∈ 𝐶𝐶 implica 𝑐𝑐′ ∈ 𝐶𝐶 𝑎𝑎 ∈ 𝐶𝐶, 𝑏𝑏 ∈ 𝐶𝐶
𝑎𝑎′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

𝐶𝐶 𝐴𝐴.

 𝐶𝐶 ≠ 0 𝐶𝐶 ⊂ 𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏 ∈ 𝐶𝐶
𝑎𝑎 ∈ 𝐶𝐶 𝑦𝑦 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 =

𝑏𝑏 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐶𝐶 𝑒𝑒 ∈ 𝐶𝐶

𝑒𝑒 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑒𝑒 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶
𝑎𝑎 ∈ 𝐶𝐶 𝑦𝑦 𝑏𝑏 ∈ 𝐶𝐶 entonces 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ (𝑏𝑏′)′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏 ∈ 𝐶𝐶.

(𝐶𝐶,∗, 𝑒𝑒) 𝑏𝑏 ∈ 𝐶𝐶  𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

∎

(𝐺𝐺,∗) 𝐻𝐻 ≠ ∅, 𝐻𝐻 ⊂ 𝐺𝐺 (𝐻𝐻,∗) 𝐺𝐺
𝑎𝑎 ∈ 𝐻𝐻 𝑏𝑏 ∈ 𝐻𝐻, (𝑎𝑎 ∗ 𝑏𝑏′) ∈ 𝐻𝐻

(𝐺𝐺,∗) (𝐻𝐻,∗)
∎

 𝑋𝑋 ≠ ∅ 𝑥𝑥0 ∈ 𝑋𝑋

𝐴𝐴 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)
𝑋𝑋 𝑋𝑋

 𝐶𝐶 ≠ 0 𝐶𝐶 ⊂ 𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏 ∈ 𝐶𝐶
𝑎𝑎 ∈ 𝐶𝐶 𝑦𝑦 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 =

𝑏𝑏 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐶𝐶 𝑒𝑒 ∈ 𝐶𝐶

𝑒𝑒 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑒𝑒 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶
𝑎𝑎 ∈ 𝐶𝐶 𝑦𝑦 𝑏𝑏 ∈ 𝐶𝐶 entonces 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ (𝑏𝑏′)′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏 ∈ 𝐶𝐶.

(𝐶𝐶,∗, 𝑒𝑒) 𝑏𝑏 ∈ 𝐶𝐶  𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

∎

(𝐺𝐺,∗) 𝐻𝐻 ≠ ∅, 𝐻𝐻 ⊂ 𝐺𝐺 (𝐻𝐻,∗) 𝐺𝐺
𝑎𝑎 ∈ 𝐻𝐻 𝑏𝑏 ∈ 𝐻𝐻, (𝑎𝑎 ∗ 𝑏𝑏′) ∈ 𝐻𝐻

(𝐺𝐺,∗) (𝐻𝐻,∗)
∎

 𝑋𝑋 ≠ ∅ 𝑥𝑥0 ∈ 𝑋𝑋

𝐴𝐴 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)
𝑋𝑋 𝑋𝑋

 𝐶𝐶 ≠ 0 𝐶𝐶 ⊂ 𝐴𝐴 𝑎𝑎 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏 ∈ 𝐶𝐶
𝑎𝑎 ∈ 𝐶𝐶 𝑦𝑦 𝑏𝑏 ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 =

𝑏𝑏 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐶𝐶 𝑒𝑒 ∈ 𝐶𝐶

𝑒𝑒 ∈ 𝐶𝐶 𝑏𝑏 ∈ 𝐶𝐶 𝑒𝑒 ∗ 𝑏𝑏′ ∈ 𝐶𝐶 𝑏𝑏′ ∈ 𝐶𝐶
𝑎𝑎 ∈ 𝐶𝐶 𝑦𝑦 𝑏𝑏 ∈ 𝐶𝐶 entonces 𝑏𝑏′ ∈ 𝐶𝐶 𝑎𝑎 ∗ (𝑏𝑏′)′ ∈ 𝐶𝐶 𝑎𝑎 ∗ 𝑏𝑏 ∈ 𝐶𝐶.

(𝐶𝐶,∗, 𝑒𝑒) 𝑏𝑏 ∈ 𝐶𝐶  𝑏𝑏′ ∈ 𝐶𝐶

𝑖𝑖𝑖𝑖) ⇒ 𝑖𝑖𝑖𝑖)

∎

(𝐺𝐺,∗) 𝐻𝐻 ≠ ∅, 𝐻𝐻 ⊂ 𝐺𝐺 (𝐻𝐻,∗) 𝐺𝐺
𝑎𝑎 ∈ 𝐻𝐻 𝑏𝑏 ∈ 𝐻𝐻, (𝑎𝑎 ∗ 𝑏𝑏′) ∈ 𝐻𝐻

(𝐺𝐺,∗) (𝐻𝐻,∗)
∎

 𝑋𝑋 ≠ ∅ 𝑥𝑥0 ∈ 𝑋𝑋

𝐴𝐴 = 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)
𝑋𝑋 𝑋𝑋

Corolario

Ejemplos
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𝐶𝐶 ⊂ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋) 𝐶𝐶 = {𝑓𝑓 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 (𝑋𝑋) | 𝑓𝑓(𝑥𝑥0) =
𝑥𝑥0 (punto fijo)}

𝐶𝐶 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑥𝑥) (𝑖𝑖𝑖𝑖)

𝐶𝐶 ≠ ∅ 𝐼𝐼: 𝑥𝑥 → 𝑥𝑥 tal que 𝐼𝐼(𝑥𝑥) = 𝑥𝑥  ∀𝑥𝑥 ∈ 𝑋𝑋, es tal que 𝐼𝐼 ∈ 𝐶𝐶
𝐼𝐼(𝑥𝑥0) = 𝑥𝑥0

𝑔𝑔 ∈ 𝐶𝐶, entonces 𝑔𝑔 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋) 𝑔𝑔′ ∈ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)
𝑔𝑔 ∘ 𝑔𝑔′ = 𝑔𝑔′ ∘ 𝑔𝑔 = 𝐼𝐼 𝑔𝑔(𝑥𝑥𝑂𝑂) = 𝑥𝑥𝑂𝑂 𝑔𝑔′(𝑥𝑥𝑂𝑂) =
𝑔𝑔′(𝑔𝑔(𝑥𝑥𝑂𝑂)) = (𝑔𝑔′ ∘ 𝑔𝑔)(𝑥𝑥0) = 𝐼𝐼(𝑥𝑥0) = 𝑥𝑥0 𝑔𝑔′ ∈ 𝐶𝐶

𝑓𝑓 ∈ 𝐶𝐶 𝑔𝑔 ∈ 𝐶𝐶 𝑓𝑓(𝑥𝑥0) = 𝑥𝑥0 = 𝑔𝑔(𝑥𝑥0)
(𝑓𝑓 ∘ 𝑔𝑔)(𝑥𝑥0) = 𝑓𝑓(𝑔𝑔(𝑥𝑥0)) = 𝑓𝑓(𝑥𝑥0) = 𝑥𝑥0 (𝑓𝑓 ∘ 𝑔𝑔) ∈ 𝐶𝐶

(𝐶𝐶,∗) 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋) 𝑓𝑓 ∈
𝐶𝐶, 𝑓𝑓′ ∈ 𝐶𝐶

(𝐶𝐶,∗) 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)

 (ℤ, +,0) 𝑛𝑛ℤ =
(𝑛𝑛) = {𝑥𝑥 ∈ ℤ | 𝑥𝑥 = 𝑛𝑛𝑛𝑛, 𝑡𝑡 ∈ ℤ}

𝑎𝑎 ∈ 𝑛𝑛ℤ 𝑏𝑏 ∈ 𝑛𝑛ℤ 𝑎𝑎 = 𝑛𝑛𝑡𝑡1 𝑏𝑏′ = −𝑏𝑏 = 𝑛𝑛𝑡𝑡2

𝑡𝑡1 𝑡𝑡2 ℤ 𝑎𝑎 + 𝑏𝑏′ = 𝑎𝑎 − 𝑏𝑏 = 𝑛𝑛(𝑡𝑡1 + 𝑡𝑡2)
𝑡𝑡1 + 𝑡𝑡2 ∈ ℤ (𝑎𝑎 − 𝑏𝑏) ∈ 𝑛𝑛ℤ

(𝑛𝑛ℤ, +,0) (ℤ, +,0)
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𝐶𝐶 ⊂ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋) 𝐶𝐶 = {𝑓𝑓 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 (𝑋𝑋) | 𝑓𝑓(𝑥𝑥0) =
𝑥𝑥0 (punto fijo)}

𝐶𝐶 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑥𝑥) (𝑖𝑖𝑖𝑖)

𝐶𝐶 ≠ ∅ 𝐼𝐼: 𝑥𝑥 → 𝑥𝑥 tal que 𝐼𝐼(𝑥𝑥) = 𝑥𝑥  ∀𝑥𝑥 ∈ 𝑋𝑋, es tal que 𝐼𝐼 ∈ 𝐶𝐶
𝐼𝐼(𝑥𝑥0) = 𝑥𝑥0

𝑔𝑔 ∈ 𝐶𝐶, entonces 𝑔𝑔 ∈ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋) 𝑔𝑔′ ∈ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)
𝑔𝑔 ∘ 𝑔𝑔′ = 𝑔𝑔′ ∘ 𝑔𝑔 = 𝐼𝐼 𝑔𝑔(𝑥𝑥𝑂𝑂) = 𝑥𝑥𝑂𝑂 𝑔𝑔′(𝑥𝑥𝑂𝑂) =
𝑔𝑔′(𝑔𝑔(𝑥𝑥𝑂𝑂)) = (𝑔𝑔′ ∘ 𝑔𝑔)(𝑥𝑥0) = 𝐼𝐼(𝑥𝑥0) = 𝑥𝑥0 𝑔𝑔′ ∈ 𝐶𝐶

𝑓𝑓 ∈ 𝐶𝐶 𝑔𝑔 ∈ 𝐶𝐶 𝑓𝑓(𝑥𝑥0) = 𝑥𝑥0 = 𝑔𝑔(𝑥𝑥0)
(𝑓𝑓 ∘ 𝑔𝑔)(𝑥𝑥0) = 𝑓𝑓(𝑔𝑔(𝑥𝑥0)) = 𝑓𝑓(𝑥𝑥0) = 𝑥𝑥0 (𝑓𝑓 ∘ 𝑔𝑔) ∈ 𝐶𝐶

(𝐶𝐶,∗) 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋) 𝑓𝑓 ∈
𝐶𝐶, 𝑓𝑓′ ∈ 𝐶𝐶

(𝐶𝐶,∗) 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇(𝑋𝑋)

 (ℤ, +,0) 𝑛𝑛ℤ =
(𝑛𝑛) = {𝑥𝑥 ∈ ℤ | 𝑥𝑥 = 𝑛𝑛𝑛𝑛, 𝑡𝑡 ∈ ℤ}

𝑎𝑎 ∈ 𝑛𝑛ℤ 𝑏𝑏 ∈ 𝑛𝑛ℤ 𝑎𝑎 = 𝑛𝑛𝑡𝑡1 𝑏𝑏′ = −𝑏𝑏 = 𝑛𝑛𝑡𝑡2

𝑡𝑡1 𝑡𝑡2 ℤ 𝑎𝑎 + 𝑏𝑏′ = 𝑎𝑎 − 𝑏𝑏 = 𝑛𝑛(𝑡𝑡1 + 𝑡𝑡2)
𝑡𝑡1 + 𝑡𝑡2 ∈ ℤ (𝑎𝑎 − 𝑏𝑏) ∈ 𝑛𝑛ℤ

(𝑛𝑛ℤ, +,0) (ℤ, +,0)

(𝐻𝐻, +,0) ℤ 𝐻𝐻 ∩ ℤ+ ≠ ∅
𝐻𝐻 = {0} 𝐻𝐻 ∩ ℤ+

𝑚𝑚 = min (𝐻𝐻 ∩ ℤ+)

𝑢𝑢 ∈ 𝐻𝐻 𝑞𝑞 ∈
ℤ, 𝑟𝑟 ∈ ℤ+ 𝑢𝑢 = 𝑚𝑚𝑚𝑚 + 𝑟𝑟, 𝑟𝑟 = 0 𝑟𝑟 < 𝑚𝑚

𝑢𝑢 ∈ 𝐻𝐻 𝑚𝑚 ∈ 𝐻𝐻 𝑞𝑞𝑞𝑞 = 𝑚𝑚 + 𝑚𝑚 + ⋯ + 𝑚𝑚
𝐻𝐻 (𝑢𝑢 − 𝑚𝑚𝑚𝑚) ∈ 𝐻𝐻 𝑟𝑟 ∈ 𝐻𝐻

𝑟𝑟 ≠ 0 𝐻𝐻
𝑚𝑚 𝑟𝑟 = 0 𝑢𝑢 = 𝑚𝑚𝑚𝑚

𝐻𝐻 𝑚𝑚
(ℤ, +) (𝑚𝑚ℤ, +)

ℤ 𝑚𝑚

 𝐺𝐺𝐺𝐺(𝑛𝑛, ℝ)
𝑆𝑆𝑆𝑆(𝑛𝑛, ℝ)

𝑆𝑆𝑆𝑆(𝑛𝑛, ℝ) = {𝐴𝐴 ∈ 𝐺𝐺𝐺𝐺(𝑛𝑛, ℝ)  |  det (𝐴𝐴) = 1}

𝐼𝐼 ∈ 𝑆𝑆𝑆𝑆

det(𝐴𝐴 ∙ 𝐵𝐵) = det(𝐴𝐴) ∙ det(𝐵𝐵) det(𝐴𝐴−1) = 1
det(𝐴𝐴).

𝐴𝐴 ∈ 𝑆𝑆𝑆𝑆 𝑦𝑦 𝐵𝐵 ∈ 𝑆𝑆𝑆𝑆

det(𝐴𝐴𝐵𝐵−1) = det (𝐴𝐴)
det (𝐵𝐵) = 1

1 = 1.
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(𝐴𝐴𝐴𝐴−1) ∈ 𝑆𝑆𝑆𝑆, 𝑆𝑆𝑙𝑙(𝑛𝑛, ℝ) 𝐺𝐺𝑙𝑙(𝑛𝑛, ℝ)
𝑛𝑛 ℝ

𝑆𝑆𝑙𝑙(𝑛𝑛, ℝ)
𝑆𝑆𝑙𝑙(𝑛𝑛, ℚ),∙) 𝑆𝑆𝑙𝑙(𝑛𝑛, ℤ)

𝑛𝑛 = 1
(ℤ,∙ ,1), 𝑈𝑈(ℤ) = {−1,1} 𝐺𝐺𝐺𝐺(1, ℤ) = {−1,1}

𝑆𝑆𝑆𝑆(1, ℤ) = 𝑆𝑆𝑆𝑆(1, 𝑄𝑄) = 𝑆𝑆𝑆𝑆(1, ℝ) = {1}

𝑛𝑛 = 2 𝑆𝑆𝑆𝑆(2, ℤ)

(1 𝑚𝑚
0 1 ) , ( 1 0

𝑚𝑚 1) , (𝑚𝑚 𝑚𝑚−1

1 1 ) , … , 𝑚𝑚 ∈ ℤ.

 (ℤ, +) (ℚ, +), (ℝ, +),  (ℂ, +) (ℍ, +)

(ℚ, +) (ℝ, +),  (ℂ, +) (ℍ, +)

(ℝ, +) (ℂ, +) (ℍ, +)

(ℂ, +) (ℍ, +)

 (𝐴𝐴,∗, 𝑒𝑒) (𝐴𝐴,∗, 𝑒𝑒) ({𝑒𝑒},∗, 𝑒𝑒)

 ({1,1},∙) ({1,1, 𝑖𝑖, −𝑖𝑖},∙)
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(𝐴𝐴𝐴𝐴−1) ∈ 𝑆𝑆𝑆𝑆, 𝑆𝑆𝑙𝑙(𝑛𝑛, ℝ) 𝐺𝐺𝑙𝑙(𝑛𝑛, ℝ)
𝑛𝑛 ℝ

𝑆𝑆𝑙𝑙(𝑛𝑛, ℝ)
𝑆𝑆𝑙𝑙(𝑛𝑛, ℚ),∙) 𝑆𝑆𝑙𝑙(𝑛𝑛, ℤ)

𝑛𝑛 = 1
(ℤ,∙ ,1), 𝑈𝑈(ℤ) = {−1,1} 𝐺𝐺𝐺𝐺(1, ℤ) = {−1,1}

𝑆𝑆𝑆𝑆(1, ℤ) = 𝑆𝑆𝑆𝑆(1, 𝑄𝑄) = 𝑆𝑆𝑆𝑆(1, ℝ) = {1}

𝑛𝑛 = 2 𝑆𝑆𝑆𝑆(2, ℤ)

(1 𝑚𝑚
0 1 ) , ( 1 0

𝑚𝑚 1) , (𝑚𝑚 𝑚𝑚−1

1 1 ) , … , 𝑚𝑚 ∈ ℤ.

 (ℤ, +) (ℚ, +), (ℝ, +),  (ℂ, +) (ℍ, +)

(ℚ, +) (ℝ, +),  (ℂ, +) (ℍ, +)

(ℝ, +) (ℂ, +) (ℍ, +)

(ℂ, +) (ℍ, +)

 (𝐴𝐴,∗, 𝑒𝑒) (𝐴𝐴,∗, 𝑒𝑒) ({𝑒𝑒},∗, 𝑒𝑒)

 ({1,1},∙) ({1,1, 𝑖𝑖, −𝑖𝑖},∙)

 

{𝐼𝐼}, {𝐼𝐼, 𝐴𝐴}, {𝐼𝐼, 𝐵𝐵}, {𝐼𝐼, 𝐶𝐶} {𝐼𝐼, 𝐴𝐴, 𝐵𝐵, 𝐶𝐶}
(𝑉𝑉,∗) 𝑉𝑉

 𝑆𝑆3 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2, 𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3}
{𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}, {𝜌𝜌0, 𝑢𝑢1}, {𝜌𝜌0, 𝑢𝑢2}, {𝜌𝜌0, 𝑢𝑢3}

 (ℤ[√2], +) (ℝ, +) 𝑎𝑎 +

𝑏𝑏√2 𝑎𝑎 𝑏𝑏

 𝐴𝐴 = ℝ × ℝ − {(0,0)} (𝐴𝐴,∗)

 (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐 ∗ 𝑑𝑑) = (𝑎𝑎𝑎𝑎, 𝑏𝑏𝑏𝑏)
 (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎(−2𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)
 (𝑎𝑎, 𝑏𝑏) ∗ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏, 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏)

(𝑖𝑖)

 (ℝ − {0},∙) ℚ[√2] −  {0 + 0√2}

1 + 0√2

(𝑎𝑎 + 𝑏𝑏√2)−1 = 𝑎𝑎
𝑎𝑎2 − 2𝑏𝑏2 + −𝑏𝑏

𝑎𝑎2 − 2𝑏𝑏2 √2
𝑎𝑎

𝑎𝑎2−2𝑏𝑏2 𝑎𝑎 𝑏𝑏 𝑏𝑏
𝑎𝑎2−2𝑏𝑏2
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𝑎𝑎 ∈ ℚ, 𝑏𝑏 ∈ ℚ 𝑎𝑎2 − 2𝑏𝑏2 ≠ 0

  (ℝ2, +)

𝐻𝐻 = {(𝑥𝑥, 𝑦𝑦) ∈ ℝ2 | 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0} ℝ2

 (ℝ𝑛𝑛×𝑛𝑛, +), 𝑆𝑆 = {𝐴𝐴 ∈ ℝ𝑛𝑛×𝑛𝑛 | 𝐴𝐴 es simétrica}

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻
𝑎𝑎 𝐻𝐻 = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ∗

𝑥𝑥 = 𝑥𝑥 ∗ 𝑎𝑎}

(𝐻𝐻,∗) (𝐺𝐺,∗)

 𝐻𝐻 ⊂ 𝐺𝐺 𝑒𝑒 ∈ 𝐻𝐻 𝐻𝐻 ≠ ∅
 𝑢𝑢 ∈ 𝐻𝐻, 𝑣𝑣 ∈ 𝐻𝐻 𝑢𝑢 ∗ 𝑣𝑣′ ∈ 𝐻𝐻

𝑢𝑢 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑢𝑢 𝑣𝑣 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑣𝑣
𝑎𝑎 ∗ 𝑣𝑣′ = 𝑣𝑣′ ∗ 𝑎𝑎 (𝑢𝑢 ∗ 𝑣𝑣′) ∗ 𝑎𝑎 = 𝑢𝑢 ∗ (𝑣𝑣′ ∗

𝑎𝑎) = 𝑢𝑢 ∗ (𝑎𝑎 ∗ 𝑣𝑣′) = (𝑢𝑢 ∗ 𝑎𝑎) ∗ 𝑣𝑣′ = (𝑎𝑎 ∗ 𝑢𝑢)𝑣𝑣′ = 𝑎𝑎(𝑢𝑢 ∗ 𝑣𝑣′)

(𝑢𝑢 ∗ 𝑣𝑣′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑢𝑢 ∗ 𝑣𝑣′)
𝑢𝑢 ∗ 𝑣𝑣′ ∈ 𝐻𝐻
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𝑎𝑎 ∈ ℚ, 𝑏𝑏 ∈ ℚ 𝑎𝑎2 − 2𝑏𝑏2 ≠ 0

  (ℝ2, +)

𝐻𝐻 = {(𝑥𝑥, 𝑦𝑦) ∈ ℝ2 | 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0} ℝ2

 (ℝ𝑛𝑛×𝑛𝑛, +), 𝑆𝑆 = {𝐴𝐴 ∈ ℝ𝑛𝑛×𝑛𝑛 | 𝐴𝐴 es simétrica}

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻
𝑎𝑎 𝐻𝐻 = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ∗

𝑥𝑥 = 𝑥𝑥 ∗ 𝑎𝑎}

(𝐻𝐻,∗) (𝐺𝐺,∗)

 𝐻𝐻 ⊂ 𝐺𝐺 𝑒𝑒 ∈ 𝐻𝐻 𝐻𝐻 ≠ ∅
 𝑢𝑢 ∈ 𝐻𝐻, 𝑣𝑣 ∈ 𝐻𝐻 𝑢𝑢 ∗ 𝑣𝑣′ ∈ 𝐻𝐻

𝑢𝑢 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑢𝑢 𝑣𝑣 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑣𝑣
𝑎𝑎 ∗ 𝑣𝑣′ = 𝑣𝑣′ ∗ 𝑎𝑎 (𝑢𝑢 ∗ 𝑣𝑣′) ∗ 𝑎𝑎 = 𝑢𝑢 ∗ (𝑣𝑣′ ∗

𝑎𝑎) = 𝑢𝑢 ∗ (𝑎𝑎 ∗ 𝑣𝑣′) = (𝑢𝑢 ∗ 𝑎𝑎) ∗ 𝑣𝑣′ = (𝑎𝑎 ∗ 𝑢𝑢)𝑣𝑣′ = 𝑎𝑎(𝑢𝑢 ∗ 𝑣𝑣′)

(𝑢𝑢 ∗ 𝑣𝑣′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑢𝑢 ∗ 𝑣𝑣′)
𝑢𝑢 ∗ 𝑣𝑣′ ∈ 𝐻𝐻

 

𝐻𝐻 (𝐺𝐺,∗) 𝐻𝐻
∗ (𝐻𝐻,∗) (𝐺𝐺,∗)

𝐻𝐻 ≠ ∅ 𝐻𝐻 ⊂ 𝐺𝐺  (𝐻𝐻,∗) (𝐺𝐺,∗)

𝑎𝑎 ∈ 𝐻𝐻 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ∈ 𝐻𝐻 (𝐻𝐻,∗) 𝑎𝑎2 ∈ 𝐻𝐻, 𝑎𝑎3 ∈ 𝐻𝐻, … , 𝑎𝑎𝑚𝑚 ∈ 𝐻𝐻

{𝑎𝑎, 𝑎𝑎2, 𝑎𝑎3, … , 𝑎𝑎𝑚𝑚, … } ⊂ 𝐻𝐻 𝐺𝐺
𝑟𝑟 ∈ ℕ, 𝑠𝑠 ∈ 𝐻𝐻

𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑠𝑠

𝑟𝑟 > 𝑠𝑠 𝑎𝑎𝑟𝑟−𝑠𝑠 ∗ 𝑎𝑎𝑠𝑠 = 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑠𝑠 = 𝑒𝑒 ∗ 𝑎𝑎𝑠𝑠

𝑎𝑎𝑟𝑟−𝑠𝑠 = 𝑒𝑒 𝑒𝑒 ∈ 𝐻𝐻

𝐻𝐻 (𝐺𝐺,∗) 𝐻𝐻
∗ (𝐻𝐻,∗) (𝐺𝐺,∗)

𝐻𝐻 ≠ ∅ 𝐻𝐻 ⊂ 𝐺𝐺  (𝐻𝐻,∗) (𝐺𝐺,∗)

𝑎𝑎 ∈ 𝐻𝐻 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ∈ 𝐻𝐻 (𝐻𝐻,∗) 𝑎𝑎2 ∈ 𝐻𝐻, 𝑎𝑎3 ∈ 𝐻𝐻, … , 𝑎𝑎𝑚𝑚 ∈ 𝐻𝐻

{𝑎𝑎, 𝑎𝑎2, 𝑎𝑎3, … , 𝑎𝑎𝑚𝑚, … } ⊂ 𝐻𝐻 𝐺𝐺
𝑟𝑟 ∈ ℕ, 𝑠𝑠 ∈ 𝐻𝐻

𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑠𝑠

𝑟𝑟 > 𝑠𝑠 𝑎𝑎𝑟𝑟−𝑠𝑠 ∗ 𝑎𝑎𝑠𝑠 = 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑠𝑠 = 𝑒𝑒 ∗ 𝑎𝑎𝑠𝑠

𝑎𝑎𝑟𝑟−𝑠𝑠 = 𝑒𝑒 𝑒𝑒 ∈ 𝐻𝐻

𝐻𝐻 (𝐺𝐺,∗) 𝐻𝐻
∗ (𝐻𝐻,∗) (𝐺𝐺,∗)

𝐻𝐻 ≠ ∅ 𝐻𝐻 ⊂ 𝐺𝐺  (𝐻𝐻,∗) (𝐺𝐺,∗)

𝑎𝑎 ∈ 𝐻𝐻 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ∈ 𝐻𝐻 (𝐻𝐻,∗) 𝑎𝑎2 ∈ 𝐻𝐻, 𝑎𝑎3 ∈ 𝐻𝐻, … , 𝑎𝑎𝑚𝑚 ∈ 𝐻𝐻

{𝑎𝑎, 𝑎𝑎2, 𝑎𝑎3, … , 𝑎𝑎𝑚𝑚, … } ⊂ 𝐻𝐻 𝐺𝐺
𝑟𝑟 ∈ ℕ, 𝑠𝑠 ∈ 𝐻𝐻

𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑠𝑠

𝑟𝑟 > 𝑠𝑠 𝑎𝑎𝑟𝑟−𝑠𝑠 ∗ 𝑎𝑎𝑠𝑠 = 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑠𝑠 = 𝑒𝑒 ∗ 𝑎𝑎𝑠𝑠

𝑎𝑎𝑟𝑟−𝑠𝑠 = 𝑒𝑒 𝑒𝑒 ∈ 𝐻𝐻

Teorema

Demostración
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𝑟𝑟 − 𝑠𝑠 − 1 ≥ 0 𝑎𝑎𝑟𝑟−𝑠𝑠−1 ∈ 𝐻𝐻 𝑎𝑎𝑟𝑟−𝑠𝑠−1 = 𝑎𝑎𝑟𝑟−𝑠𝑠 ∗ 𝑎𝑎−1 =
𝑒𝑒 ∗ 𝑎𝑎−1 = 𝑎𝑎−1 𝑎𝑎−1 ∈ 𝐻𝐻

𝑎𝑎−1 ∗ 𝑎𝑎 = 𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′

𝑎𝑎

∎

{0,3} ℤ4 ℤ5 ℤ6

{0,3}

2ℤ 2ℤ + 1
2ℤ 2ℤ 2ℤ + 1

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝐻𝐻 = (𝑎𝑎) = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℕ ∪ {0}}
(𝐻𝐻,∗) 𝑎𝑎

(𝐺𝐺,∗) {𝐻𝐻𝑖𝑖}, 𝑖𝑖 ∈ 𝐼𝐼 𝐺𝐺

(⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

,∗)

(𝐺𝐺,∗)

𝐺𝐺 𝐺𝐺

𝑖𝑖 ∈ 𝐼𝐼 𝑒𝑒 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖.∗)

𝑒𝑒 ∈  ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

≠ ∅.

𝐻𝐻𝑖𝑖 ⊂ 𝐺𝐺, 𝑖𝑖 ∈ 𝐼𝐼,

⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

⊂ 𝐺𝐺.
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𝑟𝑟 − 𝑠𝑠 − 1 ≥ 0 𝑎𝑎𝑟𝑟−𝑠𝑠−1 ∈ 𝐻𝐻 𝑎𝑎𝑟𝑟−𝑠𝑠−1 = 𝑎𝑎𝑟𝑟−𝑠𝑠 ∗ 𝑎𝑎−1 =
𝑒𝑒 ∗ 𝑎𝑎−1 = 𝑎𝑎−1 𝑎𝑎−1 ∈ 𝐻𝐻

𝑎𝑎−1 ∗ 𝑎𝑎 = 𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′

𝑎𝑎

∎

{0,3} ℤ4 ℤ5 ℤ6

{0,3}

2ℤ 2ℤ + 1
2ℤ 2ℤ 2ℤ + 1

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺, 𝐻𝐻 = (𝑎𝑎) = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℕ ∪ {0}}
(𝐻𝐻,∗) 𝑎𝑎

(𝐺𝐺,∗) {𝐻𝐻𝑖𝑖}, 𝑖𝑖 ∈ 𝐼𝐼 𝐺𝐺

(⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

,∗)

(𝐺𝐺,∗)

𝐺𝐺 𝐺𝐺

𝑖𝑖 ∈ 𝐼𝐼 𝑒𝑒 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖.∗)

𝑒𝑒 ∈  ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

≠ ∅.

𝐻𝐻𝑖𝑖 ⊂ 𝐺𝐺, 𝑖𝑖 ∈ 𝐼𝐼,

⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

⊂ 𝐺𝐺.

(𝐺𝐺,∗) {𝐻𝐻𝑖𝑖}, 𝑖𝑖 ∈ 𝐼𝐼 𝐺𝐺

(⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

,∗)

(𝐺𝐺,∗)

𝐺𝐺 𝐺𝐺

𝑖𝑖 ∈ 𝐼𝐼 𝑒𝑒 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖.∗)

𝑒𝑒 ∈  ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

≠ ∅.

𝐻𝐻𝑖𝑖 ⊂ 𝐺𝐺, 𝑖𝑖 ∈ 𝐼𝐼,

⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

⊂ 𝐺𝐺.

Teorema

Demostración
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𝑎𝑎 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

 y 𝑏𝑏 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

𝑖𝑖 𝑎𝑎 ∈ 𝐻𝐻𝑖𝑖 𝑦𝑦 𝑏𝑏 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖,∗)
𝐺𝐺 𝑖𝑖 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻𝑖𝑖

𝑎𝑎 ∗ 𝑏𝑏′ ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

.

( ∩
𝑖𝑖 ∈ 𝐼𝐼𝐻𝐻𝑖𝑖,∗)

(ℤ, +,0) (𝑛𝑛ℤ, +) 𝑛𝑛ℤ ∩ 𝑚𝑚ℤ =
[𝑛𝑛, 𝑚𝑚]ℤ [𝑛𝑛, 𝑚𝑚] 𝑚𝑚 𝑛𝑛

10ℤ ∩ 15ℤ = 30ℤ (𝑛𝑛, 𝑚𝑚) = 1  𝑛𝑛ℤ ∩
𝑚𝑚ℤ = 𝑛𝑛𝑛𝑛ℤ 7ℤ ∩ 8ℤ = 56ℤ

𝐺𝐺

(𝑉𝑉,∗) {𝐼𝐼, 𝐴𝐴} 
{𝐼𝐼, 𝐵𝐵} 𝑉𝑉 {𝐼𝐼, 𝐴𝐴, 𝐵𝐵}

∗

𝑎𝑎 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

 y 𝑏𝑏 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

𝑖𝑖 𝑎𝑎 ∈ 𝐻𝐻𝑖𝑖 𝑦𝑦 𝑏𝑏 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖,∗)
𝐺𝐺 𝑖𝑖 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻𝑖𝑖

𝑎𝑎 ∗ 𝑏𝑏′ ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

.

( ∩
𝑖𝑖 ∈ 𝐼𝐼𝐻𝐻𝑖𝑖,∗)

(ℤ, +,0) (𝑛𝑛ℤ, +) 𝑛𝑛ℤ ∩ 𝑚𝑚ℤ =
[𝑛𝑛, 𝑚𝑚]ℤ [𝑛𝑛, 𝑚𝑚] 𝑚𝑚 𝑛𝑛

10ℤ ∩ 15ℤ = 30ℤ (𝑛𝑛, 𝑚𝑚) = 1  𝑛𝑛ℤ ∩
𝑚𝑚ℤ = 𝑛𝑛𝑛𝑛ℤ 7ℤ ∩ 8ℤ = 56ℤ

𝐺𝐺

(𝑉𝑉,∗) {𝐼𝐼, 𝐴𝐴} 
{𝐼𝐼, 𝐵𝐵} 𝑉𝑉 {𝐼𝐼, 𝐴𝐴, 𝐵𝐵}

∗

𝑎𝑎 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

 y 𝑏𝑏 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

𝑖𝑖 𝑎𝑎 ∈ 𝐻𝐻𝑖𝑖 𝑦𝑦 𝑏𝑏 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖,∗)
𝐺𝐺 𝑖𝑖 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻𝑖𝑖

𝑎𝑎 ∗ 𝑏𝑏′ ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

.

( ∩
𝑖𝑖 ∈ 𝐼𝐼𝐻𝐻𝑖𝑖,∗)

(ℤ, +,0) (𝑛𝑛ℤ, +) 𝑛𝑛ℤ ∩ 𝑚𝑚ℤ =
[𝑛𝑛, 𝑚𝑚]ℤ [𝑛𝑛, 𝑚𝑚] 𝑚𝑚 𝑛𝑛

10ℤ ∩ 15ℤ = 30ℤ (𝑛𝑛, 𝑚𝑚) = 1  𝑛𝑛ℤ ∩
𝑚𝑚ℤ = 𝑛𝑛𝑛𝑛ℤ 7ℤ ∩ 8ℤ = 56ℤ

𝐺𝐺

(𝑉𝑉,∗) {𝐼𝐼, 𝐴𝐴} 
{𝐼𝐼, 𝐵𝐵} 𝑉𝑉 {𝐼𝐼, 𝐴𝐴, 𝐵𝐵}

∗

Ejemplo

Unión de subgrupos

(𝐺𝐺,∗) 𝑦𝑦 (𝐻𝐻,∘)
𝐺𝐺 × 𝐻𝐻 “ ∘ ”

(𝑎𝑎, 𝑏𝑏) ⋅ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎 ∗ 𝑐𝑐, 𝑏𝑏 ∘ 𝑑𝑑) (𝐺𝐺 × 𝐻𝐻,∙)
(𝐺𝐺,∗) (𝐻𝐻,∘)

ℤ𝑛𝑛 𝑆𝑆𝑛𝑛 𝐴𝐴𝑛𝑛

𝑆𝑆𝑛𝑛 𝑛𝑛 ∈ ℕ

𝐺𝐺1, 𝐺𝐺2, … , 𝐺𝐺𝑛𝑛

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) (𝑏𝑏1, 𝑏𝑏2, … , 𝑏𝑏𝑛𝑛) 𝐺𝐺1 × 𝐺𝐺2 × … × 𝐺𝐺𝑛𝑛 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1  

“. ”

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)  ∙  (𝑏𝑏1, 𝑏𝑏2, … , 𝑏𝑏𝑛𝑛) = (𝑎𝑎1𝑏𝑏1, 𝑎𝑎2𝑏𝑏2, … , 𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛)

(∏ 𝐺𝐺𝑖𝑖

𝑛𝑛

𝑖𝑖=1
,∙)

𝐺𝐺𝑖𝑖

𝐺𝐺𝑖𝑖

𝐺𝐺𝑖𝑖
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𝑎𝑎 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

 y 𝑏𝑏 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

𝑖𝑖 𝑎𝑎 ∈ 𝐻𝐻𝑖𝑖 𝑦𝑦 𝑏𝑏 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖,∗)
𝐺𝐺 𝑖𝑖 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻𝑖𝑖

𝑎𝑎 ∗ 𝑏𝑏′ ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

.

( ∩
𝑖𝑖 ∈ 𝐼𝐼𝐻𝐻𝑖𝑖,∗)

(ℤ, +,0) (𝑛𝑛ℤ, +) 𝑛𝑛ℤ ∩ 𝑚𝑚ℤ =
[𝑛𝑛, 𝑚𝑚]ℤ [𝑛𝑛, 𝑚𝑚] 𝑚𝑚 𝑛𝑛

10ℤ ∩ 15ℤ = 30ℤ (𝑛𝑛, 𝑚𝑚) = 1  𝑛𝑛ℤ ∩
𝑚𝑚ℤ = 𝑛𝑛𝑛𝑛ℤ 7ℤ ∩ 8ℤ = 56ℤ

𝐺𝐺

(𝑉𝑉,∗) {𝐼𝐼, 𝐴𝐴} 
{𝐼𝐼, 𝐵𝐵} 𝑉𝑉 {𝐼𝐼, 𝐴𝐴, 𝐵𝐵}

∗

𝑎𝑎 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

 y 𝑏𝑏 ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

𝑖𝑖 𝑎𝑎 ∈ 𝐻𝐻𝑖𝑖 𝑦𝑦 𝑏𝑏 ∈ 𝐻𝐻𝑖𝑖 (𝐻𝐻𝑖𝑖,∗)
𝐺𝐺 𝑖𝑖 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻𝑖𝑖

𝑎𝑎 ∗ 𝑏𝑏′ ∈ ⋂ 𝐻𝐻𝑖𝑖
𝑖𝑖∈𝐼𝐼

.

( ∩
𝑖𝑖 ∈ 𝐼𝐼𝐻𝐻𝑖𝑖,∗)

(ℤ, +,0) (𝑛𝑛ℤ, +) 𝑛𝑛ℤ ∩ 𝑚𝑚ℤ =
[𝑛𝑛, 𝑚𝑚]ℤ [𝑛𝑛, 𝑚𝑚] 𝑚𝑚 𝑛𝑛

10ℤ ∩ 15ℤ = 30ℤ (𝑛𝑛, 𝑚𝑚) = 1  𝑛𝑛ℤ ∩
𝑚𝑚ℤ = 𝑛𝑛𝑛𝑛ℤ 7ℤ ∩ 8ℤ = 56ℤ

𝐺𝐺

(𝑉𝑉,∗) {𝐼𝐼, 𝐴𝐴} 
{𝐼𝐼, 𝐵𝐵} 𝑉𝑉 {𝐼𝐼, 𝐴𝐴, 𝐵𝐵}

∗

(𝐺𝐺,∗) 𝑦𝑦 (𝐻𝐻,∘)
𝐺𝐺 × 𝐻𝐻 “ ∘ ”

(𝑎𝑎, 𝑏𝑏) ⋅ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎 ∗ 𝑐𝑐, 𝑏𝑏 ∘ 𝑑𝑑) (𝐺𝐺 × 𝐻𝐻,∙)
(𝐺𝐺,∗) (𝐻𝐻,∘)

ℤ𝑛𝑛 𝑆𝑆𝑛𝑛 𝐴𝐴𝑛𝑛

𝑆𝑆𝑛𝑛 𝑛𝑛 ∈ ℕ

𝐺𝐺1, 𝐺𝐺2, … , 𝐺𝐺𝑛𝑛

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) (𝑏𝑏1, 𝑏𝑏2, … , 𝑏𝑏𝑛𝑛) 𝐺𝐺1 × 𝐺𝐺2 × … × 𝐺𝐺𝑛𝑛 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1  

“. ”

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)  ∙  (𝑏𝑏1, 𝑏𝑏2, … , 𝑏𝑏𝑛𝑛) = (𝑎𝑎1𝑏𝑏1, 𝑎𝑎2𝑏𝑏2, … , 𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛)

(∏ 𝐺𝐺𝑖𝑖

𝑛𝑛

𝑖𝑖=1
,∙)

𝐺𝐺𝑖𝑖

𝐺𝐺𝑖𝑖

𝐺𝐺𝑖𝑖

(𝐺𝐺,∗) 𝑦𝑦 (𝐻𝐻,∘)
𝐺𝐺 × 𝐻𝐻 “ ∘ ”

(𝑎𝑎, 𝑏𝑏) ⋅ (𝑐𝑐, 𝑑𝑑) = (𝑎𝑎 ∗ 𝑐𝑐, 𝑏𝑏 ∘ 𝑑𝑑) (𝐺𝐺 × 𝐻𝐻,∙)
(𝐺𝐺,∗) (𝐻𝐻,∘)

ℤ𝑛𝑛 𝑆𝑆𝑛𝑛 𝐴𝐴𝑛𝑛

𝑆𝑆𝑛𝑛 𝑛𝑛 ∈ ℕ

𝐺𝐺1, 𝐺𝐺2, … , 𝐺𝐺𝑛𝑛

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) (𝑏𝑏1, 𝑏𝑏2, … , 𝑏𝑏𝑛𝑛) 𝐺𝐺1 × 𝐺𝐺2 × … × 𝐺𝐺𝑛𝑛 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1  

“. ”

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)  ∙  (𝑏𝑏1, 𝑏𝑏2, … , 𝑏𝑏𝑛𝑛) = (𝑎𝑎1𝑏𝑏1, 𝑎𝑎2𝑏𝑏2, … , 𝑎𝑎𝑛𝑛𝑏𝑏𝑛𝑛)

(∏ 𝐺𝐺𝑖𝑖

𝑛𝑛

𝑖𝑖=1
,∙)

𝐺𝐺𝑖𝑖

𝐺𝐺𝑖𝑖

𝐺𝐺𝑖𝑖

Teorema

Productos directos
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𝑛𝑛
⨁

𝑖𝑖 = 1
𝐺𝐺𝑖𝑖 = 𝐺𝐺1 ⊕ 𝐺𝐺2 ⊕ … ⊕ 𝐺𝐺𝑛𝑛.

𝐺𝐺𝑖𝑖 𝑟𝑟𝑖𝑖

∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1 𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛

(ℤ2 × ℤ3, +)
(1,1)

ℤ2 × ℤ3 ≈ ℤ6

ℤ3 × ℤ3 ℤ9 ℤ9

ℤ3 × ℤ3 (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

(𝑎𝑎, 𝑏𝑏)3 = (0,0) (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

ℤ2 × ℤ2

(𝑉𝑉,∗)

(ℤ𝑚𝑚 × ℤ𝑛𝑛, +) ℤ𝑚𝑚×𝑛𝑛 (𝑚𝑚, 𝑛𝑛) = 1 𝑚𝑚 𝑛𝑛

((1,1)) = {(1,1)𝑛𝑛 | 𝑛𝑛 ∈ ℤ+}

ℤ𝑚𝑚 × ℤ𝑛𝑛 (1,1)
𝑝𝑝 (1,1)𝑝𝑝 = (0,0)

𝑛𝑛
⨁

𝑖𝑖 = 1
𝐺𝐺𝑖𝑖 = 𝐺𝐺1 ⊕ 𝐺𝐺2 ⊕ … ⊕ 𝐺𝐺𝑛𝑛.

𝐺𝐺𝑖𝑖 𝑟𝑟𝑖𝑖

∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1 𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛

(ℤ2 × ℤ3, +)
(1,1)

ℤ2 × ℤ3 ≈ ℤ6

ℤ3 × ℤ3 ℤ9 ℤ9

ℤ3 × ℤ3 (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

(𝑎𝑎, 𝑏𝑏)3 = (0,0) (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

ℤ2 × ℤ2

(𝑉𝑉,∗)

(ℤ𝑚𝑚 × ℤ𝑛𝑛, +) ℤ𝑚𝑚×𝑛𝑛 (𝑚𝑚, 𝑛𝑛) = 1 𝑚𝑚 𝑛𝑛

((1,1)) = {(1,1)𝑛𝑛 | 𝑛𝑛 ∈ ℤ+}

ℤ𝑚𝑚 × ℤ𝑛𝑛 (1,1)
𝑝𝑝 (1,1)𝑝𝑝 = (0,0)

𝑛𝑛
⨁

𝑖𝑖 = 1
𝐺𝐺𝑖𝑖 = 𝐺𝐺1 ⊕ 𝐺𝐺2 ⊕ … ⊕ 𝐺𝐺𝑛𝑛.

𝐺𝐺𝑖𝑖 𝑟𝑟𝑖𝑖

∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1 𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛

(ℤ2 × ℤ3, +)
(1,1)

ℤ2 × ℤ3 ≈ ℤ6

ℤ3 × ℤ3 ℤ9 ℤ9

ℤ3 × ℤ3 (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

(𝑎𝑎, 𝑏𝑏)3 = (0,0) (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

ℤ2 × ℤ2

(𝑉𝑉,∗)

(ℤ𝑚𝑚 × ℤ𝑛𝑛, +) ℤ𝑚𝑚×𝑛𝑛 (𝑚𝑚, 𝑛𝑛) = 1 𝑚𝑚 𝑛𝑛

((1,1)) = {(1,1)𝑛𝑛 | 𝑛𝑛 ∈ ℤ+}

ℤ𝑚𝑚 × ℤ𝑛𝑛 (1,1)
𝑝𝑝 (1,1)𝑝𝑝 = (0,0)

Teorema

Demostración
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𝑛𝑛
⨁

𝑖𝑖 = 1
𝐺𝐺𝑖𝑖 = 𝐺𝐺1 ⊕ 𝐺𝐺2 ⊕ … ⊕ 𝐺𝐺𝑛𝑛.

𝐺𝐺𝑖𝑖 𝑟𝑟𝑖𝑖

∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1 𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛

(ℤ2 × ℤ3, +)
(1,1)

ℤ2 × ℤ3 ≈ ℤ6

ℤ3 × ℤ3 ℤ9 ℤ9

ℤ3 × ℤ3 (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

(𝑎𝑎, 𝑏𝑏)3 = (0,0) (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

ℤ2 × ℤ2

(𝑉𝑉,∗)

(ℤ𝑚𝑚 × ℤ𝑛𝑛, +) ℤ𝑚𝑚×𝑛𝑛 (𝑚𝑚, 𝑛𝑛) = 1 𝑚𝑚 𝑛𝑛

((1,1)) = {(1,1)𝑛𝑛 | 𝑛𝑛 ∈ ℤ+}

ℤ𝑚𝑚 × ℤ𝑛𝑛 (1,1)
𝑝𝑝 (1,1)𝑝𝑝 = (0,0)

𝑛𝑛
⨁

𝑖𝑖 = 1
𝐺𝐺𝑖𝑖 = 𝐺𝐺1 ⊕ 𝐺𝐺2 ⊕ … ⊕ 𝐺𝐺𝑛𝑛.

𝐺𝐺𝑖𝑖 𝑟𝑟𝑖𝑖

∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1 𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛

(ℤ2 × ℤ3, +)
(1,1)

ℤ2 × ℤ3 ≈ ℤ6

ℤ3 × ℤ3 ℤ9 ℤ9

ℤ3 × ℤ3 (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

(𝑎𝑎, 𝑏𝑏)3 = (0,0) (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

ℤ2 × ℤ2

(𝑉𝑉,∗)

(ℤ𝑚𝑚 × ℤ𝑛𝑛, +) ℤ𝑚𝑚×𝑛𝑛 (𝑚𝑚, 𝑛𝑛) = 1 𝑚𝑚 𝑛𝑛

((1,1)) = {(1,1)𝑛𝑛 | 𝑛𝑛 ∈ ℤ+}

ℤ𝑚𝑚 × ℤ𝑛𝑛 (1,1)
𝑝𝑝 (1,1)𝑝𝑝 = (0,0)

𝑛𝑛
⨁

𝑖𝑖 = 1
𝐺𝐺𝑖𝑖 = 𝐺𝐺1 ⊕ 𝐺𝐺2 ⊕ … ⊕ 𝐺𝐺𝑛𝑛.

𝐺𝐺𝑖𝑖 𝑟𝑟𝑖𝑖

∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1 𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛

(ℤ2 × ℤ3, +)
(1,1)

ℤ2 × ℤ3 ≈ ℤ6

ℤ3 × ℤ3 ℤ9 ℤ9

ℤ3 × ℤ3 (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

(𝑎𝑎, 𝑏𝑏)3 = (0,0) (𝑎𝑎, 𝑏𝑏) ∈ ℤ3 × ℤ3

ℤ2 × ℤ2

(𝑉𝑉,∗)

(ℤ𝑚𝑚 × ℤ𝑛𝑛, +) ℤ𝑚𝑚×𝑛𝑛 (𝑚𝑚, 𝑛𝑛) = 1 𝑚𝑚 𝑛𝑛

((1,1)) = {(1,1)𝑛𝑛 | 𝑛𝑛 ∈ ℤ+}

ℤ𝑚𝑚 × ℤ𝑛𝑛 (1,1)
𝑝𝑝 (1,1)𝑝𝑝 = (0,0)

1 ∈ ℤ𝑚𝑚 𝑚𝑚
2𝑚𝑚, … 1 ∈ ℤ𝑛𝑛 𝑛𝑛, 2𝑛𝑛, …, 

𝑚𝑚 y 𝑛𝑛

[𝑚𝑚, 𝑛𝑛] = 𝑚𝑚 ∙ 𝑛𝑛
(𝑚𝑚, 𝑛𝑛).

ℤ𝑚𝑚 × ℤ𝑛𝑛 ≈ ℤ𝑚𝑚×𝑛𝑛 ℤ𝑚𝑚 × ℤ𝑛𝑛 𝑚𝑚𝑚𝑚
(1,1)

(𝑚𝑚, 𝑛𝑛) = 1

(𝑚𝑚, 𝑛𝑛) = 1 ((1,1)) ⊂ ℤ𝑚𝑚 × ℤ𝑛𝑛 𝑚𝑚𝑚𝑚
ℤ𝑚𝑚 × ℤ𝑛𝑛 𝑚𝑚𝑚𝑚

((1,1)) = ℤ𝑚𝑚 × ℤ𝑛𝑛 ℤ𝑚𝑚 × ℤ𝑛𝑛 ≈ ℤ𝑚𝑚×𝑛𝑛

 el orden del grupo ℤ𝑚𝑚 ×
ℤ𝑛𝑛 es 𝑚𝑚∙𝑛𝑛

(𝑚𝑚,𝑛𝑛).

(𝑚𝑚, 𝑛𝑛) ≠ 1 (𝑟𝑟, 𝑠𝑠)
𝑚𝑚∙𝑛𝑛

(𝑚𝑚,𝑛𝑛) = (0,0) (𝑟𝑟, 𝑠𝑠) ∈
ℤ𝑚𝑚 × ℤ𝑛𝑛 (𝑟𝑟, 𝑠𝑠) ℤ𝑚𝑚 × ℤ𝑛𝑛

∎
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∏ ℤ𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ℤ𝑚𝑚,𝑚𝑚2,…𝑚𝑚𝑛𝑛 (𝑚𝑚𝑖𝑖, 𝑚𝑚𝑗𝑗) =

1 𝑖𝑖 ≠ 𝑗𝑗.

∎

𝑛𝑛

𝑛𝑛 = 𝑝𝑝1
𝛼𝛼1. 𝑝𝑝2

𝛼𝛼2. … . 𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ𝑛𝑛

ℤ𝑝𝑝1
𝛼𝛼1 × ℤ𝑝𝑝2

𝛼𝛼2 × … × ℤ𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ72 ≈ ℤ8 × ℤ9, ℤ12 ≈ ℤ3 × ℤ4, ℤ21 ≈ ℤ3 × ℤ7, etc.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺; 𝐻𝐻 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ}
𝑎𝑎

𝐺𝐺 y 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ} 𝑎𝑎
𝐺𝐺 𝐺𝐺 = (𝑎𝑎)

𝑎𝑎−𝑛𝑛 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′.

ℤ ℤ = (1)

∏ ℤ𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ℤ𝑚𝑚,𝑚𝑚2,…𝑚𝑚𝑛𝑛 (𝑚𝑚𝑖𝑖, 𝑚𝑚𝑗𝑗) =

1 𝑖𝑖 ≠ 𝑗𝑗.

∎

𝑛𝑛

𝑛𝑛 = 𝑝𝑝1
𝛼𝛼1. 𝑝𝑝2

𝛼𝛼2. … . 𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ𝑛𝑛

ℤ𝑝𝑝1
𝛼𝛼1 × ℤ𝑝𝑝2

𝛼𝛼2 × … × ℤ𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ72 ≈ ℤ8 × ℤ9, ℤ12 ≈ ℤ3 × ℤ4, ℤ21 ≈ ℤ3 × ℤ7, etc.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺; 𝐻𝐻 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ}
𝑎𝑎

𝐺𝐺 y 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ} 𝑎𝑎
𝐺𝐺 𝐺𝐺 = (𝑎𝑎)

𝑎𝑎−𝑛𝑛 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′.

ℤ ℤ = (1)

∏ ℤ𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ℤ𝑚𝑚,𝑚𝑚2,…𝑚𝑚𝑛𝑛 (𝑚𝑚𝑖𝑖, 𝑚𝑚𝑗𝑗) =

1 𝑖𝑖 ≠ 𝑗𝑗.

∎

𝑛𝑛

𝑛𝑛 = 𝑝𝑝1
𝛼𝛼1. 𝑝𝑝2

𝛼𝛼2. … . 𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ𝑛𝑛

ℤ𝑝𝑝1
𝛼𝛼1 × ℤ𝑝𝑝2

𝛼𝛼2 × … × ℤ𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ72 ≈ ℤ8 × ℤ9, ℤ12 ≈ ℤ3 × ℤ4, ℤ21 ≈ ℤ3 × ℤ7, etc.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺; 𝐻𝐻 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ}
𝑎𝑎

𝐺𝐺 y 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ} 𝑎𝑎
𝐺𝐺 𝐺𝐺 = (𝑎𝑎)

𝑎𝑎−𝑛𝑛 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′.

ℤ ℤ = (1)

∏ ℤ𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ℤ𝑚𝑚,𝑚𝑚2,…𝑚𝑚𝑛𝑛 (𝑚𝑚𝑖𝑖, 𝑚𝑚𝑗𝑗) =

1 𝑖𝑖 ≠ 𝑗𝑗.

∎

𝑛𝑛

𝑛𝑛 = 𝑝𝑝1
𝛼𝛼1. 𝑝𝑝2

𝛼𝛼2. … . 𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ𝑛𝑛

ℤ𝑝𝑝1
𝛼𝛼1 × ℤ𝑝𝑝2

𝛼𝛼2 × … × ℤ𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ72 ≈ ℤ8 × ℤ9, ℤ12 ≈ ℤ3 × ℤ4, ℤ21 ≈ ℤ3 × ℤ7, etc.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺; 𝐻𝐻 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ}
𝑎𝑎

𝐺𝐺 y 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ} 𝑎𝑎
𝐺𝐺 𝐺𝐺 = (𝑎𝑎)

𝑎𝑎−𝑛𝑛 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′.

ℤ ℤ = (1)

Corolario

Ejemplo

Ejemplo

Definición

(1)3 = 1 + 1 + 1 = 3;

(1)−3 = (−1)3 = −1 + (−1) + (−1) = −3.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒 𝑎𝑎 𝐺𝐺

𝑛𝑛 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺 𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒
𝑎𝑎

𝑎𝑎
𝑎𝑎

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∈ ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑎𝑎𝑖𝑖 𝑟𝑟𝑖𝑖𝑒𝑒𝑒𝑒 𝐺𝐺𝑖𝑖 𝐺𝐺𝑖𝑖

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑟𝑟𝑖𝑖 𝑖𝑖 = 1,2,3, … 𝑛𝑛.

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)𝑝𝑝 = (𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛) 𝑝𝑝
𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛 𝑝𝑝
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∏ ℤ𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ℤ𝑚𝑚,𝑚𝑚2,…𝑚𝑚𝑛𝑛 (𝑚𝑚𝑖𝑖, 𝑚𝑚𝑗𝑗) =

1 𝑖𝑖 ≠ 𝑗𝑗.

∎

𝑛𝑛

𝑛𝑛 = 𝑝𝑝1
𝛼𝛼1. 𝑝𝑝2

𝛼𝛼2. … . 𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ𝑛𝑛

ℤ𝑝𝑝1
𝛼𝛼1 × ℤ𝑝𝑝2

𝛼𝛼2 × … × ℤ𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ72 ≈ ℤ8 × ℤ9, ℤ12 ≈ ℤ3 × ℤ4, ℤ21 ≈ ℤ3 × ℤ7, etc.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺; 𝐻𝐻 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ}
𝑎𝑎

𝐺𝐺 y 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ} 𝑎𝑎
𝐺𝐺 𝐺𝐺 = (𝑎𝑎)

𝑎𝑎−𝑛𝑛 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′.

ℤ ℤ = (1)

∏ ℤ𝑚𝑚𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ℤ𝑚𝑚,𝑚𝑚2,…𝑚𝑚𝑛𝑛 (𝑚𝑚𝑖𝑖, 𝑚𝑚𝑗𝑗) =

1 𝑖𝑖 ≠ 𝑗𝑗.

∎

𝑛𝑛

𝑛𝑛 = 𝑝𝑝1
𝛼𝛼1. 𝑝𝑝2

𝛼𝛼2. … . 𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ𝑛𝑛

ℤ𝑝𝑝1
𝛼𝛼1 × ℤ𝑝𝑝2

𝛼𝛼2 × … × ℤ𝑝𝑝𝑟𝑟
𝛼𝛼𝑟𝑟

ℤ72 ≈ ℤ8 × ℤ9, ℤ12 ≈ ℤ3 × ℤ4, ℤ21 ≈ ℤ3 × ℤ7, etc.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺; 𝐻𝐻 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ}
𝑎𝑎

𝐺𝐺 y 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛, 𝑛𝑛 ∈ ℤ} 𝑎𝑎
𝐺𝐺 𝐺𝐺 = (𝑎𝑎)

𝑎𝑎−𝑛𝑛 𝑎𝑎−𝑛𝑛 = (𝑎𝑎′)𝑛𝑛

𝑎𝑎0 = 𝑒𝑒 𝑎𝑎−1 = 𝑎𝑎′.

ℤ ℤ = (1)

(1)3 = 1 + 1 + 1 = 3;

(1)−3 = (−1)3 = −1 + (−1) + (−1) = −3.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒 𝑎𝑎 𝐺𝐺

𝑛𝑛 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺 𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒
𝑎𝑎

𝑎𝑎
𝑎𝑎

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∈ ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑎𝑎𝑖𝑖 𝑟𝑟𝑖𝑖𝑒𝑒𝑒𝑒 𝐺𝐺𝑖𝑖 𝐺𝐺𝑖𝑖

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑟𝑟𝑖𝑖 𝑖𝑖 = 1,2,3, … 𝑛𝑛.

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)𝑝𝑝 = (𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛) 𝑝𝑝
𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛 𝑝𝑝

(1)3 = 1 + 1 + 1 = 3;

(1)−3 = (−1)3 = −1 + (−1) + (−1) = −3.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒 𝑎𝑎 𝐺𝐺

𝑛𝑛 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺 𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒
𝑎𝑎

𝑎𝑎
𝑎𝑎

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∈ ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑎𝑎𝑖𝑖 𝑟𝑟𝑖𝑖𝑒𝑒𝑒𝑒 𝐺𝐺𝑖𝑖 𝐺𝐺𝑖𝑖

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑟𝑟𝑖𝑖 𝑖𝑖 = 1,2,3, … 𝑛𝑛.

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)𝑝𝑝 = (𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛) 𝑝𝑝
𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛 𝑝𝑝

(1)3 = 1 + 1 + 1 = 3;

(1)−3 = (−1)3 = −1 + (−1) + (−1) = −3.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒 𝑎𝑎 𝐺𝐺

𝑛𝑛 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺 𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒
𝑎𝑎

𝑎𝑎
𝑎𝑎

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∈ ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑎𝑎𝑖𝑖 𝑟𝑟𝑖𝑖𝑒𝑒𝑒𝑒 𝐺𝐺𝑖𝑖 𝐺𝐺𝑖𝑖

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑟𝑟𝑖𝑖 𝑖𝑖 = 1,2,3, … 𝑛𝑛.

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)𝑝𝑝 = (𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛) 𝑝𝑝
𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛 𝑝𝑝

(1)3 = 1 + 1 + 1 = 3;

(1)−3 = (−1)3 = −1 + (−1) + (−1) = −3.

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒 𝑎𝑎 𝐺𝐺

𝑛𝑛 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺 𝑛𝑛 𝑎𝑎𝑛𝑛 = 𝑒𝑒
𝑎𝑎

𝑎𝑎
𝑎𝑎

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∈ ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑎𝑎𝑖𝑖 𝑟𝑟𝑖𝑖𝑒𝑒𝑒𝑒 𝐺𝐺𝑖𝑖 𝐺𝐺𝑖𝑖

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝑟𝑟𝑖𝑖 𝑖𝑖 = 1,2,3, … 𝑛𝑛.

(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛)𝑝𝑝 = (𝑒𝑒1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛) 𝑝𝑝
𝑟𝑟1, 𝑟𝑟2, … , 𝑟𝑟𝑛𝑛 𝑝𝑝

Teorema

Prueba

Definición
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𝐺𝐺𝑖̅𝑖 = {(𝑒𝑒1, 𝑒𝑒2, . . , 𝑒𝑒𝑖𝑖−1, 𝑎𝑎𝑖𝑖, 𝑒𝑒𝑖𝑖+1, … , 𝑒𝑒𝑛𝑛) | 𝑎𝑎𝑖𝑖 ∈ 𝐺𝐺𝑖𝑖}
∏ 𝐺𝐺𝑖𝑖

𝑛𝑛
𝑖𝑖=1 𝐺𝐺𝑖𝑖

∎

𝐺𝐺 𝐻𝐻𝑖𝑖, 𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛

𝐺𝐺 𝐻𝐻𝑖𝑖

𝐺𝐺 ∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖𝑖 𝐺𝐺 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖̅𝑖

𝐺𝐺 = ∏ 𝐺𝐺𝑖̅𝑖

𝑛𝑛

𝑖𝑖=1
.

𝐺𝐺 𝐻𝐻1, 𝐻𝐻2, … , 𝐻𝐻𝑛𝑛

𝑎𝑎 ∈ 𝐺𝐺
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 𝑎𝑎𝑖𝑖 ∈ 𝐻𝐻𝑖𝑖 𝑖𝑖

𝐻𝐻𝑖𝑖̅̅̅ 𝐻𝐻𝑖𝑖

𝐺𝐺𝑖̅𝑖 = {(𝑒𝑒1, 𝑒𝑒2, . . , 𝑒𝑒𝑖𝑖−1, 𝑎𝑎𝑖𝑖, 𝑒𝑒𝑖𝑖+1, … , 𝑒𝑒𝑛𝑛) | 𝑎𝑎𝑖𝑖 ∈ 𝐺𝐺𝑖𝑖}
∏ 𝐺𝐺𝑖𝑖

𝑛𝑛
𝑖𝑖=1 𝐺𝐺𝑖𝑖

∎

𝐺𝐺 𝐻𝐻𝑖𝑖, 𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛

𝐺𝐺 𝐻𝐻𝑖𝑖

𝐺𝐺 ∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖𝑖 𝐺𝐺 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖̅𝑖

𝐺𝐺 = ∏ 𝐺𝐺𝑖̅𝑖

𝑛𝑛

𝑖𝑖=1
.

𝐺𝐺 𝐻𝐻1, 𝐻𝐻2, … , 𝐻𝐻𝑛𝑛

𝑎𝑎 ∈ 𝐺𝐺
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 𝑎𝑎𝑖𝑖 ∈ 𝐻𝐻𝑖𝑖 𝑖𝑖

𝐻𝐻𝑖𝑖̅̅̅ 𝐻𝐻𝑖𝑖

𝐺𝐺𝑖̅𝑖 = {(𝑒𝑒1, 𝑒𝑒2, . . , 𝑒𝑒𝑖𝑖−1, 𝑎𝑎𝑖𝑖, 𝑒𝑒𝑖𝑖+1, … , 𝑒𝑒𝑛𝑛) | 𝑎𝑎𝑖𝑖 ∈ 𝐺𝐺𝑖𝑖}
∏ 𝐺𝐺𝑖𝑖

𝑛𝑛
𝑖𝑖=1 𝐺𝐺𝑖𝑖

∎

𝐺𝐺 𝐻𝐻𝑖𝑖, 𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛

𝐺𝐺 𝐻𝐻𝑖𝑖

𝐺𝐺 ∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖𝑖 𝐺𝐺 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖̅𝑖

𝐺𝐺 = ∏ 𝐺𝐺𝑖̅𝑖

𝑛𝑛

𝑖𝑖=1
.

𝐺𝐺 𝐻𝐻1, 𝐻𝐻2, … , 𝐻𝐻𝑛𝑛

𝑎𝑎 ∈ 𝐺𝐺
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 𝑎𝑎𝑖𝑖 ∈ 𝐻𝐻𝑖𝑖 𝑖𝑖

𝐻𝐻𝑖𝑖̅̅̅ 𝐻𝐻𝑖𝑖

𝐺𝐺𝑖̅𝑖 = {(𝑒𝑒1, 𝑒𝑒2, . . , 𝑒𝑒𝑖𝑖−1, 𝑎𝑎𝑖𝑖, 𝑒𝑒𝑖𝑖+1, … , 𝑒𝑒𝑛𝑛) | 𝑎𝑎𝑖𝑖 ∈ 𝐺𝐺𝑖𝑖}
∏ 𝐺𝐺𝑖𝑖

𝑛𝑛
𝑖𝑖=1 𝐺𝐺𝑖𝑖

∎

𝐺𝐺 𝐻𝐻𝑖𝑖, 𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛

𝐺𝐺 𝐻𝐻𝑖𝑖

𝐺𝐺 ∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖𝑖 𝐺𝐺 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖̅𝑖

𝐺𝐺 = ∏ 𝐺𝐺𝑖̅𝑖

𝑛𝑛

𝑖𝑖=1
.

𝐺𝐺 𝐻𝐻1, 𝐻𝐻2, … , 𝐻𝐻𝑛𝑛

𝑎𝑎 ∈ 𝐺𝐺
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 𝑎𝑎𝑖𝑖 ∈ 𝐻𝐻𝑖𝑖 𝑖𝑖

𝐻𝐻𝑖𝑖̅̅̅ 𝐻𝐻𝑖𝑖

𝐺𝐺𝑖̅𝑖 = {(𝑒𝑒1, 𝑒𝑒2, . . , 𝑒𝑒𝑖𝑖−1, 𝑎𝑎𝑖𝑖, 𝑒𝑒𝑖𝑖+1, … , 𝑒𝑒𝑛𝑛) | 𝑎𝑎𝑖𝑖 ∈ 𝐺𝐺𝑖𝑖}
∏ 𝐺𝐺𝑖𝑖

𝑛𝑛
𝑖𝑖=1 𝐺𝐺𝑖𝑖

∎

𝐺𝐺 𝐻𝐻𝑖𝑖, 𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛

𝐺𝐺 𝐻𝐻𝑖𝑖

𝐺𝐺 ∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖𝑖 𝐺𝐺 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖̅𝑖

𝐺𝐺 = ∏ 𝐺𝐺𝑖̅𝑖

𝑛𝑛

𝑖𝑖=1
.

𝐺𝐺 𝐻𝐻1, 𝐻𝐻2, … , 𝐻𝐻𝑛𝑛

𝑎𝑎 ∈ 𝐺𝐺
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 𝑎𝑎𝑖𝑖 ∈ 𝐻𝐻𝑖𝑖 𝑖𝑖

𝐻𝐻𝑖𝑖̅̅̅ 𝐻𝐻𝑖𝑖

Teorema

Demostración

Ejemplo

Productos directos internos

Definición

∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛), 
(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) =

(𝑎𝑎1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛)(𝑒𝑒1, 𝑎𝑎2, 𝑒𝑒3, … , 𝑒𝑒𝑛𝑛) … (𝑒𝑒1, 𝑒𝑒2, … , 𝑎𝑎𝑛𝑛)
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 ∏ 𝐻𝐻𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ≈ 𝐺𝐺

∎

𝐻𝐻 𝐾𝐾

𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐻𝐻𝐻𝐻 𝐺𝐺 ℎ1𝑘𝑘1ℎ2𝑘𝑘2

ℎ𝑘𝑘 𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻
𝐺𝐺

𝐺𝐺

𝐻𝐻𝐻𝐻 𝐺𝐺 𝐺𝐺

𝐻𝐻 𝐾𝐾

𝐻𝐻 ∨ 𝐾𝐾 𝐻𝐻 y 𝐾𝐾
𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐺𝐺 𝐻𝐻𝐻𝐻

𝐺𝐺 𝐻𝐻 y 𝐾𝐾
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Capítulo 1. Estructura de grupo

𝐺𝐺𝑖̅𝑖 = {(𝑒𝑒1, 𝑒𝑒2, . . , 𝑒𝑒𝑖𝑖−1, 𝑎𝑎𝑖𝑖, 𝑒𝑒𝑖𝑖+1, … , 𝑒𝑒𝑛𝑛) | 𝑎𝑎𝑖𝑖 ∈ 𝐺𝐺𝑖𝑖}
∏ 𝐺𝐺𝑖𝑖

𝑛𝑛
𝑖𝑖=1 𝐺𝐺𝑖𝑖

∎

𝐺𝐺 𝐻𝐻𝑖𝑖, 𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛

𝐺𝐺 𝐻𝐻𝑖𝑖

𝐺𝐺 ∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖𝑖 𝐺𝐺 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖̅𝑖

𝐺𝐺 = ∏ 𝐺𝐺𝑖̅𝑖

𝑛𝑛

𝑖𝑖=1
.

𝐺𝐺 𝐻𝐻1, 𝐻𝐻2, … , 𝐻𝐻𝑛𝑛

𝑎𝑎 ∈ 𝐺𝐺
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 𝑎𝑎𝑖𝑖 ∈ 𝐻𝐻𝑖𝑖 𝑖𝑖

𝐻𝐻𝑖𝑖̅̅̅ 𝐻𝐻𝑖𝑖

𝐺𝐺𝑖̅𝑖 = {(𝑒𝑒1, 𝑒𝑒2, . . , 𝑒𝑒𝑖𝑖−1, 𝑎𝑎𝑖𝑖, 𝑒𝑒𝑖𝑖+1, … , 𝑒𝑒𝑛𝑛) | 𝑎𝑎𝑖𝑖 ∈ 𝐺𝐺𝑖𝑖}
∏ 𝐺𝐺𝑖𝑖

𝑛𝑛
𝑖𝑖=1 𝐺𝐺𝑖𝑖

∎

𝐺𝐺 𝐻𝐻𝑖𝑖, 𝑖𝑖 ∈ 𝐼𝐼𝑛𝑛

𝐺𝐺 𝐻𝐻𝑖𝑖

𝐺𝐺 ∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖𝑖 𝐺𝐺 = ∏ 𝐺𝐺𝑖𝑖
𝑛𝑛
𝑖𝑖=1

𝐺𝐺𝑖̅𝑖

𝐺𝐺 = ∏ 𝐺𝐺𝑖̅𝑖

𝑛𝑛

𝑖𝑖=1
.

𝐺𝐺 𝐻𝐻1, 𝐻𝐻2, … , 𝐻𝐻𝑛𝑛

𝑎𝑎 ∈ 𝐺𝐺
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 𝑎𝑎𝑖𝑖 ∈ 𝐻𝐻𝑖𝑖 𝑖𝑖

𝐻𝐻𝑖𝑖̅̅̅ 𝐻𝐻𝑖𝑖

∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛), 
(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) =

(𝑎𝑎1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛)(𝑒𝑒1, 𝑎𝑎2, 𝑒𝑒3, … , 𝑒𝑒𝑛𝑛) … (𝑒𝑒1, 𝑒𝑒2, … , 𝑎𝑎𝑛𝑛)
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 ∏ 𝐻𝐻𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ≈ 𝐺𝐺

∎

𝐻𝐻 𝐾𝐾

𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐻𝐻𝐻𝐻 𝐺𝐺 ℎ1𝑘𝑘1ℎ2𝑘𝑘2

ℎ𝑘𝑘 𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻
𝐺𝐺

𝐺𝐺

𝐻𝐻𝐻𝐻 𝐺𝐺 𝐺𝐺

𝐻𝐻 𝐾𝐾

𝐻𝐻 ∨ 𝐾𝐾 𝐻𝐻 y 𝐾𝐾
𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐺𝐺 𝐻𝐻𝐻𝐻

𝐺𝐺 𝐻𝐻 y 𝐾𝐾

∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛), 
(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) =

(𝑎𝑎1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛)(𝑒𝑒1, 𝑎𝑎2, 𝑒𝑒3, … , 𝑒𝑒𝑛𝑛) … (𝑒𝑒1, 𝑒𝑒2, … , 𝑎𝑎𝑛𝑛)
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 ∏ 𝐻𝐻𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ≈ 𝐺𝐺

∎

𝐻𝐻 𝐾𝐾

𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐻𝐻𝐻𝐻 𝐺𝐺 ℎ1𝑘𝑘1ℎ2𝑘𝑘2

ℎ𝑘𝑘 𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻
𝐺𝐺

𝐺𝐺

𝐻𝐻𝐻𝐻 𝐺𝐺 𝐺𝐺

𝐻𝐻 𝐾𝐾

𝐻𝐻 ∨ 𝐾𝐾 𝐻𝐻 y 𝐾𝐾
𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐺𝐺 𝐻𝐻𝐻𝐻

𝐺𝐺 𝐻𝐻 y 𝐾𝐾

∏ 𝐻𝐻𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛), 
(𝑎𝑎1, 𝑎𝑎2, … , 𝑎𝑎𝑛𝑛) =

(𝑎𝑎1, 𝑒𝑒2, … , 𝑒𝑒𝑛𝑛)(𝑒𝑒1, 𝑎𝑎2, 𝑒𝑒3, … , 𝑒𝑒𝑛𝑛) … (𝑒𝑒1, 𝑒𝑒2, … , 𝑎𝑎𝑛𝑛)
𝑎𝑎 = 𝑎𝑎1 ∗ 𝑎𝑎2 ∗ … ∗ 𝑎𝑎𝑛𝑛 ∏ 𝐻𝐻𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ≈ 𝐺𝐺

∎

𝐻𝐻 𝐾𝐾

𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐻𝐻𝐻𝐻 𝐺𝐺 ℎ1𝑘𝑘1ℎ2𝑘𝑘2

ℎ𝑘𝑘 𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻
𝐺𝐺

𝐺𝐺

𝐻𝐻𝐻𝐻 𝐺𝐺 𝐺𝐺

𝐻𝐻 𝐾𝐾

𝐻𝐻 ∨ 𝐾𝐾 𝐻𝐻 y 𝐾𝐾
𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ𝑘𝑘 | ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}

𝐺𝐺 𝐻𝐻𝐻𝐻

𝐺𝐺 𝐻𝐻 y 𝐾𝐾

Teorema

Definición
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Elementos de álgebra moderna

 𝐺𝐺 = 𝐻𝐻 ∨ 𝐾𝐾

 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}

𝐻𝐻𝐻𝐻
𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

𝐺𝐺 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺
“𝑎𝑎 𝑏𝑏 𝐻𝐻”, 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

(𝐻𝐻,∗) (𝐺𝐺,∗, 𝑒𝑒)

 𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒 y 𝑒𝑒 ∈ 𝐻𝐻 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑎𝑎(𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻).

 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ ∈
𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ = (𝑏𝑏´)′ ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑑𝑑

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

 𝐺𝐺 = 𝐻𝐻 ∨ 𝐾𝐾

 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}

𝐻𝐻𝐻𝐻
𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

𝐺𝐺 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺
“𝑎𝑎 𝑏𝑏 𝐻𝐻”, 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

(𝐻𝐻,∗) (𝐺𝐺,∗, 𝑒𝑒)

 𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒 y 𝑒𝑒 ∈ 𝐻𝐻 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑎𝑎(𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻).

 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ ∈
𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ = (𝑏𝑏´)′ ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑑𝑑

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

 𝐺𝐺 = 𝐻𝐻 ∨ 𝐾𝐾

 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}

𝐻𝐻𝐻𝐻
𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

𝐺𝐺 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺
“𝑎𝑎 𝑏𝑏 𝐻𝐻”, 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

(𝐻𝐻,∗) (𝐺𝐺,∗, 𝑒𝑒)

 𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒 y 𝑒𝑒 ∈ 𝐻𝐻 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑎𝑎(𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻).

 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ ∈
𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ = (𝑏𝑏´)′ ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑑𝑑

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

 𝐺𝐺 = 𝐻𝐻 ∨ 𝐾𝐾

 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}

𝐻𝐻𝐻𝐻
𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

𝐺𝐺 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺
“𝑎𝑎 𝑏𝑏 𝐻𝐻”, 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

(𝐻𝐻,∗) (𝐺𝐺,∗, 𝑒𝑒)

 𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒 y 𝑒𝑒 ∈ 𝐻𝐻 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑎𝑎(𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻).

 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ ∈
𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ = (𝑏𝑏´)′ ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑑𝑑

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

Teorema

Demostración

Definición
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Capítulo 1. Estructura de grupo

 𝐺𝐺 = 𝐻𝐻 ∨ 𝐾𝐾

 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}

𝐻𝐻𝐻𝐻
𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

𝐺𝐺 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺
“𝑎𝑎 𝑏𝑏 𝐻𝐻”, 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

(𝐻𝐻,∗) (𝐺𝐺,∗, 𝑒𝑒)

 𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒 y 𝑒𝑒 ∈ 𝐻𝐻 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑎𝑎(𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻).

 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ ∈
𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ = (𝑏𝑏´)′ ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑑𝑑

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

 𝐺𝐺 = 𝐻𝐻 ∨ 𝐾𝐾

 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}

𝐻𝐻𝐻𝐻
𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

𝐺𝐺 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺
“𝑎𝑎 𝑏𝑏 𝐻𝐻”, 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

(𝐻𝐻,∗) (𝐺𝐺,∗, 𝑒𝑒)

 𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ∗ 𝑎𝑎′ = 𝑒𝑒 y 𝑒𝑒 ∈ 𝐻𝐻 𝑎𝑎 ∗ 𝑎𝑎′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑎𝑎(𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻).

 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ ∈
𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′)′ = (𝑏𝑏´)′ ∗ 𝑎𝑎′ = 𝑏𝑏 ∗ 𝑑𝑑

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑐𝑐 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻 y 𝑏𝑏 ∗
𝑐𝑐′ ∈ 𝐻𝐻 (𝑎𝑎 ∗ 𝑏𝑏′) ∗ (𝑏𝑏 ∗ 𝑐𝑐′) ∈ 𝐻𝐻

𝑎𝑎 ∗ (𝑏𝑏′ ∗ 𝑏𝑏) ∗ 𝑐𝑐′ ∈ 𝐻𝐻 𝑎𝑎 ∗ 𝑒𝑒 ∗ 𝑐𝑐′ ∈ 𝐻𝐻
𝑎𝑎 ∗ 𝑐𝑐′ ∈ 𝐻𝐻

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑐𝑐 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ≡
𝑐𝑐 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

∎

𝐺𝐺 = ℤ
𝑛𝑛

𝐻𝐻 = (𝑛𝑛)

El estudio de “ciertas” relaciones de equivalen 𝐺𝐺
𝐺𝐺′ 𝐺𝐺

(ℤ, +)

𝐺𝐺 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑥𝑥 ∈
𝐺𝐺 𝑎𝑎 ∗ 𝑥𝑥 = 𝑏𝑏 ∗ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏−1 ∈ 𝐻𝐻

(𝑎𝑎 ∗ 𝑥𝑥) ∗ (𝑏𝑏 ∗ 𝑥𝑥)−1 = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑥𝑥−1) ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ (𝑒𝑒) ∗ 𝑏𝑏−1 = 𝑎𝑎 ∗ 𝑏𝑏−1

𝑎𝑎 ∗ 𝑏𝑏 = 𝑏𝑏 ∗ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
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𝐺𝐺

𝐺𝐺 " ≡ "
𝐻𝐻≡ = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}

𝐺𝐺 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

(⟹)

𝐻𝐻≡ ≠ ∅ 𝑒𝑒 ∈ 𝐻𝐻≡

𝑎𝑎 ∈ 𝐻𝐻≡ y 𝑏𝑏 ∈ 𝐻𝐻≡ 𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦 𝑒𝑒 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈
𝐻𝐻≡ 𝐻𝐻≡ 𝐺𝐺

(⟸)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻≡ 𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑏𝑏  (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝐻𝐻≡ = 𝐻𝐻

∎

𝐺𝐺

𝐺𝐺 " ≡ "
𝐻𝐻≡ = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}

𝐺𝐺 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

(⟹)

𝐻𝐻≡ ≠ ∅ 𝑒𝑒 ∈ 𝐻𝐻≡

𝑎𝑎 ∈ 𝐻𝐻≡ y 𝑏𝑏 ∈ 𝐻𝐻≡ 𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦 𝑒𝑒 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈
𝐻𝐻≡ 𝐻𝐻≡ 𝐺𝐺

(⟸)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻≡ 𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑏𝑏  (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝐻𝐻≡ = 𝐻𝐻

∎

𝐺𝐺

𝐺𝐺 " ≡ "
𝐻𝐻≡ = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}

𝐺𝐺 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

(⟹)

𝐻𝐻≡ ≠ ∅ 𝑒𝑒 ∈ 𝐻𝐻≡

𝑎𝑎 ∈ 𝐻𝐻≡ y 𝑏𝑏 ∈ 𝐻𝐻≡ 𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦 𝑒𝑒 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈
𝐻𝐻≡ 𝐻𝐻≡ 𝐺𝐺

(⟸)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻≡ 𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑏𝑏  (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝐻𝐻≡ = 𝐻𝐻

∎

Teorema

Demostración
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𝐺𝐺

𝐺𝐺 " ≡ "
𝐻𝐻≡ = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}

𝐺𝐺 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

(⟹)

𝐻𝐻≡ ≠ ∅ 𝑒𝑒 ∈ 𝐻𝐻≡

𝑎𝑎 ∈ 𝐻𝐻≡ y 𝑏𝑏 ∈ 𝐻𝐻≡ 𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦 𝑒𝑒 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈
𝐻𝐻≡ 𝐻𝐻≡ 𝐺𝐺

(⟸)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻≡ 𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑏𝑏  (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝐻𝐻≡ = 𝐻𝐻

∎

𝐺𝐺

𝐺𝐺 " ≡ "
𝐻𝐻≡ = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}

𝐺𝐺 𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

(⟹)

𝐻𝐻≡ ≠ ∅ 𝑒𝑒 ∈ 𝐻𝐻≡

𝑎𝑎 ∈ 𝐻𝐻≡ y 𝑏𝑏 ∈ 𝐻𝐻≡ 𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦 𝑒𝑒 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ≡ 𝑏𝑏 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑏𝑏 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)

𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈
𝐻𝐻≡ 𝐻𝐻≡ 𝐺𝐺

(⟸)

𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻≡ 𝑎𝑎 ∗ 𝑏𝑏′ ≡ 𝑒𝑒 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)
𝑎𝑎 ≡ 𝑏𝑏  (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑎𝑎 ∗ 𝑏𝑏′ ∈ 𝐻𝐻

𝐻𝐻≡ = 𝐻𝐻

∎

" ≡ "

𝑥𝑥 ∈ 𝐺𝐺, ℎ ∈ 𝐺𝐺 ⇒ 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥−1 ∈ 𝐻𝐻.

𝑥𝑥 ≡ 𝑦𝑦 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦′ ∗ 𝑥𝑥 ∈ 𝐻𝐻

𝐺𝐺 

𝐺𝐺 𝐻𝐻 𝑥𝑥 ∈
𝐺𝐺 ℎ ∈ 𝐺𝐺 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥′ ∈ 𝐻𝐻

𝐺𝐺 𝐺𝐺 y {𝑒𝑒}

𝐺𝐺 𝐺𝐺

(𝐺𝐺,∗)  𝑦𝑦 (𝐻𝐻,∗) 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑎𝑎 "≡",

" ≡ "

𝑥𝑥 ∈ 𝐺𝐺, ℎ ∈ 𝐺𝐺 ⇒ 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥−1 ∈ 𝐻𝐻.

𝑥𝑥 ≡ 𝑦𝑦 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦′ ∗ 𝑥𝑥 ∈ 𝐻𝐻

𝐺𝐺 

𝐺𝐺 𝐻𝐻 𝑥𝑥 ∈
𝐺𝐺 ℎ ∈ 𝐺𝐺 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥′ ∈ 𝐻𝐻

𝐺𝐺 𝐺𝐺 y {𝑒𝑒}

𝐺𝐺 𝐺𝐺

(𝐺𝐺,∗)  𝑦𝑦 (𝐻𝐻,∗) 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑎𝑎 "≡",

" ≡ "

𝑥𝑥 ∈ 𝐺𝐺, ℎ ∈ 𝐺𝐺 ⇒ 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥−1 ∈ 𝐻𝐻.

𝑥𝑥 ≡ 𝑦𝑦 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦′ ∗ 𝑥𝑥 ∈ 𝐻𝐻

𝐺𝐺 

𝐺𝐺 𝐻𝐻 𝑥𝑥 ∈
𝐺𝐺 ℎ ∈ 𝐺𝐺 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥′ ∈ 𝐻𝐻

𝐺𝐺 𝐺𝐺 y {𝑒𝑒}

𝐺𝐺 𝐺𝐺

(𝐺𝐺,∗)  𝑦𝑦 (𝐻𝐻,∗) 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑎𝑎 "≡",

" ≡ "

𝑥𝑥 ∈ 𝐺𝐺, ℎ ∈ 𝐺𝐺 ⇒ 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥−1 ∈ 𝐻𝐻.

𝑥𝑥 ≡ 𝑦𝑦 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦′ ∗ 𝑥𝑥 ∈ 𝐻𝐻

𝐺𝐺 

𝐺𝐺 𝐻𝐻 𝑥𝑥 ∈
𝐺𝐺 ℎ ∈ 𝐺𝐺 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥′ ∈ 𝐻𝐻

𝐺𝐺 𝐺𝐺 y {𝑒𝑒}

𝐺𝐺 𝐺𝐺

(𝐺𝐺,∗)  𝑦𝑦 (𝐻𝐻,∗) 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑎𝑎 "≡",

" ≡ "

𝑥𝑥 ∈ 𝐺𝐺, ℎ ∈ 𝐺𝐺 ⇒ 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥−1 ∈ 𝐻𝐻.

𝑥𝑥 ≡ 𝑦𝑦 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑦𝑦′ ∗ 𝑥𝑥 ∈ 𝐻𝐻

𝐺𝐺 

𝐺𝐺 𝐻𝐻 𝑥𝑥 ∈
𝐺𝐺 ℎ ∈ 𝐺𝐺 𝑥𝑥 ∗ ℎ ∗ 𝑥𝑥′ ∈ 𝐻𝐻

𝐺𝐺 𝐺𝐺 y {𝑒𝑒}

𝐺𝐺 𝐺𝐺

(𝐺𝐺,∗)  𝑦𝑦 (𝐻𝐻,∗) 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺

𝑎𝑎 "≡",

Ejemplos
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[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}.

𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ ∗ 𝑎𝑎 |  ℎ ∈ 𝐻𝐻}
𝐻𝐻 𝐺𝐺 𝑎𝑎𝑎𝑎 = {𝑎𝑎 ∗ ℎ |  ℎ ∈ 𝐻𝐻

𝐻𝐻 𝐺𝐺

 (𝑉𝑉,∗)

 𝐻𝐻 = {𝐼𝐼} 𝐻𝐻 ∗ 𝐼𝐼 = 𝐻𝐻, 𝐻𝐻𝐻𝐻 = {𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐶𝐶}

 𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}

𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵, 𝐶𝐶} = 𝐻𝐻𝐻𝐻

 𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐶𝐶} = 𝐻𝐻𝐻𝐻.

 𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐵𝐵}

[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}.

𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ ∗ 𝑎𝑎 |  ℎ ∈ 𝐻𝐻}
𝐻𝐻 𝐺𝐺 𝑎𝑎𝑎𝑎 = {𝑎𝑎 ∗ ℎ |  ℎ ∈ 𝐻𝐻

𝐻𝐻 𝐺𝐺

 (𝑉𝑉,∗)

 𝐻𝐻 = {𝐼𝐼} 𝐻𝐻 ∗ 𝐼𝐼 = 𝐻𝐻, 𝐻𝐻𝐻𝐻 = {𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐶𝐶}

 𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}

𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵, 𝐶𝐶} = 𝐻𝐻𝐻𝐻

 𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐶𝐶} = 𝐻𝐻𝐻𝐻.

 𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐵𝐵}

[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}.

𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ ∗ 𝑎𝑎 |  ℎ ∈ 𝐻𝐻}
𝐻𝐻 𝐺𝐺 𝑎𝑎𝑎𝑎 = {𝑎𝑎 ∗ ℎ |  ℎ ∈ 𝐻𝐻

𝐻𝐻 𝐺𝐺

 (𝑉𝑉,∗)

 𝐻𝐻 = {𝐼𝐼} 𝐻𝐻 ∗ 𝐼𝐼 = 𝐻𝐻, 𝐻𝐻𝐻𝐻 = {𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐶𝐶}

 𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}

𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵, 𝐶𝐶} = 𝐻𝐻𝐻𝐻

 𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐶𝐶} = 𝐻𝐻𝐻𝐻.

 𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐵𝐵}

Ejemplos

Definición
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[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}.

𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ ∗ 𝑎𝑎 |  ℎ ∈ 𝐻𝐻}
𝐻𝐻 𝐺𝐺 𝑎𝑎𝑎𝑎 = {𝑎𝑎 ∗ ℎ |  ℎ ∈ 𝐻𝐻

𝐻𝐻 𝐺𝐺

 (𝑉𝑉,∗)

 𝐻𝐻 = {𝐼𝐼} 𝐻𝐻 ∗ 𝐼𝐼 = 𝐻𝐻, 𝐻𝐻𝐻𝐻 = {𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐶𝐶}

 𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}

𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵, 𝐶𝐶} = 𝐻𝐻𝐻𝐻

 𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐶𝐶} = 𝐻𝐻𝐻𝐻.

 𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐵𝐵}

[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}.

𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝐻𝐻 = {ℎ ∗ 𝑎𝑎 |  ℎ ∈ 𝐻𝐻}
𝐻𝐻 𝐺𝐺 𝑎𝑎𝑎𝑎 = {𝑎𝑎 ∗ ℎ |  ℎ ∈ 𝐻𝐻

𝐻𝐻 𝐺𝐺

 (𝑉𝑉,∗)

 𝐻𝐻 = {𝐼𝐼} 𝐻𝐻 ∗ 𝐼𝐼 = 𝐻𝐻, 𝐻𝐻𝐻𝐻 = {𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐶𝐶}

 𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}

𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐴𝐴}, 𝐻𝐻𝐻𝐻 = {𝐵𝐵, 𝐶𝐶} = 𝐻𝐻𝐻𝐻

 𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐵𝐵}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐶𝐶} = 𝐻𝐻𝐻𝐻.

 𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = 𝐻𝐻𝐻𝐻 = {𝐼𝐼, 𝐶𝐶}, 𝐻𝐻𝐻𝐻 = {𝐴𝐴, 𝐵𝐵}

𝐺𝐺

𝐻𝐻
𝐺𝐺

" ≡ "

 (𝑆𝑆3,∘) 𝐴𝐴3
𝐴𝐴3 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}

𝐴𝐴3𝜌𝜌0 = 𝐴𝐴3𝜌𝜌1 = 𝐴𝐴3𝜌𝜌2 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}.

𝐴𝐴3𝑢𝑢1 = 𝐴𝐴3𝑢𝑢2 = 𝐴𝐴3𝑢𝑢3 = {𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3}.

𝑆𝑆3

𝜌𝜌0𝐴𝐴3 = 𝜌𝜌1𝐴𝐴3 = 𝜌𝜌2𝐴𝐴3 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}.

𝑢𝑢1𝐴𝐴3 = 𝑢𝑢2𝐴𝐴3 = 𝑢𝑢3𝐴𝐴3 = {𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3}.

∘ 𝝆𝝆𝟎𝟎 𝝆𝝆𝟏𝟏 𝝆𝝆𝟐𝟐 𝝁𝝁𝟏𝟏 𝝁𝝁𝟐𝟐 𝝁𝝁𝟑𝟑
𝝆𝝆𝟎𝟎 𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3
𝝆𝝆𝟏𝟏 𝜌𝜌1 𝜌𝜌2 𝜌𝜌0 𝜇𝜇2 𝜇𝜇3 𝜇𝜇1
𝝆𝝆𝟐𝟐 𝜌𝜌2 𝜌𝜌0 𝜌𝜌1 𝜇𝜇3 𝜇𝜇1 𝜇𝜇2
𝝁𝝁𝟏𝟏 𝜇𝜇1 𝜇𝜇3 𝜇𝜇2 𝜌𝜌0 𝜌𝜌2 𝜌𝜌1
𝝁𝝁𝟐𝟐 𝜇𝜇2 𝜇𝜇1 𝜇𝜇3 𝜌𝜌1 𝜌𝜌0 𝜌𝜌2
𝝁𝝁𝟑𝟑 𝜇𝜇3 𝜇𝜇2 𝜇𝜇1 𝜌𝜌2 𝜌𝜌1 𝜌𝜌0
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 (ℤ, +) 𝑛𝑛ℤ

𝑛𝑛ℤ𝑧𝑧 = {𝑧𝑧 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ} = {𝑥𝑥 ∈ ℤ | 𝑥𝑥 ≡ 𝑧𝑧 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)}.

 (ℝ2. +) 𝐻𝐻 = {(𝑥𝑥, 𝑦𝑦) ∈ ℝ2 | 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0}
𝐻𝐻(𝑢𝑢, 𝑣𝑣)

𝐻𝐻

𝐻𝐻(𝑢𝑢, 𝑣𝑣)
𝐻𝐻

𝑎𝑎 ∈ 𝐺𝐺 (𝐺𝐺,∗) (𝐻𝐻,∗)
𝐻𝐻𝑎𝑎 [𝑎𝑎]

" ≡ "

𝐻𝐻𝑎𝑎 = {ℎ ∗ 𝑎𝑎 | ℎ ∈ 𝐻𝐻} = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ≡ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)} = [𝑎𝑎].

 (ℤ, +) 𝑛𝑛ℤ

𝑛𝑛ℤ𝑧𝑧 = {𝑧𝑧 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ} = {𝑥𝑥 ∈ ℤ | 𝑥𝑥 ≡ 𝑧𝑧 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)}.

 (ℝ2. +) 𝐻𝐻 = {(𝑥𝑥, 𝑦𝑦) ∈ ℝ2 | 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0}
𝐻𝐻(𝑢𝑢, 𝑣𝑣)

𝐻𝐻

𝐻𝐻(𝑢𝑢, 𝑣𝑣)
𝐻𝐻

𝑎𝑎 ∈ 𝐺𝐺 (𝐺𝐺,∗) (𝐻𝐻,∗)
𝐻𝐻𝑎𝑎 [𝑎𝑎]

" ≡ "

𝐻𝐻𝑎𝑎 = {ℎ ∗ 𝑎𝑎 | ℎ ∈ 𝐻𝐻} = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ≡ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)} = [𝑎𝑎].

Teorema
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 (ℤ, +) 𝑛𝑛ℤ

𝑛𝑛ℤ𝑧𝑧 = {𝑧𝑧 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ} = {𝑥𝑥 ∈ ℤ | 𝑥𝑥 ≡ 𝑧𝑧 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)}.

 (ℝ2. +) 𝐻𝐻 = {(𝑥𝑥, 𝑦𝑦) ∈ ℝ2 | 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0}
𝐻𝐻(𝑢𝑢, 𝑣𝑣)

𝐻𝐻

𝐻𝐻(𝑢𝑢, 𝑣𝑣)
𝐻𝐻

𝑎𝑎 ∈ 𝐺𝐺 (𝐺𝐺,∗) (𝐻𝐻,∗)
𝐻𝐻𝑎𝑎 [𝑎𝑎]

" ≡ "

𝐻𝐻𝑎𝑎 = {ℎ ∗ 𝑎𝑎 | ℎ ∈ 𝐻𝐻} = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ≡ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)} = [𝑎𝑎].

 (ℤ, +) 𝑛𝑛ℤ

𝑛𝑛ℤ𝑧𝑧 = {𝑧𝑧 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ} = {𝑥𝑥 ∈ ℤ | 𝑥𝑥 ≡ 𝑧𝑧 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)}.

 (ℝ2. +) 𝐻𝐻 = {(𝑥𝑥, 𝑦𝑦) ∈ ℝ2 | 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 = 0}
𝐻𝐻(𝑢𝑢, 𝑣𝑣)

𝐻𝐻

𝐻𝐻(𝑢𝑢, 𝑣𝑣)
𝐻𝐻

𝑎𝑎 ∈ 𝐺𝐺 (𝐺𝐺,∗) (𝐻𝐻,∗)
𝐻𝐻𝑎𝑎 [𝑎𝑎]

" ≡ "

𝐻𝐻𝑎𝑎 = {ℎ ∗ 𝑎𝑎 | ℎ ∈ 𝐻𝐻} = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ≡ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)} = [𝑎𝑎].

[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ≡ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}
𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎]

𝑥𝑥 ∈ 𝐻𝐻𝑎𝑎 𝑥𝑥 = ℎ ∗ 𝑎𝑎 ℎ ∈ H 𝑥𝑥 ∗ 𝑎𝑎′ = ℎ
𝑥𝑥 ∗ 𝑎𝑎′ ∈ 𝐻𝐻 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑥𝑥 ∈ [𝑎𝑎]

𝑥𝑥 ∈ 𝐻𝐻𝑎𝑎 𝑥𝑥 ∈ [𝑎𝑎]
𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎]

[𝑎𝑎] ⊂ 𝐻𝐻𝑎𝑎 y 𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎] 𝐻𝐻𝑎𝑎 = [𝑎𝑎]

∎

𝐻𝐻 𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
𝐻𝐻𝑎𝑎 𝐻𝐻𝑏𝑏

𝜑𝜑: 𝐻𝐻𝑎𝑎 → 𝐻𝐻𝑏𝑏 𝜑𝜑(ℎ ∗ 𝐴𝐴) = ℎ ∗ 𝑏𝑏

𝜑𝜑(ℎ1 ∗ 𝑎𝑎) = 𝜑𝜑(ℎ2 ∗ 𝑎𝑎) ℎ1 ∗ 𝑏𝑏 = ℎ2 ∗ 𝑏𝑏 ℎ1 ∗ 𝑏𝑏 ∗ 𝑏𝑏′ =
ℎ2 ∗ 𝑏𝑏 ∗ 𝑏𝑏′ ℎ1 = ℎ2 ℎ1 ∗ 𝑎𝑎 = ℎ2 ∗ 𝑎𝑎

[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ≡ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}
𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎]

𝑥𝑥 ∈ 𝐻𝐻𝑎𝑎 𝑥𝑥 = ℎ ∗ 𝑎𝑎 ℎ ∈ H 𝑥𝑥 ∗ 𝑎𝑎′ = ℎ
𝑥𝑥 ∗ 𝑎𝑎′ ∈ 𝐻𝐻 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑥𝑥 ∈ [𝑎𝑎]

𝑥𝑥 ∈ 𝐻𝐻𝑎𝑎 𝑥𝑥 ∈ [𝑎𝑎]
𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎]

[𝑎𝑎] ⊂ 𝐻𝐻𝑎𝑎 y 𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎] 𝐻𝐻𝑎𝑎 = [𝑎𝑎]

∎

𝐻𝐻 𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
𝐻𝐻𝑎𝑎 𝐻𝐻𝑏𝑏

𝜑𝜑: 𝐻𝐻𝑎𝑎 → 𝐻𝐻𝑏𝑏 𝜑𝜑(ℎ ∗ 𝐴𝐴) = ℎ ∗ 𝑏𝑏

𝜑𝜑(ℎ1 ∗ 𝑎𝑎) = 𝜑𝜑(ℎ2 ∗ 𝑎𝑎) ℎ1 ∗ 𝑏𝑏 = ℎ2 ∗ 𝑏𝑏 ℎ1 ∗ 𝑏𝑏 ∗ 𝑏𝑏′ =
ℎ2 ∗ 𝑏𝑏 ∗ 𝑏𝑏′ ℎ1 = ℎ2 ℎ1 ∗ 𝑎𝑎 = ℎ2 ∗ 𝑎𝑎

[𝑎𝑎] = {𝑥𝑥 ∈ 𝐺𝐺 | 𝑎𝑎 ≡ 𝑥𝑥 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻)}
𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎]

𝑥𝑥 ∈ 𝐻𝐻𝑎𝑎 𝑥𝑥 = ℎ ∗ 𝑎𝑎 ℎ ∈ H 𝑥𝑥 ∗ 𝑎𝑎′ = ℎ
𝑥𝑥 ∗ 𝑎𝑎′ ∈ 𝐻𝐻 𝑥𝑥 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝐻𝐻) 𝑥𝑥 ∈ [𝑎𝑎]

𝑥𝑥 ∈ 𝐻𝐻𝑎𝑎 𝑥𝑥 ∈ [𝑎𝑎]
𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎]

[𝑎𝑎] ⊂ 𝐻𝐻𝑎𝑎 y 𝐻𝐻𝑎𝑎 ⊂ [𝑎𝑎] 𝐻𝐻𝑎𝑎 = [𝑎𝑎]

∎

𝐻𝐻 𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
𝐻𝐻𝑎𝑎 𝐻𝐻𝑏𝑏

𝜑𝜑: 𝐻𝐻𝑎𝑎 → 𝐻𝐻𝑏𝑏 𝜑𝜑(ℎ ∗ 𝐴𝐴) = ℎ ∗ 𝑏𝑏

𝜑𝜑(ℎ1 ∗ 𝑎𝑎) = 𝜑𝜑(ℎ2 ∗ 𝑎𝑎) ℎ1 ∗ 𝑏𝑏 = ℎ2 ∗ 𝑏𝑏 ℎ1 ∗ 𝑏𝑏 ∗ 𝑏𝑏′ =
ℎ2 ∗ 𝑏𝑏 ∗ 𝑏𝑏′ ℎ1 = ℎ2 ℎ1 ∗ 𝑎𝑎 = ℎ2 ∗ 𝑎𝑎
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ℎ ∗ 𝑏𝑏 𝐻𝐻𝐻𝐻 ℎ ∗ 𝑎𝑎
𝜑𝜑

∎

𝐻𝐻 = 𝐻𝐻𝑒𝑒 𝐻𝐻
𝐻𝐻 𝐺𝐺 𝐻𝐻

𝐻𝐻 (𝑜𝑜𝑜𝑜)

𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝑎𝑎

𝐺𝐺 𝑘𝑘
𝑘𝑘. 𝑜𝑜(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)

(𝐺𝐺,∗) (𝐻𝐻,∗) 𝐺𝐺 𝑜𝑜(𝐻𝐻)| 𝑜𝑜(𝐺𝐺)

∎

𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺

𝐷𝐷 = {𝐻𝐻𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺} 𝐸𝐸 = {𝑎𝑎𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺}
#𝐷𝐷 = #𝐸𝐸

ℎ ∗ 𝑏𝑏 𝐻𝐻𝐻𝐻 ℎ ∗ 𝑎𝑎
𝜑𝜑

∎

𝐻𝐻 = 𝐻𝐻𝑒𝑒 𝐻𝐻
𝐻𝐻 𝐺𝐺 𝐻𝐻

𝐻𝐻 (𝑜𝑜𝑜𝑜)

𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝑎𝑎

𝐺𝐺 𝑘𝑘
𝑘𝑘. 𝑜𝑜(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)

(𝐺𝐺,∗) (𝐻𝐻,∗) 𝐺𝐺 𝑜𝑜(𝐻𝐻)| 𝑜𝑜(𝐺𝐺)

∎

𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺

𝐷𝐷 = {𝐻𝐻𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺} 𝐸𝐸 = {𝑎𝑎𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺}
#𝐷𝐷 = #𝐸𝐸

ℎ ∗ 𝑏𝑏 𝐻𝐻𝐻𝐻 ℎ ∗ 𝑎𝑎
𝜑𝜑

∎

𝐻𝐻 = 𝐻𝐻𝑒𝑒 𝐻𝐻
𝐻𝐻 𝐺𝐺 𝐻𝐻

𝐻𝐻 (𝑜𝑜𝑜𝑜)

𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝑎𝑎

𝐺𝐺 𝑘𝑘
𝑘𝑘. 𝑜𝑜(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)

(𝐺𝐺,∗) (𝐻𝐻,∗) 𝐺𝐺 𝑜𝑜(𝐻𝐻)| 𝑜𝑜(𝐺𝐺)

∎

𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺

𝐷𝐷 = {𝐻𝐻𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺} 𝐸𝐸 = {𝑎𝑎𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺}
#𝐷𝐷 = #𝐸𝐸

ℎ ∗ 𝑏𝑏 𝐻𝐻𝐻𝐻 ℎ ∗ 𝑎𝑎
𝜑𝜑

∎

𝐻𝐻 = 𝐻𝐻𝑒𝑒 𝐻𝐻
𝐻𝐻 𝐺𝐺 𝐻𝐻

𝐻𝐻 (𝑜𝑜𝑜𝑜)

𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝑎𝑎

𝐺𝐺 𝑘𝑘
𝑘𝑘. 𝑜𝑜(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)

(𝐺𝐺,∗) (𝐻𝐻,∗) 𝐺𝐺 𝑜𝑜(𝐻𝐻)| 𝑜𝑜(𝐺𝐺)

∎

𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺

𝐷𝐷 = {𝐻𝐻𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺} 𝐸𝐸 = {𝑎𝑎𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺}
#𝐷𝐷 = #𝐸𝐸

Teorema de Lagrange

Teorema

Demostración
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ℎ ∗ 𝑏𝑏 𝐻𝐻𝐻𝐻 ℎ ∗ 𝑎𝑎
𝜑𝜑

∎

𝐻𝐻 = 𝐻𝐻𝑒𝑒 𝐻𝐻
𝐻𝐻 𝐺𝐺 𝐻𝐻

𝐻𝐻 (𝑜𝑜𝑜𝑜)

𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝑎𝑎

𝐺𝐺 𝑘𝑘
𝑘𝑘. 𝑜𝑜(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)

(𝐺𝐺,∗) (𝐻𝐻,∗) 𝐺𝐺 𝑜𝑜(𝐻𝐻)| 𝑜𝑜(𝐺𝐺)

∎

𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺

𝐷𝐷 = {𝐻𝐻𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺} 𝐸𝐸 = {𝑎𝑎𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺}
#𝐷𝐷 = #𝐸𝐸

ℎ ∗ 𝑏𝑏 𝐻𝐻𝐻𝐻 ℎ ∗ 𝑎𝑎
𝜑𝜑

∎

𝐻𝐻 = 𝐻𝐻𝑒𝑒 𝐻𝐻
𝐻𝐻 𝐺𝐺 𝐻𝐻

𝐻𝐻 (𝑜𝑜𝑜𝑜)

𝑎𝑎 ∈ 𝐺𝐺 𝐻𝐻𝑎𝑎

𝐺𝐺 𝑘𝑘
𝑘𝑘. 𝑜𝑜(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)

(𝐺𝐺,∗) (𝐻𝐻,∗) 𝐺𝐺 𝑜𝑜(𝐻𝐻)| 𝑜𝑜(𝐺𝐺)

∎

𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺

𝐷𝐷 = {𝐻𝐻𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺} 𝐸𝐸 = {𝑎𝑎𝑎𝑎 | 𝑎𝑎 ∈ 𝐺𝐺}
#𝐷𝐷 = #𝐸𝐸

𝜑𝜑: 𝐷𝐷 → 𝐸𝐸 𝜑𝜑(𝐻𝐻𝑎𝑎) = 𝑎𝑎′𝐻𝐻

𝜑𝜑𝐻𝐻𝑎𝑎 = 𝜑𝜑𝐻𝐻𝑏𝑏 => 𝑎𝑎′𝐻𝐻 = 𝑏𝑏′𝐻𝐻 => 𝑎𝑎′ ∗ ℎ1 = 𝑏𝑏′ ∗ ℎ2 ℎ1 ℎ2

𝐻𝐻

(𝑎𝑎′ ∗ ℎ1)′ = (𝑏𝑏′ ∗ ℎ2)′ ℎ1
′ ∗ 𝑎𝑎 = ℎ2

′ ∗ 𝑏𝑏 𝐻𝐻
𝐺𝐺 ℎ1

′ 𝑦𝑦 ℎ2
′ 𝐻𝐻

𝐻𝐻𝑎𝑎 = 𝐻𝐻𝑏𝑏

∎

𝐺𝐺 𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺 𝑖𝑖𝐺𝐺(𝐻𝐻)

𝑖𝑖𝐺𝐺(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)
𝑜𝑜(𝐻𝐻).

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎
𝑚𝑚 𝑎𝑎𝑚𝑚 = 𝑒𝑒 𝑎𝑎

𝜑𝜑: 𝐷𝐷 → 𝐸𝐸 𝜑𝜑(𝐻𝐻𝑎𝑎) = 𝑎𝑎′𝐻𝐻

𝜑𝜑𝐻𝐻𝑎𝑎 = 𝜑𝜑𝐻𝐻𝑏𝑏 => 𝑎𝑎′𝐻𝐻 = 𝑏𝑏′𝐻𝐻 => 𝑎𝑎′ ∗ ℎ1 = 𝑏𝑏′ ∗ ℎ2 ℎ1 ℎ2

𝐻𝐻

(𝑎𝑎′ ∗ ℎ1)′ = (𝑏𝑏′ ∗ ℎ2)′ ℎ1
′ ∗ 𝑎𝑎 = ℎ2

′ ∗ 𝑏𝑏 𝐻𝐻
𝐺𝐺 ℎ1

′ 𝑦𝑦 ℎ2
′ 𝐻𝐻

𝐻𝐻𝑎𝑎 = 𝐻𝐻𝑏𝑏

∎

𝐺𝐺 𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺 𝑖𝑖𝐺𝐺(𝐻𝐻)

𝑖𝑖𝐺𝐺(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)
𝑜𝑜(𝐻𝐻).

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎
𝑚𝑚 𝑎𝑎𝑚𝑚 = 𝑒𝑒 𝑎𝑎

𝜑𝜑: 𝐷𝐷 → 𝐸𝐸 𝜑𝜑(𝐻𝐻𝑎𝑎) = 𝑎𝑎′𝐻𝐻

𝜑𝜑𝐻𝐻𝑎𝑎 = 𝜑𝜑𝐻𝐻𝑏𝑏 => 𝑎𝑎′𝐻𝐻 = 𝑏𝑏′𝐻𝐻 => 𝑎𝑎′ ∗ ℎ1 = 𝑏𝑏′ ∗ ℎ2 ℎ1 ℎ2

𝐻𝐻

(𝑎𝑎′ ∗ ℎ1)′ = (𝑏𝑏′ ∗ ℎ2)′ ℎ1
′ ∗ 𝑎𝑎 = ℎ2

′ ∗ 𝑏𝑏 𝐻𝐻
𝐺𝐺 ℎ1

′ 𝑦𝑦 ℎ2
′ 𝐻𝐻

𝐻𝐻𝑎𝑎 = 𝐻𝐻𝑏𝑏

∎

𝐺𝐺 𝐻𝐻 𝐺𝐺
𝐻𝐻 𝐺𝐺 𝑖𝑖𝐺𝐺(𝐻𝐻)

𝑖𝑖𝐺𝐺(𝐻𝐻) = 𝑜𝑜(𝐺𝐺)
𝑜𝑜(𝐻𝐻).

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎
𝑚𝑚 𝑎𝑎𝑚𝑚 = 𝑒𝑒 𝑎𝑎

Definición

Definición
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𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺)

(𝑎𝑎) 𝐺𝐺 𝑎𝑎

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒

𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺) 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒 𝑚𝑚 ∈ ℕ

𝑜𝑜(𝐺𝐺) = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) 𝑎𝑎𝑜𝑜(𝐺𝐺) = (𝑎𝑎𝑜𝑜((𝑎𝑎)))𝑚𝑚 = 𝑒𝑒𝑚𝑚 = 𝑒𝑒

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, ⋯ , (𝑏𝑏 − 1)𝑎𝑎 𝑏𝑏

𝑚𝑚 > 𝑚𝑚′ y 𝑚𝑚 < 𝑏𝑏, 𝑚𝑚′ < 𝑏𝑏 𝑚𝑚𝑚𝑚  y  𝑚𝑚′𝑎𝑎
𝑏𝑏 𝑚𝑚𝑚𝑚 = 𝑏𝑏𝑞𝑞1 + 𝑟𝑟  y 𝑚𝑚′𝑎𝑎 = 𝑏𝑏𝑞𝑞2 + 𝑟𝑟

𝑟𝑟 = 𝑚𝑚𝑚𝑚 − 𝑏𝑏𝑞𝑞1 = 𝑚𝑚′𝑎𝑎 − 𝑏𝑏𝑞𝑞2 (𝑚𝑚 − 𝑚𝑚′)𝑎𝑎 = 𝑏𝑏(𝑞𝑞1 − 𝑞𝑞2)
𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′ (𝑎𝑎, 𝑏𝑏) = 1 𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′

0 < 𝑚𝑚 − 𝑚𝑚′ < 𝑏𝑏

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺)

(𝑎𝑎) 𝐺𝐺 𝑎𝑎

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒

𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺) 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒 𝑚𝑚 ∈ ℕ

𝑜𝑜(𝐺𝐺) = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) 𝑎𝑎𝑜𝑜(𝐺𝐺) = (𝑎𝑎𝑜𝑜((𝑎𝑎)))𝑚𝑚 = 𝑒𝑒𝑚𝑚 = 𝑒𝑒

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, ⋯ , (𝑏𝑏 − 1)𝑎𝑎 𝑏𝑏

𝑚𝑚 > 𝑚𝑚′ y 𝑚𝑚 < 𝑏𝑏, 𝑚𝑚′ < 𝑏𝑏 𝑚𝑚𝑚𝑚  y  𝑚𝑚′𝑎𝑎
𝑏𝑏 𝑚𝑚𝑚𝑚 = 𝑏𝑏𝑞𝑞1 + 𝑟𝑟  y 𝑚𝑚′𝑎𝑎 = 𝑏𝑏𝑞𝑞2 + 𝑟𝑟

𝑟𝑟 = 𝑚𝑚𝑚𝑚 − 𝑏𝑏𝑞𝑞1 = 𝑚𝑚′𝑎𝑎 − 𝑏𝑏𝑞𝑞2 (𝑚𝑚 − 𝑚𝑚′)𝑎𝑎 = 𝑏𝑏(𝑞𝑞1 − 𝑞𝑞2)
𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′ (𝑎𝑎, 𝑏𝑏) = 1 𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′

0 < 𝑚𝑚 − 𝑚𝑚′ < 𝑏𝑏

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺)

(𝑎𝑎) 𝐺𝐺 𝑎𝑎

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒

𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺) 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒 𝑚𝑚 ∈ ℕ

𝑜𝑜(𝐺𝐺) = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) 𝑎𝑎𝑜𝑜(𝐺𝐺) = (𝑎𝑎𝑜𝑜((𝑎𝑎)))𝑚𝑚 = 𝑒𝑒𝑚𝑚 = 𝑒𝑒

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, ⋯ , (𝑏𝑏 − 1)𝑎𝑎 𝑏𝑏

𝑚𝑚 > 𝑚𝑚′ y 𝑚𝑚 < 𝑏𝑏, 𝑚𝑚′ < 𝑏𝑏 𝑚𝑚𝑚𝑚  y  𝑚𝑚′𝑎𝑎
𝑏𝑏 𝑚𝑚𝑚𝑚 = 𝑏𝑏𝑞𝑞1 + 𝑟𝑟  y 𝑚𝑚′𝑎𝑎 = 𝑏𝑏𝑞𝑞2 + 𝑟𝑟

𝑟𝑟 = 𝑚𝑚𝑚𝑚 − 𝑏𝑏𝑞𝑞1 = 𝑚𝑚′𝑎𝑎 − 𝑏𝑏𝑞𝑞2 (𝑚𝑚 − 𝑚𝑚′)𝑎𝑎 = 𝑏𝑏(𝑞𝑞1 − 𝑞𝑞2)
𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′ (𝑎𝑎, 𝑏𝑏) = 1 𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′

0 < 𝑚𝑚 − 𝑚𝑚′ < 𝑏𝑏

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺)

(𝑎𝑎) 𝐺𝐺 𝑎𝑎

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒

𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺) 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒 𝑚𝑚 ∈ ℕ

𝑜𝑜(𝐺𝐺) = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) 𝑎𝑎𝑜𝑜(𝐺𝐺) = (𝑎𝑎𝑜𝑜((𝑎𝑎)))𝑚𝑚 = 𝑒𝑒𝑚𝑚 = 𝑒𝑒

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, ⋯ , (𝑏𝑏 − 1)𝑎𝑎 𝑏𝑏

𝑚𝑚 > 𝑚𝑚′ y 𝑚𝑚 < 𝑏𝑏, 𝑚𝑚′ < 𝑏𝑏 𝑚𝑚𝑚𝑚  y  𝑚𝑚′𝑎𝑎
𝑏𝑏 𝑚𝑚𝑚𝑚 = 𝑏𝑏𝑞𝑞1 + 𝑟𝑟  y 𝑚𝑚′𝑎𝑎 = 𝑏𝑏𝑞𝑞2 + 𝑟𝑟

𝑟𝑟 = 𝑚𝑚𝑚𝑚 − 𝑏𝑏𝑞𝑞1 = 𝑚𝑚′𝑎𝑎 − 𝑏𝑏𝑞𝑞2 (𝑚𝑚 − 𝑚𝑚′)𝑎𝑎 = 𝑏𝑏(𝑞𝑞1 − 𝑞𝑞2)
𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′ (𝑎𝑎, 𝑏𝑏) = 1 𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′

0 < 𝑚𝑚 − 𝑚𝑚′ < 𝑏𝑏

Corolarios al Teorema de Lagrange

Corolario 1

Corolario 2

Teorema

Demostración

𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, … , (𝑏𝑏 − 1)𝑎𝑎 (𝑏𝑏 − 1)
𝑏𝑏 − 1 1,2,3, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) 𝑦𝑦 𝑐𝑐 𝑐𝑐, 𝑎𝑎 + 𝑐𝑐, 2𝑎𝑎 +
𝑐𝑐, 3𝑎𝑎 + 𝑐𝑐, … , (𝑏𝑏 − 1)𝑎𝑎 + 𝑐𝑐 𝑏𝑏

𝑐𝑐, 𝑐𝑐 + 1, 𝑐𝑐 + 2, … , 𝑐𝑐 + (𝑏𝑏 − 1)
0,1,2, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝜑𝜑(𝑎𝑎𝑎𝑎) = 𝜑𝜑(𝑎𝑎)𝜑𝜑(𝑏𝑏)

(ℤ𝑛𝑛,∙ ,1)
 (𝑜𝑜(ℤ𝑛𝑛),∙ ,1) 𝜑𝜑(𝑛𝑛)

𝜑𝜑(𝑛𝑛) 𝑛𝑛
𝑛𝑛 𝑎𝑎 ∈  𝑈𝑈(ℤ𝑛𝑛)

𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑚𝑚 𝑎𝑎 ∈ ℕ (𝑎𝑎, 𝑛𝑛) = 1
𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)
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𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺)

(𝑎𝑎) 𝐺𝐺 𝑎𝑎

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒

𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺) 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒 𝑚𝑚 ∈ ℕ

𝑜𝑜(𝐺𝐺) = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) 𝑎𝑎𝑜𝑜(𝐺𝐺) = (𝑎𝑎𝑜𝑜((𝑎𝑎)))𝑚𝑚 = 𝑒𝑒𝑚𝑚 = 𝑒𝑒

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, ⋯ , (𝑏𝑏 − 1)𝑎𝑎 𝑏𝑏

𝑚𝑚 > 𝑚𝑚′ y 𝑚𝑚 < 𝑏𝑏, 𝑚𝑚′ < 𝑏𝑏 𝑚𝑚𝑚𝑚  y  𝑚𝑚′𝑎𝑎
𝑏𝑏 𝑚𝑚𝑚𝑚 = 𝑏𝑏𝑞𝑞1 + 𝑟𝑟  y 𝑚𝑚′𝑎𝑎 = 𝑏𝑏𝑞𝑞2 + 𝑟𝑟

𝑟𝑟 = 𝑚𝑚𝑚𝑚 − 𝑏𝑏𝑞𝑞1 = 𝑚𝑚′𝑎𝑎 − 𝑏𝑏𝑞𝑞2 (𝑚𝑚 − 𝑚𝑚′)𝑎𝑎 = 𝑏𝑏(𝑞𝑞1 − 𝑞𝑞2)
𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′ (𝑎𝑎, 𝑏𝑏) = 1 𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′

0 < 𝑚𝑚 − 𝑚𝑚′ < 𝑏𝑏

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺)

(𝑎𝑎) 𝐺𝐺 𝑎𝑎

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒

𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺) 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒 𝑚𝑚 ∈ ℕ

𝑜𝑜(𝐺𝐺) = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) 𝑎𝑎𝑜𝑜(𝐺𝐺) = (𝑎𝑎𝑜𝑜((𝑎𝑎)))𝑚𝑚 = 𝑒𝑒𝑚𝑚 = 𝑒𝑒

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, ⋯ , (𝑏𝑏 − 1)𝑎𝑎 𝑏𝑏

𝑚𝑚 > 𝑚𝑚′ y 𝑚𝑚 < 𝑏𝑏, 𝑚𝑚′ < 𝑏𝑏 𝑚𝑚𝑚𝑚  y  𝑚𝑚′𝑎𝑎
𝑏𝑏 𝑚𝑚𝑚𝑚 = 𝑏𝑏𝑞𝑞1 + 𝑟𝑟  y 𝑚𝑚′𝑎𝑎 = 𝑏𝑏𝑞𝑞2 + 𝑟𝑟

𝑟𝑟 = 𝑚𝑚𝑚𝑚 − 𝑏𝑏𝑞𝑞1 = 𝑚𝑚′𝑎𝑎 − 𝑏𝑏𝑞𝑞2 (𝑚𝑚 − 𝑚𝑚′)𝑎𝑎 = 𝑏𝑏(𝑞𝑞1 − 𝑞𝑞2)
𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′ (𝑎𝑎, 𝑏𝑏) = 1 𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′

0 < 𝑚𝑚 − 𝑚𝑚′ < 𝑏𝑏

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺)

(𝑎𝑎) 𝐺𝐺 𝑎𝑎

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒

𝑜𝑜((𝑎𝑎))| 𝑜𝑜(𝐺𝐺) 𝑎𝑎𝑜𝑜(𝐺𝐺) = 𝑒𝑒 𝑚𝑚 ∈ ℕ

𝑜𝑜(𝐺𝐺) = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) 𝑎𝑎𝑜𝑜(𝐺𝐺) = (𝑎𝑎𝑜𝑜((𝑎𝑎)))𝑚𝑚 = 𝑒𝑒𝑚𝑚 = 𝑒𝑒

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, ⋯ , (𝑏𝑏 − 1)𝑎𝑎 𝑏𝑏

𝑚𝑚 > 𝑚𝑚′ y 𝑚𝑚 < 𝑏𝑏, 𝑚𝑚′ < 𝑏𝑏 𝑚𝑚𝑚𝑚  y  𝑚𝑚′𝑎𝑎
𝑏𝑏 𝑚𝑚𝑚𝑚 = 𝑏𝑏𝑞𝑞1 + 𝑟𝑟  y 𝑚𝑚′𝑎𝑎 = 𝑏𝑏𝑞𝑞2 + 𝑟𝑟

𝑟𝑟 = 𝑚𝑚𝑚𝑚 − 𝑏𝑏𝑞𝑞1 = 𝑚𝑚′𝑎𝑎 − 𝑏𝑏𝑞𝑞2 (𝑚𝑚 − 𝑚𝑚′)𝑎𝑎 = 𝑏𝑏(𝑞𝑞1 − 𝑞𝑞2)
𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′ (𝑎𝑎, 𝑏𝑏) = 1 𝑏𝑏 | 𝑚𝑚 − 𝑚𝑚′

0 < 𝑚𝑚 − 𝑚𝑚′ < 𝑏𝑏

𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, … , (𝑏𝑏 − 1)𝑎𝑎 (𝑏𝑏 − 1)
𝑏𝑏 − 1 1,2,3, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) 𝑦𝑦 𝑐𝑐 𝑐𝑐, 𝑎𝑎 + 𝑐𝑐, 2𝑎𝑎 +
𝑐𝑐, 3𝑎𝑎 + 𝑐𝑐, … , (𝑏𝑏 − 1)𝑎𝑎 + 𝑐𝑐 𝑏𝑏

𝑐𝑐, 𝑐𝑐 + 1, 𝑐𝑐 + 2, … , 𝑐𝑐 + (𝑏𝑏 − 1)
0,1,2, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝜑𝜑(𝑎𝑎𝑎𝑎) = 𝜑𝜑(𝑎𝑎)𝜑𝜑(𝑏𝑏)

(ℤ𝑛𝑛,∙ ,1)
 (𝑜𝑜(ℤ𝑛𝑛),∙ ,1) 𝜑𝜑(𝑛𝑛)

𝜑𝜑(𝑛𝑛) 𝑛𝑛
𝑛𝑛 𝑎𝑎 ∈  𝑈𝑈(ℤ𝑛𝑛)

𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑚𝑚 𝑎𝑎 ∈ ℕ (𝑎𝑎, 𝑛𝑛) = 1
𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, … , (𝑏𝑏 − 1)𝑎𝑎 (𝑏𝑏 − 1)
𝑏𝑏 − 1 1,2,3, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) 𝑦𝑦 𝑐𝑐 𝑐𝑐, 𝑎𝑎 + 𝑐𝑐, 2𝑎𝑎 +
𝑐𝑐, 3𝑎𝑎 + 𝑐𝑐, … , (𝑏𝑏 − 1)𝑎𝑎 + 𝑐𝑐 𝑏𝑏

𝑐𝑐, 𝑐𝑐 + 1, 𝑐𝑐 + 2, … , 𝑐𝑐 + (𝑏𝑏 − 1)
0,1,2, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝜑𝜑(𝑎𝑎𝑎𝑎) = 𝜑𝜑(𝑎𝑎)𝜑𝜑(𝑏𝑏)

(ℤ𝑛𝑛,∙ ,1)
 (𝑜𝑜(ℤ𝑛𝑛),∙ ,1) 𝜑𝜑(𝑛𝑛)

𝜑𝜑(𝑛𝑛) 𝑛𝑛
𝑛𝑛 𝑎𝑎 ∈  𝑈𝑈(ℤ𝑛𝑛)

𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑚𝑚 𝑎𝑎 ∈ ℕ (𝑎𝑎, 𝑛𝑛) = 1
𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, … , (𝑏𝑏 − 1)𝑎𝑎 (𝑏𝑏 − 1)
𝑏𝑏 − 1 1,2,3, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) 𝑦𝑦 𝑐𝑐 𝑐𝑐, 𝑎𝑎 + 𝑐𝑐, 2𝑎𝑎 +
𝑐𝑐, 3𝑎𝑎 + 𝑐𝑐, … , (𝑏𝑏 − 1)𝑎𝑎 + 𝑐𝑐 𝑏𝑏

𝑐𝑐, 𝑐𝑐 + 1, 𝑐𝑐 + 2, … , 𝑐𝑐 + (𝑏𝑏 − 1)
0,1,2, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝜑𝜑(𝑎𝑎𝑎𝑎) = 𝜑𝜑(𝑎𝑎)𝜑𝜑(𝑏𝑏)

(ℤ𝑛𝑛,∙ ,1)
 (𝑜𝑜(ℤ𝑛𝑛),∙ ,1) 𝜑𝜑(𝑛𝑛)

𝜑𝜑(𝑛𝑛) 𝑛𝑛
𝑛𝑛 𝑎𝑎 ∈  𝑈𝑈(ℤ𝑛𝑛)

𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑚𝑚 𝑎𝑎 ∈ ℕ (𝑎𝑎, 𝑛𝑛) = 1
𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑎𝑎, 2𝑎𝑎, 3𝑎𝑎, … , (𝑏𝑏 − 1)𝑎𝑎 (𝑏𝑏 − 1)
𝑏𝑏 − 1 1,2,3, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) 𝑦𝑦 𝑐𝑐 𝑐𝑐, 𝑎𝑎 + 𝑐𝑐, 2𝑎𝑎 +
𝑐𝑐, 3𝑎𝑎 + 𝑐𝑐, … , (𝑏𝑏 − 1)𝑎𝑎 + 𝑐𝑐 𝑏𝑏

𝑐𝑐, 𝑐𝑐 + 1, 𝑐𝑐 + 2, … , 𝑐𝑐 + (𝑏𝑏 − 1)
0,1,2, … , 𝑏𝑏 − 1

∎

(𝑎𝑎, 𝑏𝑏) = 1 𝜑𝜑(𝑎𝑎𝑎𝑎) = 𝜑𝜑(𝑎𝑎)𝜑𝜑(𝑏𝑏)

(ℤ𝑛𝑛,∙ ,1)
 (𝑜𝑜(ℤ𝑛𝑛),∙ ,1) 𝜑𝜑(𝑛𝑛)

𝜑𝜑(𝑛𝑛) 𝑛𝑛
𝑛𝑛 𝑎𝑎 ∈  𝑈𝑈(ℤ𝑛𝑛)

𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

𝑚𝑚 𝑎𝑎 ∈ ℕ (𝑎𝑎, 𝑛𝑛) = 1
𝑎𝑎𝜑𝜑(𝑛𝑛) ≡ 1  (𝑀𝑀𝑀𝑀𝑀𝑀 𝑛𝑛)

Corolario

Teorema de Euler

Teorema
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𝑝𝑝 ℕ 𝑎𝑎 ∈ ℤ+ 𝑝𝑝 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝑝𝑝 𝜑𝜑(𝑝𝑝) = 𝑝𝑝 − 1
𝑎𝑎 (𝑝𝑝, 𝑎𝑎) = 1 𝑎𝑎𝑝𝑝−1 ≡ 1 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

" ≡ " 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝐺𝐺 𝑝𝑝 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ≠ 𝑒𝑒 (𝑎𝑎) 𝐺𝐺 (𝑎𝑎)
𝑎𝑎 𝑜𝑜((𝑎𝑎))

𝑜𝑜((𝑎𝑎))| 𝑝𝑝

𝑝𝑝 = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) = 𝑚𝑚 𝑜𝑜((𝑎𝑎)) 𝑝𝑝
0((𝑎𝑎)) = 1 ó 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝

𝑜𝑜((𝑎𝑎)) ≠ 1 𝑎𝑎 ≠ 𝑒𝑒 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝 = 𝑜𝑜(𝐺𝐺)
(𝑎𝑎) 𝐺𝐺

(𝑎𝑎) = 𝐺𝐺

𝑝𝑝 ℕ 𝑎𝑎 ∈ ℤ+ 𝑝𝑝 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝑝𝑝 𝜑𝜑(𝑝𝑝) = 𝑝𝑝 − 1
𝑎𝑎 (𝑝𝑝, 𝑎𝑎) = 1 𝑎𝑎𝑝𝑝−1 ≡ 1 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

" ≡ " 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝐺𝐺 𝑝𝑝 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ≠ 𝑒𝑒 (𝑎𝑎) 𝐺𝐺 (𝑎𝑎)
𝑎𝑎 𝑜𝑜((𝑎𝑎))

𝑜𝑜((𝑎𝑎))| 𝑝𝑝

𝑝𝑝 = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) = 𝑚𝑚 𝑜𝑜((𝑎𝑎)) 𝑝𝑝
0((𝑎𝑎)) = 1 ó 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝

𝑜𝑜((𝑎𝑎)) ≠ 1 𝑎𝑎 ≠ 𝑒𝑒 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝 = 𝑜𝑜(𝐺𝐺)
(𝑎𝑎) 𝐺𝐺

(𝑎𝑎) = 𝐺𝐺

𝑝𝑝 ℕ 𝑎𝑎 ∈ ℤ+ 𝑝𝑝 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝑝𝑝 𝜑𝜑(𝑝𝑝) = 𝑝𝑝 − 1
𝑎𝑎 (𝑝𝑝, 𝑎𝑎) = 1 𝑎𝑎𝑝𝑝−1 ≡ 1 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

" ≡ " 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝐺𝐺 𝑝𝑝 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ≠ 𝑒𝑒 (𝑎𝑎) 𝐺𝐺 (𝑎𝑎)
𝑎𝑎 𝑜𝑜((𝑎𝑎))

𝑜𝑜((𝑎𝑎))| 𝑝𝑝

𝑝𝑝 = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) = 𝑚𝑚 𝑜𝑜((𝑎𝑎)) 𝑝𝑝
0((𝑎𝑎)) = 1 ó 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝

𝑜𝑜((𝑎𝑎)) ≠ 1 𝑎𝑎 ≠ 𝑒𝑒 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝 = 𝑜𝑜(𝐺𝐺)
(𝑎𝑎) 𝐺𝐺

(𝑎𝑎) = 𝐺𝐺

Corolario 4

Corolario 5

Demostración
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𝑝𝑝 ℕ 𝑎𝑎 ∈ ℤ+ 𝑝𝑝 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝑝𝑝 𝜑𝜑(𝑝𝑝) = 𝑝𝑝 − 1
𝑎𝑎 (𝑝𝑝, 𝑎𝑎) = 1 𝑎𝑎𝑝𝑝−1 ≡ 1 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

" ≡ " 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝐺𝐺 𝑝𝑝 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ≠ 𝑒𝑒 (𝑎𝑎) 𝐺𝐺 (𝑎𝑎)
𝑎𝑎 𝑜𝑜((𝑎𝑎))

𝑜𝑜((𝑎𝑎))| 𝑝𝑝

𝑝𝑝 = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) = 𝑚𝑚 𝑜𝑜((𝑎𝑎)) 𝑝𝑝
0((𝑎𝑎)) = 1 ó 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝

𝑜𝑜((𝑎𝑎)) ≠ 1 𝑎𝑎 ≠ 𝑒𝑒 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝 = 𝑜𝑜(𝐺𝐺)
(𝑎𝑎) 𝐺𝐺

(𝑎𝑎) = 𝐺𝐺

𝑝𝑝 ℕ 𝑎𝑎 ∈ ℤ+ 𝑝𝑝 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝑝𝑝 𝜑𝜑(𝑝𝑝) = 𝑝𝑝 − 1
𝑎𝑎 (𝑝𝑝, 𝑎𝑎) = 1 𝑎𝑎𝑝𝑝−1 ≡ 1 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

" ≡ " 𝑎𝑎
𝑎𝑎𝑝𝑝 ≡ 𝑎𝑎 (𝑀𝑀𝑀𝑀𝑀𝑀 𝑝𝑝)

𝐺𝐺 𝑝𝑝 𝐺𝐺

𝑎𝑎 ∈ 𝐺𝐺, 𝑎𝑎 ≠ 𝑒𝑒 (𝑎𝑎) 𝐺𝐺 (𝑎𝑎)
𝑎𝑎 𝑜𝑜((𝑎𝑎))

𝑜𝑜((𝑎𝑎))| 𝑝𝑝

𝑝𝑝 = 𝑚𝑚. 𝑜𝑜((𝑎𝑎)) = 𝑚𝑚 𝑜𝑜((𝑎𝑎)) 𝑝𝑝
0((𝑎𝑎)) = 1 ó 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝

𝑜𝑜((𝑎𝑎)) ≠ 1 𝑎𝑎 ≠ 𝑒𝑒 𝑜𝑜((𝑎𝑎)) = 𝑝𝑝 = 𝑜𝑜(𝐺𝐺)
(𝑎𝑎) 𝐺𝐺

(𝑎𝑎) = 𝐺𝐺

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℤ+ ∪ {0}}
𝐺𝐺 𝑎𝑎 𝐺𝐺

∎

(𝑉𝑉,∗)

“suficientemente pequeño”

 (ℤ, +)

ℤ =< {1} > ℤ

 (ℤ𝑛𝑛, +)
ℤ𝑛𝑛 =< {1} >

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℤ+ ∪ {0}}
𝐺𝐺 𝑎𝑎 𝐺𝐺

∎

(𝑉𝑉,∗)

“suficientemente pequeño”

 (ℤ, +)

ℤ =< {1} > ℤ

 (ℤ𝑛𝑛, +)
ℤ𝑛𝑛 =< {1} >

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℤ+ ∪ {0}}
𝐺𝐺 𝑎𝑎 𝐺𝐺

∎

(𝑉𝑉,∗)

“suficientemente pequeño”

 (ℤ, +)

ℤ =< {1} > ℤ

 (ℤ𝑛𝑛, +)
ℤ𝑛𝑛 =< {1} >

(𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺 𝐺𝐺 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℤ+ ∪ {0}}
𝐺𝐺 𝑎𝑎 𝐺𝐺

∎

(𝑉𝑉,∗)

“suficientemente pequeño”

 (ℤ, +)

ℤ =< {1} > ℤ

 (ℤ𝑛𝑛, +)
ℤ𝑛𝑛 =< {1} >

Teorema
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Elementos de álgebra moderna

 (∪ (ℤ[𝑖𝑖],∙) 𝑖𝑖 ∪
(ℤ[𝑖𝑖]) =< {1} >

 𝑤𝑤 𝑤𝑤
(𝐺𝐺,∙) 𝐺𝐺 = {𝑧𝑧 ∈ ℂ | 𝑧𝑧𝑛𝑛 = 1}

 𝑆𝑆3

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺
𝐻𝐻 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℕ}

(ℤ15, +) < {3} > = {0,3,6,9,12}
(ℤ24, +) < {6} > =  {0,6,12,18, }

𝐺𝐺 𝑎𝑎 𝐻𝐻 𝐺𝐺

𝐻𝐻 = {𝑒𝑒} 𝐻𝐻 =< 𝑒𝑒 >

𝐻𝐻 ≠ {𝑒𝑒} 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻 𝑛𝑛 ∈ ℕ.

𝑚𝑚 ∈ ℕ 𝑚𝑚 = min {𝑛𝑛 ∈ ℕ | 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻} 𝑐𝑐 = 𝑎𝑎𝑚𝑚

𝐻𝐻 =< 𝑒𝑒 >

𝑥𝑥 ∈ 𝐻𝐻 𝑥𝑥 = 𝑎𝑎𝑠𝑠 𝑠𝑠 ∈ ℕ
𝑠𝑠 = 𝑚𝑚𝑚𝑚 + 𝑟𝑟 𝑟𝑟 = 0   ó 0 < 𝑟𝑟 < 𝑚𝑚 𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 ∗

𝑎𝑎𝑟𝑟 𝑎𝑎𝑟𝑟 = 𝑥𝑥 ∗ ((𝑎𝑎′)𝑚𝑚)𝑞𝑞 𝑎𝑎𝑟𝑟 ∈ 𝐻𝐻
𝑟𝑟

 (∪ (ℤ[𝑖𝑖],∙) 𝑖𝑖 ∪
(ℤ[𝑖𝑖]) =< {1} >

 𝑤𝑤 𝑤𝑤
(𝐺𝐺,∙) 𝐺𝐺 = {𝑧𝑧 ∈ ℂ | 𝑧𝑧𝑛𝑛 = 1}

 𝑆𝑆3

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺
𝐻𝐻 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℕ}

(ℤ15, +) < {3} > = {0,3,6,9,12}
(ℤ24, +) < {6} > =  {0,6,12,18, }

𝐺𝐺 𝑎𝑎 𝐻𝐻 𝐺𝐺

𝐻𝐻 = {𝑒𝑒} 𝐻𝐻 =< 𝑒𝑒 >

𝐻𝐻 ≠ {𝑒𝑒} 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻 𝑛𝑛 ∈ ℕ.

𝑚𝑚 ∈ ℕ 𝑚𝑚 = min {𝑛𝑛 ∈ ℕ | 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻} 𝑐𝑐 = 𝑎𝑎𝑚𝑚

𝐻𝐻 =< 𝑒𝑒 >

𝑥𝑥 ∈ 𝐻𝐻 𝑥𝑥 = 𝑎𝑎𝑠𝑠 𝑠𝑠 ∈ ℕ
𝑠𝑠 = 𝑚𝑚𝑚𝑚 + 𝑟𝑟 𝑟𝑟 = 0   ó 0 < 𝑟𝑟 < 𝑚𝑚 𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 ∗

𝑎𝑎𝑟𝑟 𝑎𝑎𝑟𝑟 = 𝑥𝑥 ∗ ((𝑎𝑎′)𝑚𝑚)𝑞𝑞 𝑎𝑎𝑟𝑟 ∈ 𝐻𝐻
𝑟𝑟

 (∪ (ℤ[𝑖𝑖],∙) 𝑖𝑖 ∪
(ℤ[𝑖𝑖]) =< {1} >

 𝑤𝑤 𝑤𝑤
(𝐺𝐺,∙) 𝐺𝐺 = {𝑧𝑧 ∈ ℂ | 𝑧𝑧𝑛𝑛 = 1}

 𝑆𝑆3

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺
𝐻𝐻 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℕ}

(ℤ15, +) < {3} > = {0,3,6,9,12}
(ℤ24, +) < {6} > =  {0,6,12,18, }

𝐺𝐺 𝑎𝑎 𝐻𝐻 𝐺𝐺

𝐻𝐻 = {𝑒𝑒} 𝐻𝐻 =< 𝑒𝑒 >

𝐻𝐻 ≠ {𝑒𝑒} 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻 𝑛𝑛 ∈ ℕ.

𝑚𝑚 ∈ ℕ 𝑚𝑚 = min {𝑛𝑛 ∈ ℕ | 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻} 𝑐𝑐 = 𝑎𝑎𝑚𝑚

𝐻𝐻 =< 𝑒𝑒 >

𝑥𝑥 ∈ 𝐻𝐻 𝑥𝑥 = 𝑎𝑎𝑠𝑠 𝑠𝑠 ∈ ℕ
𝑠𝑠 = 𝑚𝑚𝑚𝑚 + 𝑟𝑟 𝑟𝑟 = 0   ó 0 < 𝑟𝑟 < 𝑚𝑚 𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 ∗

𝑎𝑎𝑟𝑟 𝑎𝑎𝑟𝑟 = 𝑥𝑥 ∗ ((𝑎𝑎′)𝑚𝑚)𝑞𝑞 𝑎𝑎𝑟𝑟 ∈ 𝐻𝐻
𝑟𝑟

Teorema

Demostración

𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 = 𝑐𝑐𝑞𝑞

𝐻𝐻 =< 𝑒𝑒 >

𝑐𝑐 = 𝑎𝑎𝑚𝑚

(ℤ, +) (𝑛𝑛ℤ, +)

∎

(𝐺𝐺,∗) 𝑎𝑎, 𝐺𝐺 =< 𝑎𝑎 >

𝐺𝐺 𝑛𝑛 𝑚𝑚
𝑎𝑎 𝐺𝐺 𝐺𝐺

𝑛𝑛 ≠ 𝑚𝑚, 𝑎𝑎𝑛𝑛 ≠ 𝑎𝑎𝑚𝑚

𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 𝑛𝑛 > 𝑚𝑚 𝑎𝑎𝑛𝑛−𝑚𝑚 = 𝑒𝑒
𝑠𝑠 ∈ ℕ 𝑎𝑎𝑠𝑠 = 𝑒𝑒 𝐺𝐺

𝑠𝑠 ∀𝑢𝑢 ∈ ℕ, 𝑢𝑢 = 𝑠𝑠𝑠𝑠 + 𝑟𝑟 𝑟𝑟 < 𝑠𝑠
𝑎𝑎𝑢𝑢 = (𝑎𝑎𝑠𝑠)𝑞𝑞 ∗ 𝑎𝑎 = 𝑒𝑒𝑞𝑞 ∗ 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑟𝑟
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Capítulo 2. Grupos y subgrupos cíclicos

 (∪ (ℤ[𝑖𝑖],∙) 𝑖𝑖 ∪
(ℤ[𝑖𝑖]) =< {1} >

 𝑤𝑤 𝑤𝑤
(𝐺𝐺,∙) 𝐺𝐺 = {𝑧𝑧 ∈ ℂ | 𝑧𝑧𝑛𝑛 = 1}

 𝑆𝑆3

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺
𝐻𝐻 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℕ}

(ℤ15, +) < {3} > = {0,3,6,9,12}
(ℤ24, +) < {6} > =  {0,6,12,18, }

𝐺𝐺 𝑎𝑎 𝐻𝐻 𝐺𝐺

𝐻𝐻 = {𝑒𝑒} 𝐻𝐻 =< 𝑒𝑒 >

𝐻𝐻 ≠ {𝑒𝑒} 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻 𝑛𝑛 ∈ ℕ.

𝑚𝑚 ∈ ℕ 𝑚𝑚 = min {𝑛𝑛 ∈ ℕ | 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻} 𝑐𝑐 = 𝑎𝑎𝑚𝑚

𝐻𝐻 =< 𝑒𝑒 >

𝑥𝑥 ∈ 𝐻𝐻 𝑥𝑥 = 𝑎𝑎𝑠𝑠 𝑠𝑠 ∈ ℕ
𝑠𝑠 = 𝑚𝑚𝑚𝑚 + 𝑟𝑟 𝑟𝑟 = 0   ó 0 < 𝑟𝑟 < 𝑚𝑚 𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 ∗

𝑎𝑎𝑟𝑟 𝑎𝑎𝑟𝑟 = 𝑥𝑥 ∗ ((𝑎𝑎′)𝑚𝑚)𝑞𝑞 𝑎𝑎𝑟𝑟 ∈ 𝐻𝐻
𝑟𝑟

 (∪ (ℤ[𝑖𝑖],∙) 𝑖𝑖 ∪
(ℤ[𝑖𝑖]) =< {1} >

 𝑤𝑤 𝑤𝑤
(𝐺𝐺,∙) 𝐺𝐺 = {𝑧𝑧 ∈ ℂ | 𝑧𝑧𝑛𝑛 = 1}

 𝑆𝑆3

 (𝐺𝐺,∗) 𝑎𝑎 ∈ 𝐺𝐺
𝐻𝐻 = {𝑎𝑎𝑛𝑛 | 𝑛𝑛 ∈ ℕ}

(ℤ15, +) < {3} > = {0,3,6,9,12}
(ℤ24, +) < {6} > =  {0,6,12,18, }

𝐺𝐺 𝑎𝑎 𝐻𝐻 𝐺𝐺

𝐻𝐻 = {𝑒𝑒} 𝐻𝐻 =< 𝑒𝑒 >

𝐻𝐻 ≠ {𝑒𝑒} 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻 𝑛𝑛 ∈ ℕ.

𝑚𝑚 ∈ ℕ 𝑚𝑚 = min {𝑛𝑛 ∈ ℕ | 𝑎𝑎𝑛𝑛 ∈ 𝐻𝐻} 𝑐𝑐 = 𝑎𝑎𝑚𝑚

𝐻𝐻 =< 𝑒𝑒 >

𝑥𝑥 ∈ 𝐻𝐻 𝑥𝑥 = 𝑎𝑎𝑠𝑠 𝑠𝑠 ∈ ℕ
𝑠𝑠 = 𝑚𝑚𝑚𝑚 + 𝑟𝑟 𝑟𝑟 = 0   ó 0 < 𝑟𝑟 < 𝑚𝑚 𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 ∗

𝑎𝑎𝑟𝑟 𝑎𝑎𝑟𝑟 = 𝑥𝑥 ∗ ((𝑎𝑎′)𝑚𝑚)𝑞𝑞 𝑎𝑎𝑟𝑟 ∈ 𝐻𝐻
𝑟𝑟

𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 = 𝑐𝑐𝑞𝑞

𝐻𝐻 =< 𝑒𝑒 >

𝑐𝑐 = 𝑎𝑎𝑚𝑚

(ℤ, +) (𝑛𝑛ℤ, +)

∎

(𝐺𝐺,∗) 𝑎𝑎, 𝐺𝐺 =< 𝑎𝑎 >

𝐺𝐺 𝑛𝑛 𝑚𝑚
𝑎𝑎 𝐺𝐺 𝐺𝐺

𝑛𝑛 ≠ 𝑚𝑚, 𝑎𝑎𝑛𝑛 ≠ 𝑎𝑎𝑚𝑚

𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 𝑛𝑛 > 𝑚𝑚 𝑎𝑎𝑛𝑛−𝑚𝑚 = 𝑒𝑒
𝑠𝑠 ∈ ℕ 𝑎𝑎𝑠𝑠 = 𝑒𝑒 𝐺𝐺

𝑠𝑠 ∀𝑢𝑢 ∈ ℕ, 𝑢𝑢 = 𝑠𝑠𝑠𝑠 + 𝑟𝑟 𝑟𝑟 < 𝑠𝑠
𝑎𝑎𝑢𝑢 = (𝑎𝑎𝑠𝑠)𝑞𝑞 ∗ 𝑎𝑎 = 𝑒𝑒𝑞𝑞 ∗ 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑟𝑟

𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 = 𝑐𝑐𝑞𝑞

𝐻𝐻 =< 𝑒𝑒 >

𝑐𝑐 = 𝑎𝑎𝑚𝑚

(ℤ, +) (𝑛𝑛ℤ, +)

∎

(𝐺𝐺,∗) 𝑎𝑎, 𝐺𝐺 =< 𝑎𝑎 >

𝐺𝐺 𝑛𝑛 𝑚𝑚
𝑎𝑎 𝐺𝐺 𝐺𝐺

𝑛𝑛 ≠ 𝑚𝑚, 𝑎𝑎𝑛𝑛 ≠ 𝑎𝑎𝑚𝑚

𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 𝑛𝑛 > 𝑚𝑚 𝑎𝑎𝑛𝑛−𝑚𝑚 = 𝑒𝑒
𝑠𝑠 ∈ ℕ 𝑎𝑎𝑠𝑠 = 𝑒𝑒 𝐺𝐺

𝑠𝑠 ∀𝑢𝑢 ∈ ℕ, 𝑢𝑢 = 𝑠𝑠𝑠𝑠 + 𝑟𝑟 𝑟𝑟 < 𝑠𝑠
𝑎𝑎𝑢𝑢 = (𝑎𝑎𝑠𝑠)𝑞𝑞 ∗ 𝑎𝑎 = 𝑒𝑒𝑞𝑞 ∗ 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑟𝑟

𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 = 𝑐𝑐𝑞𝑞

𝐻𝐻 =< 𝑒𝑒 >

𝑐𝑐 = 𝑎𝑎𝑚𝑚

(ℤ, +) (𝑛𝑛ℤ, +)

∎

(𝐺𝐺,∗) 𝑎𝑎, 𝐺𝐺 =< 𝑎𝑎 >

𝐺𝐺 𝑛𝑛 𝑚𝑚
𝑎𝑎 𝐺𝐺 𝐺𝐺

𝑛𝑛 ≠ 𝑚𝑚, 𝑎𝑎𝑛𝑛 ≠ 𝑎𝑎𝑚𝑚

𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 𝑛𝑛 > 𝑚𝑚 𝑎𝑎𝑛𝑛−𝑚𝑚 = 𝑒𝑒
𝑠𝑠 ∈ ℕ 𝑎𝑎𝑠𝑠 = 𝑒𝑒 𝐺𝐺

𝑠𝑠 ∀𝑢𝑢 ∈ ℕ, 𝑢𝑢 = 𝑠𝑠𝑠𝑠 + 𝑟𝑟 𝑟𝑟 < 𝑠𝑠
𝑎𝑎𝑢𝑢 = (𝑎𝑎𝑠𝑠)𝑞𝑞 ∗ 𝑎𝑎 = 𝑒𝑒𝑞𝑞 ∗ 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑟𝑟

𝑥𝑥 = (𝑎𝑎𝑚𝑚)𝑞𝑞 = 𝑐𝑐𝑞𝑞

𝐻𝐻 =< 𝑒𝑒 >

𝑐𝑐 = 𝑎𝑎𝑚𝑚

(ℤ, +) (𝑛𝑛ℤ, +)

∎

(𝐺𝐺,∗) 𝑎𝑎, 𝐺𝐺 =< 𝑎𝑎 >

𝐺𝐺 𝑛𝑛 𝑚𝑚
𝑎𝑎 𝐺𝐺 𝐺𝐺

𝑛𝑛 ≠ 𝑚𝑚, 𝑎𝑎𝑛𝑛 ≠ 𝑎𝑎𝑚𝑚

𝑎𝑎𝑛𝑛 = 𝑎𝑎𝑚𝑚 𝑛𝑛 > 𝑚𝑚 𝑎𝑎𝑛𝑛−𝑚𝑚 = 𝑒𝑒
𝑠𝑠 ∈ ℕ 𝑎𝑎𝑠𝑠 = 𝑒𝑒 𝐺𝐺

𝑠𝑠 ∀𝑢𝑢 ∈ ℕ, 𝑢𝑢 = 𝑠𝑠𝑠𝑠 + 𝑟𝑟 𝑟𝑟 < 𝑠𝑠
𝑎𝑎𝑢𝑢 = (𝑎𝑎𝑠𝑠)𝑞𝑞 ∗ 𝑎𝑎 = 𝑒𝑒𝑞𝑞 ∗ 𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑟𝑟

Corolario

Caso 1

2.1 Clasificación de grupos cíclicos
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𝐻𝐻

∎

(ℤ,+)
(𝑛𝑛ℤ,+) 𝑛𝑛ℤ ⊂ ℤ 𝑛𝑛 ≠ 𝑚𝑚, 𝑛𝑛ℤ ≈ 𝑚𝑚ℤ

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑚𝑚
𝑒𝑒 = 𝑎𝑎0, 𝑎𝑎, 𝑎𝑎2, … , 𝑎𝑎𝑚𝑚−1

∎

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑛𝑛 𝑏𝑏 ∈ 𝐺𝐺
𝑏𝑏 = 𝑎𝑎𝑠𝑠 𝑏𝑏 𝐻𝐻 𝑛𝑛

𝑑𝑑

𝑑𝑑 = (𝑛𝑛, 𝑠𝑠)

𝐻𝐻

∎

(ℤ,+)
(𝑛𝑛ℤ,+) 𝑛𝑛ℤ ⊂ ℤ 𝑛𝑛 ≠ 𝑚𝑚, 𝑛𝑛ℤ ≈ 𝑚𝑚ℤ

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑚𝑚
𝑒𝑒 = 𝑎𝑎0, 𝑎𝑎, 𝑎𝑎2, … , 𝑎𝑎𝑚𝑚−1

∎

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑛𝑛 𝑏𝑏 ∈ 𝐺𝐺
𝑏𝑏 = 𝑎𝑎𝑠𝑠 𝑏𝑏 𝐻𝐻 𝑛𝑛

𝑑𝑑

𝑑𝑑 = (𝑛𝑛, 𝑠𝑠)

𝐻𝐻

∎

(ℤ,+)
(𝑛𝑛ℤ,+) 𝑛𝑛ℤ ⊂ ℤ 𝑛𝑛 ≠ 𝑚𝑚, 𝑛𝑛ℤ ≈ 𝑚𝑚ℤ

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑚𝑚
𝑒𝑒 = 𝑎𝑎0, 𝑎𝑎, 𝑎𝑎2, … , 𝑎𝑎𝑚𝑚−1

∎

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑛𝑛 𝑏𝑏 ∈ 𝐺𝐺
𝑏𝑏 = 𝑎𝑎𝑠𝑠 𝑏𝑏 𝐻𝐻 𝑛𝑛

𝑑𝑑

𝑑𝑑 = (𝑛𝑛, 𝑠𝑠)

𝐻𝐻

∎

(ℤ,+)
(𝑛𝑛ℤ,+) 𝑛𝑛ℤ ⊂ ℤ 𝑛𝑛 ≠ 𝑚𝑚, 𝑛𝑛ℤ ≈ 𝑚𝑚ℤ

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑚𝑚
𝑒𝑒 = 𝑎𝑎0, 𝑎𝑎, 𝑎𝑎2, … , 𝑎𝑎𝑚𝑚−1

∎

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑛𝑛 𝑏𝑏 ∈ 𝐺𝐺
𝑏𝑏 = 𝑎𝑎𝑠𝑠 𝑏𝑏 𝐻𝐻 𝑛𝑛

𝑑𝑑

𝑑𝑑 = (𝑛𝑛, 𝑠𝑠)

Teorema

Teorema

Caso 2

Teorema
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𝐻𝐻

∎

(ℤ,+)
(𝑛𝑛ℤ,+) 𝑛𝑛ℤ ⊂ ℤ 𝑛𝑛 ≠ 𝑚𝑚, 𝑛𝑛ℤ ≈ 𝑚𝑚ℤ

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑚𝑚
𝑒𝑒 = 𝑎𝑎0, 𝑎𝑎, 𝑎𝑎2, … , 𝑎𝑎𝑚𝑚−1

∎

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑛𝑛 𝑏𝑏 ∈ 𝐺𝐺
𝑏𝑏 = 𝑎𝑎𝑠𝑠 𝑏𝑏 𝐻𝐻 𝑛𝑛

𝑑𝑑

𝑑𝑑 = (𝑛𝑛, 𝑠𝑠)

𝐻𝐻

∎

(ℤ,+)
(𝑛𝑛ℤ,+) 𝑛𝑛ℤ ⊂ ℤ 𝑛𝑛 ≠ 𝑚𝑚, 𝑛𝑛ℤ ≈ 𝑚𝑚ℤ

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑚𝑚
𝑒𝑒 = 𝑎𝑎0, 𝑎𝑎, 𝑎𝑎2, … , 𝑎𝑎𝑚𝑚−1

∎

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑛𝑛 𝑏𝑏 ∈ 𝐺𝐺
𝑏𝑏 = 𝑎𝑎𝑠𝑠 𝑏𝑏 𝐻𝐻 𝑛𝑛

𝑑𝑑

𝑑𝑑 = (𝑛𝑛, 𝑠𝑠)

𝐻𝐻

∎

(ℤ,+)
(𝑛𝑛ℤ,+) 𝑛𝑛ℤ ⊂ ℤ 𝑛𝑛 ≠ 𝑚𝑚, 𝑛𝑛ℤ ≈ 𝑚𝑚ℤ

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑚𝑚
𝑒𝑒 = 𝑎𝑎0, 𝑎𝑎, 𝑎𝑎2, … , 𝑎𝑎𝑚𝑚−1

∎

𝐺𝐺 𝑎𝑎 𝑜𝑜(𝐺𝐺) = 𝑛𝑛 𝑏𝑏 ∈ 𝐺𝐺
𝑏𝑏 = 𝑎𝑎𝑠𝑠 𝑏𝑏 𝐻𝐻 𝑛𝑛

𝑑𝑑

𝑑𝑑 = (𝑛𝑛, 𝑠𝑠)

< 𝑏𝑏 > 𝐺𝐺
𝑜𝑜(< 𝑏𝑏 >) = 𝑛𝑛

𝑑𝑑

 < 𝑏𝑏 > 𝑚𝑚 ∈ ℤ+ 𝑏𝑏𝑚𝑚 = 𝑒𝑒 𝑏𝑏 = 𝑎𝑎𝑠𝑠

(𝑎𝑎𝑠𝑠)𝑚𝑚 = 𝑒𝑒 𝑎𝑎𝑠𝑠𝑠𝑠 = 𝑒𝑒 = 𝑎𝑎𝑛𝑛

𝑛𝑛 | 𝑠𝑠𝑠𝑠

𝑚𝑚 < 𝑏𝑏 > 𝑚𝑚
𝑛𝑛 | 𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠 = 𝑛𝑛𝑛𝑛, 𝑚𝑚 = 𝑛𝑛𝑛𝑛

𝑠𝑠 𝑡𝑡

𝑠𝑠 𝑠𝑠 = 𝑛𝑛𝑛𝑛
(𝑠𝑠,𝑡𝑡) 𝑚𝑚 = (𝑛𝑛, 𝑠𝑠)

∎

(𝐺𝐺,∗) 𝑜𝑜(𝐺𝐺) = 𝑛𝑛

𝑘𝑘 ∈ ℤ+ 𝑘𝑘 | 𝑛𝑛 𝐻𝐻 𝐺𝐺

𝑜𝑜(𝐻𝐻) = 𝑘𝑘

𝑛𝑛
𝑘𝑘 𝑎𝑎 𝐺𝐺, 𝑎𝑎

𝑛𝑛
𝑘𝑘 

< 𝑏𝑏 > 𝐺𝐺
𝑜𝑜(< 𝑏𝑏 >) = 𝑛𝑛

𝑑𝑑

 < 𝑏𝑏 > 𝑚𝑚 ∈ ℤ+ 𝑏𝑏𝑚𝑚 = 𝑒𝑒 𝑏𝑏 = 𝑎𝑎𝑠𝑠

(𝑎𝑎𝑠𝑠)𝑚𝑚 = 𝑒𝑒 𝑎𝑎𝑠𝑠𝑠𝑠 = 𝑒𝑒 = 𝑎𝑎𝑛𝑛

𝑛𝑛 | 𝑠𝑠𝑠𝑠

𝑚𝑚 < 𝑏𝑏 > 𝑚𝑚
𝑛𝑛 | 𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠 = 𝑛𝑛𝑛𝑛, 𝑚𝑚 = 𝑛𝑛𝑛𝑛

𝑠𝑠 𝑡𝑡

𝑠𝑠 𝑠𝑠 = 𝑛𝑛𝑛𝑛
(𝑠𝑠,𝑡𝑡) 𝑚𝑚 = (𝑛𝑛, 𝑠𝑠)

∎

(𝐺𝐺,∗) 𝑜𝑜(𝐺𝐺) = 𝑛𝑛

𝑘𝑘 ∈ ℤ+ 𝑘𝑘 | 𝑛𝑛 𝐻𝐻 𝐺𝐺

𝑜𝑜(𝐻𝐻) = 𝑘𝑘

𝑛𝑛
𝑘𝑘 𝑎𝑎 𝐺𝐺, 𝑎𝑎

𝑛𝑛
𝑘𝑘 

< 𝑏𝑏 > 𝐺𝐺
𝑜𝑜(< 𝑏𝑏 >) = 𝑛𝑛

𝑑𝑑

 < 𝑏𝑏 > 𝑚𝑚 ∈ ℤ+ 𝑏𝑏𝑚𝑚 = 𝑒𝑒 𝑏𝑏 = 𝑎𝑎𝑠𝑠

(𝑎𝑎𝑠𝑠)𝑚𝑚 = 𝑒𝑒 𝑎𝑎𝑠𝑠𝑠𝑠 = 𝑒𝑒 = 𝑎𝑎𝑛𝑛

𝑛𝑛 | 𝑠𝑠𝑠𝑠

𝑚𝑚 < 𝑏𝑏 > 𝑚𝑚
𝑛𝑛 | 𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠 = 𝑛𝑛𝑛𝑛, 𝑚𝑚 = 𝑛𝑛𝑛𝑛

𝑠𝑠 𝑡𝑡

𝑠𝑠 𝑠𝑠 = 𝑛𝑛𝑛𝑛
(𝑠𝑠,𝑡𝑡) 𝑚𝑚 = (𝑛𝑛, 𝑠𝑠)

∎

(𝐺𝐺,∗) 𝑜𝑜(𝐺𝐺) = 𝑛𝑛

𝑘𝑘 ∈ ℤ+ 𝑘𝑘 | 𝑛𝑛 𝐻𝐻 𝐺𝐺

𝑜𝑜(𝐻𝐻) = 𝑘𝑘

𝑛𝑛
𝑘𝑘 𝑎𝑎 𝐺𝐺, 𝑎𝑎

𝑛𝑛
𝑘𝑘 

Teorema

Demostración

Demostración
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𝑘𝑘 (𝑎𝑎
𝑛𝑛
𝑘𝑘)

0
= 𝑒𝑒, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

1
, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

2
, … , (𝑎𝑎

𝑛𝑛
𝑘𝑘)

𝑘𝑘−1
=

𝑎𝑎𝑛𝑛 = 𝑒𝑒

ℤ12 (12,3) = 3,  13

12
2 = 4 < 3 >= {0,3,6,9}

(8,12) = 4 < 8 > ℤ12
12
4 = 3

𝑎𝑎 𝐺𝐺 𝑛𝑛
𝐺𝐺 𝑎𝑎𝑟𝑟 (𝑟𝑟, 𝑛𝑛) = 1

ℤ18 1, 5, 7, 11, 13 17
18 ℤ18

ℤ18 

ℤ18 

𝑘𝑘 (𝑎𝑎
𝑛𝑛
𝑘𝑘)

0
= 𝑒𝑒, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

1
, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

2
, … , (𝑎𝑎

𝑛𝑛
𝑘𝑘)

𝑘𝑘−1
=

𝑎𝑎𝑛𝑛 = 𝑒𝑒

ℤ12 (12,3) = 3,  13

12
2 = 4 < 3 >= {0,3,6,9}

(8,12) = 4 < 8 > ℤ12
12
4 = 3

𝑎𝑎 𝐺𝐺 𝑛𝑛
𝐺𝐺 𝑎𝑎𝑟𝑟 (𝑟𝑟, 𝑛𝑛) = 1

ℤ18 1, 5, 7, 11, 13 17
18 ℤ18

ℤ18 

ℤ18 

𝑘𝑘 (𝑎𝑎
𝑛𝑛
𝑘𝑘)

0
= 𝑒𝑒, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

1
, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

2
, … , (𝑎𝑎

𝑛𝑛
𝑘𝑘)

𝑘𝑘−1
=

𝑎𝑎𝑛𝑛 = 𝑒𝑒

ℤ12 (12,3) = 3,  13

12
2 = 4 < 3 >= {0,3,6,9}

(8,12) = 4 < 8 > ℤ12
12
4 = 3

𝑎𝑎 𝐺𝐺 𝑛𝑛
𝐺𝐺 𝑎𝑎𝑟𝑟 (𝑟𝑟, 𝑛𝑛) = 1

ℤ18 1, 5, 7, 11, 13 17
18 ℤ18

ℤ18 

ℤ18 

Corolario

Ejemplo



119

Capítulo 2. Grupos y subgrupos cíclicos

𝑘𝑘 (𝑎𝑎
𝑛𝑛
𝑘𝑘)

0
= 𝑒𝑒, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

1
, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

2
, … , (𝑎𝑎

𝑛𝑛
𝑘𝑘)

𝑘𝑘−1
=

𝑎𝑎𝑛𝑛 = 𝑒𝑒

ℤ12 (12,3) = 3,  13

12
2 = 4 < 3 >= {0,3,6,9}

(8,12) = 4 < 8 > ℤ12
12
4 = 3

𝑎𝑎 𝐺𝐺 𝑛𝑛
𝐺𝐺 𝑎𝑎𝑟𝑟 (𝑟𝑟, 𝑛𝑛) = 1

ℤ18 1, 5, 7, 11, 13 17
18 ℤ18

ℤ18 

ℤ18 

𝑘𝑘 (𝑎𝑎
𝑛𝑛
𝑘𝑘)

0
= 𝑒𝑒, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

1
, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

2
, … , (𝑎𝑎

𝑛𝑛
𝑘𝑘)

𝑘𝑘−1
=

𝑎𝑎𝑛𝑛 = 𝑒𝑒

ℤ12 (12,3) = 3,  13

12
2 = 4 < 3 >= {0,3,6,9}

(8,12) = 4 < 8 > ℤ12
12
4 = 3

𝑎𝑎 𝐺𝐺 𝑛𝑛
𝐺𝐺 𝑎𝑎𝑟𝑟 (𝑟𝑟, 𝑛𝑛) = 1

ℤ18 1, 5, 7, 11, 13 17
18 ℤ18

ℤ18 

ℤ18 

𝑘𝑘 (𝑎𝑎
𝑛𝑛
𝑘𝑘)

0
= 𝑒𝑒, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

1
, (𝑎𝑎

𝑛𝑛
𝑘𝑘)

2
, … , (𝑎𝑎

𝑛𝑛
𝑘𝑘)

𝑘𝑘−1
=

𝑎𝑎𝑛𝑛 = 𝑒𝑒

ℤ12 (12,3) = 3,  13

12
2 = 4 < 3 >= {0,3,6,9}

(8,12) = 4 < 8 > ℤ12
12
4 = 3

𝑎𝑎 𝐺𝐺 𝑛𝑛
𝐺𝐺 𝑎𝑎𝑟𝑟 (𝑟𝑟, 𝑛𝑛) = 1

ℤ18 1, 5, 7, 11, 13 17
18 ℤ18

ℤ18 

ℤ18 

(4,18) = 2 < 4 > 9 < 4 >=
< 2 >

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 =

{ℎ ∗ 𝑘𝑘
ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}.

𝑆𝑆3

𝐻𝐻 = {𝜌𝜌𝑜𝑜, 𝑢𝑢1} 𝐾𝐾 = {𝜌𝜌𝑜𝑜, 𝑢𝑢3} 𝑆𝑆3

𝐻𝐻𝐻𝐻 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢3, 𝜇𝜇1. 𝜌𝜌𝑜𝑜, 𝑢𝑢1. 𝑢𝑢3} = {𝜌𝜌𝑜𝑜, 𝑢𝑢3, 𝑢𝑢1, 𝜌𝜌1}

𝐾𝐾𝐾𝐾 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢1,  𝜇𝜇3. 𝜌𝜌𝑜𝑜, 𝑢𝑢3. 𝑢𝑢1} = {𝜌𝜌𝑜𝑜, 𝑢𝑢1, 𝑢𝑢3, 𝜌𝜌2}

𝐻𝐻𝐻𝐻 ≠ 𝐾𝐾𝐾𝐾 𝑆𝑆3

4 6

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 𝐺𝐺
𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

(4,18) = 2 < 4 > 9 < 4 >=
< 2 >

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 =

{ℎ ∗ 𝑘𝑘
ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}.

𝑆𝑆3

𝐻𝐻 = {𝜌𝜌𝑜𝑜, 𝑢𝑢1} 𝐾𝐾 = {𝜌𝜌𝑜𝑜, 𝑢𝑢3} 𝑆𝑆3

𝐻𝐻𝐻𝐻 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢3, 𝜇𝜇1. 𝜌𝜌𝑜𝑜, 𝑢𝑢1. 𝑢𝑢3} = {𝜌𝜌𝑜𝑜, 𝑢𝑢3, 𝑢𝑢1, 𝜌𝜌1}

𝐾𝐾𝐾𝐾 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢1,  𝜇𝜇3. 𝜌𝜌𝑜𝑜, 𝑢𝑢3. 𝑢𝑢1} = {𝜌𝜌𝑜𝑜, 𝑢𝑢1, 𝑢𝑢3, 𝜌𝜌2}

𝐻𝐻𝐻𝐻 ≠ 𝐾𝐾𝐾𝐾 𝑆𝑆3

4 6

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 𝐺𝐺
𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

(4,18) = 2 < 4 > 9 < 4 >=
< 2 >

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 =

{ℎ ∗ 𝑘𝑘
ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}.

𝑆𝑆3

𝐻𝐻 = {𝜌𝜌𝑜𝑜, 𝑢𝑢1} 𝐾𝐾 = {𝜌𝜌𝑜𝑜, 𝑢𝑢3} 𝑆𝑆3

𝐻𝐻𝐻𝐻 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢3, 𝜇𝜇1. 𝜌𝜌𝑜𝑜, 𝑢𝑢1. 𝑢𝑢3} = {𝜌𝜌𝑜𝑜, 𝑢𝑢3, 𝑢𝑢1, 𝜌𝜌1}

𝐾𝐾𝐾𝐾 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢1,  𝜇𝜇3. 𝜌𝜌𝑜𝑜, 𝑢𝑢3. 𝑢𝑢1} = {𝜌𝜌𝑜𝑜, 𝑢𝑢1, 𝑢𝑢3, 𝜌𝜌2}

𝐻𝐻𝐻𝐻 ≠ 𝐾𝐾𝐾𝐾 𝑆𝑆3

4 6

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 𝐺𝐺
𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

(4,18) = 2 < 4 > 9 < 4 >=
< 2 >

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 =

{ℎ ∗ 𝑘𝑘
ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾}.

𝑆𝑆3

𝐻𝐻 = {𝜌𝜌𝑜𝑜, 𝑢𝑢1} 𝐾𝐾 = {𝜌𝜌𝑜𝑜, 𝑢𝑢3} 𝑆𝑆3

𝐻𝐻𝐻𝐻 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢3, 𝜇𝜇1. 𝜌𝜌𝑜𝑜, 𝑢𝑢1. 𝑢𝑢3} = {𝜌𝜌𝑜𝑜, 𝑢𝑢3, 𝑢𝑢1, 𝜌𝜌1}

𝐾𝐾𝐾𝐾 = {𝜌𝜌𝑜𝑜 ∙ 𝜌𝜌𝑜𝑜, 𝜌𝜌𝑜𝑜 ∙ 𝑢𝑢1,  𝜇𝜇3. 𝜌𝜌𝑜𝑜, 𝑢𝑢3. 𝑢𝑢1} = {𝜌𝜌𝑜𝑜, 𝑢𝑢1, 𝑢𝑢3, 𝜌𝜌2}

𝐻𝐻𝐻𝐻 ≠ 𝐾𝐾𝐾𝐾 𝑆𝑆3

4 6

(𝐺𝐺,∗) 𝐻𝐻 𝐾𝐾 𝐻𝐻𝐻𝐻 𝐺𝐺
𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

Teorema

Ejemplo

Definición

2.2 Relación entre los números de elementos
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(⟹)

𝐻𝐻𝐻𝐻 ℎ ∗ 𝑘𝑘 ∈ 𝐻𝐻𝐻𝐻 𝑘𝑘′ ∗ ℎ′ 𝐻𝐻𝐻𝐻
𝑘𝑘′ ∗ ℎ′ ∈ 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻 ⊆ 𝐾𝐾𝐾𝐾   (1)

𝑥𝑥 ∈ 𝐾𝐾𝐾𝐾 𝑥𝑥−1 ∈ 𝐻𝐻𝐻𝐻 (𝑥𝑥−1)−1 ∈ 𝐻𝐻𝐻𝐻
𝑥𝑥 ∈ 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻 ⊆ 𝐾𝐾𝐾𝐾    (2)

(1) (2) 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

(⟸)

𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾 ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾 ℎ ∗
𝑘𝑘 = 𝑘𝑘1 ∗ ℎ1 𝑘𝑘1 ∈ 𝐾𝐾, ℎ1 ∈ 𝐻𝐻

𝐻𝐻𝐻𝐻

𝑥𝑥 ∈ 𝐻𝐻𝐻𝐻, 𝑦𝑦 ∈ 𝐻𝐻𝐻𝐻 𝑥𝑥 = ℎ ∗ 𝑘𝑘, 𝑦𝑦 = ℎ̅ ∗ 𝑘̅𝑘 𝑥𝑥 ∗ 𝑦𝑦 =
(ℎ ∗ 𝑘𝑘) ∗ (ℎ̅ ∗ 𝑘̅𝑘) = ℎ ∗ (𝑘𝑘 ∗ ℎ̅) ∗ 𝑘̅𝑘 = ℎ ∗ (ℎ̅1 ∗ 𝑘𝑘1) ∗ 𝑘̅𝑘 = (ℎ ∗ ℎ1) ∗ (𝑘𝑘1 ∗
𝑘̅𝑘) 𝑥𝑥 ∗ 𝑦𝑦 ∈ 𝐻𝐻𝐻𝐻

𝑥𝑥 = ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻, 𝑥𝑥−1 = 𝑘𝑘−1 ∗ ℎ−1 = ℎ−1̅̅ ̅̅ ̅ ∗ 𝑘𝑘−1̅̅ ̅̅ ̅

ℎ−1 ∈ 𝐻𝐻 𝑘𝑘−1 ∈ 𝐾𝐾 𝑥𝑥−1 ∈ 𝐻𝐻𝐻𝐻

𝐻𝐻𝐻𝐻 𝐺𝐺

𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

∎

Demostración
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(⟹)

𝐻𝐻𝐻𝐻 ℎ ∗ 𝑘𝑘 ∈ 𝐻𝐻𝐻𝐻 𝑘𝑘′ ∗ ℎ′ 𝐻𝐻𝐻𝐻
𝑘𝑘′ ∗ ℎ′ ∈ 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻 ⊆ 𝐾𝐾𝐾𝐾   (1)

𝑥𝑥 ∈ 𝐾𝐾𝐾𝐾 𝑥𝑥−1 ∈ 𝐻𝐻𝐻𝐻 (𝑥𝑥−1)−1 ∈ 𝐻𝐻𝐻𝐻
𝑥𝑥 ∈ 𝐾𝐾𝐾𝐾 𝐻𝐻𝐻𝐻 ⊆ 𝐾𝐾𝐾𝐾    (2)

(1) (2) 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

(⟸)

𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾 ℎ ∈ 𝐻𝐻, 𝑘𝑘 ∈ 𝐾𝐾 ℎ ∗
𝑘𝑘 = 𝑘𝑘1 ∗ ℎ1 𝑘𝑘1 ∈ 𝐾𝐾, ℎ1 ∈ 𝐻𝐻

𝐻𝐻𝐻𝐻

𝑥𝑥 ∈ 𝐻𝐻𝐻𝐻, 𝑦𝑦 ∈ 𝐻𝐻𝐻𝐻 𝑥𝑥 = ℎ ∗ 𝑘𝑘, 𝑦𝑦 = ℎ̅ ∗ 𝑘̅𝑘 𝑥𝑥 ∗ 𝑦𝑦 =
(ℎ ∗ 𝑘𝑘) ∗ (ℎ̅ ∗ 𝑘̅𝑘) = ℎ ∗ (𝑘𝑘 ∗ ℎ̅) ∗ 𝑘̅𝑘 = ℎ ∗ (ℎ̅1 ∗ 𝑘𝑘1) ∗ 𝑘̅𝑘 = (ℎ ∗ ℎ1) ∗ (𝑘𝑘1 ∗
𝑘̅𝑘) 𝑥𝑥 ∗ 𝑦𝑦 ∈ 𝐻𝐻𝐻𝐻

𝑥𝑥 = ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻, 𝑥𝑥−1 = 𝑘𝑘−1 ∗ ℎ−1 = ℎ−1̅̅ ̅̅ ̅ ∗ 𝑘𝑘−1̅̅ ̅̅ ̅

ℎ−1 ∈ 𝐻𝐻 𝑘𝑘−1 ∈ 𝐾𝐾 𝑥𝑥−1 ∈ 𝐻𝐻𝐻𝐻

𝐻𝐻𝐻𝐻 𝐺𝐺

𝐺𝐺 𝐻𝐻𝐻𝐻 = 𝐾𝐾𝐾𝐾

∎

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝐻𝐻𝐻𝐻 𝐺𝐺

∎

𝐻𝐻𝐻𝐻
𝐻𝐻𝐻𝐻

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}.

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
ℎ ∗ 𝑘𝑘

ℎ ℎ1 𝐻𝐻, 𝑘𝑘 𝑘𝑘2 𝐾𝐾, ℎ ∗ 𝑘𝑘 = ℎ1 ∗
𝑘𝑘1 ℎ ≠ ℎ1 𝑘𝑘 ≠ 𝑘𝑘2 ℎ1

−1 ∗ ℎ = 𝑘𝑘1 ∗ 𝑘𝑘−1

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝐻𝐻𝐻𝐻 𝐺𝐺

∎

𝐻𝐻𝐻𝐻
𝐻𝐻𝐻𝐻

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}.

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
ℎ ∗ 𝑘𝑘

ℎ ℎ1 𝐻𝐻, 𝑘𝑘 𝑘𝑘2 𝐾𝐾, ℎ ∗ 𝑘𝑘 = ℎ1 ∗
𝑘𝑘1 ℎ ≠ ℎ1 𝑘𝑘 ≠ 𝑘𝑘2 ℎ1

−1 ∗ ℎ = 𝑘𝑘1 ∗ 𝑘𝑘−1

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝐻𝐻𝐻𝐻 𝐺𝐺

∎

𝐻𝐻𝐻𝐻
𝐻𝐻𝐻𝐻

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}.

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
ℎ ∗ 𝑘𝑘

ℎ ℎ1 𝐻𝐻, 𝑘𝑘 𝑘𝑘2 𝐾𝐾, ℎ ∗ 𝑘𝑘 = ℎ1 ∗
𝑘𝑘1 ℎ ≠ ℎ1 𝑘𝑘 ≠ 𝑘𝑘2 ℎ1

−1 ∗ ℎ = 𝑘𝑘1 ∗ 𝑘𝑘−1

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝐻𝐻𝐻𝐻 𝐺𝐺

∎

𝐻𝐻𝐻𝐻
𝐻𝐻𝐻𝐻

𝐻𝐻 𝐾𝐾 𝐺𝐺 𝑜𝑜𝑜𝑜 𝑜𝑜𝑜𝑜

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}.

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
ℎ ∗ 𝑘𝑘

ℎ ℎ1 𝐻𝐻, 𝑘𝑘 𝑘𝑘2 𝐾𝐾, ℎ ∗ 𝑘𝑘 = ℎ1 ∗
𝑘𝑘1 ℎ ≠ ℎ1 𝑘𝑘 ≠ 𝑘𝑘2 ℎ1

−1 ∗ ℎ = 𝑘𝑘1 ∗ 𝑘𝑘−1

Teorema

Teorema

Caso 1

Demostración
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ℎ1
−1 ∗ ℎ ∈ 𝐾𝐾 𝑘𝑘1 ∗ 𝑘𝑘−1 ∈ 𝐻𝐻 ℎ1

−1 ∗ ℎ ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝑘𝑘1 ∗
𝑘𝑘−1 ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒} ℎ = ℎ1 y 𝑘𝑘 = 𝑘𝑘1

ℎ ∗ 𝑘𝑘
𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)

𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}.

𝐻𝐻 ∩ 𝐾𝐾

ℎ1 ∈  𝐻𝐻 ∩ 𝐾𝐾 ℎ ∗ 𝑘𝑘 = (ℎ ∗ ℎ1) ∗ (ℎ1
−1 ∗ 𝑘𝑘) ℎ ∈ 𝐻𝐻 𝑘𝑘 ∈

𝐾𝐾 ℎ ∗ 𝑘𝑘 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)
ℎ1, ℎ2, … , ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾), ℎ𝑖𝑖 ∈ 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)

ℎ1, ℎ2, … ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) 𝐻𝐻 ∩ 𝐾𝐾
ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

ℎ ∗ (ℎ1 ∗ ℎ1
′ ) ∗ 𝑘𝑘, ℎ ∗ (ℎ2 ∗ ℎ2

′ ) ∗ 𝑘𝑘, … , ℎ ∗ (ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) ∗ ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾)
′ ).

ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 𝑦𝑦 𝐾𝐾 𝜃𝜃(𝐻𝐻) > √𝑜𝑜(𝐺𝐺) 𝑜𝑜(𝐾𝐾) > √𝜃𝜃(𝐺𝐺)
𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}

ℎ1
−1 ∗ ℎ ∈ 𝐾𝐾 𝑘𝑘1 ∗ 𝑘𝑘−1 ∈ 𝐻𝐻 ℎ1

−1 ∗ ℎ ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝑘𝑘1 ∗
𝑘𝑘−1 ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒} ℎ = ℎ1 y 𝑘𝑘 = 𝑘𝑘1

ℎ ∗ 𝑘𝑘
𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)

𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}.

𝐻𝐻 ∩ 𝐾𝐾

ℎ1 ∈  𝐻𝐻 ∩ 𝐾𝐾 ℎ ∗ 𝑘𝑘 = (ℎ ∗ ℎ1) ∗ (ℎ1
−1 ∗ 𝑘𝑘) ℎ ∈ 𝐻𝐻 𝑘𝑘 ∈

𝐾𝐾 ℎ ∗ 𝑘𝑘 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)
ℎ1, ℎ2, … , ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾), ℎ𝑖𝑖 ∈ 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)

ℎ1, ℎ2, … ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) 𝐻𝐻 ∩ 𝐾𝐾
ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

ℎ ∗ (ℎ1 ∗ ℎ1
′ ) ∗ 𝑘𝑘, ℎ ∗ (ℎ2 ∗ ℎ2

′ ) ∗ 𝑘𝑘, … , ℎ ∗ (ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) ∗ ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾)
′ ).

ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 𝑦𝑦 𝐾𝐾 𝜃𝜃(𝐻𝐻) > √𝑜𝑜(𝐺𝐺) 𝑜𝑜(𝐾𝐾) > √𝜃𝜃(𝐺𝐺)
𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}

ℎ1
−1 ∗ ℎ ∈ 𝐾𝐾 𝑘𝑘1 ∗ 𝑘𝑘−1 ∈ 𝐻𝐻 ℎ1

−1 ∗ ℎ ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝑘𝑘1 ∗
𝑘𝑘−1 ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒} ℎ = ℎ1 y 𝑘𝑘 = 𝑘𝑘1

ℎ ∗ 𝑘𝑘
𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)

𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}.

𝐻𝐻 ∩ 𝐾𝐾

ℎ1 ∈  𝐻𝐻 ∩ 𝐾𝐾 ℎ ∗ 𝑘𝑘 = (ℎ ∗ ℎ1) ∗ (ℎ1
−1 ∗ 𝑘𝑘) ℎ ∈ 𝐻𝐻 𝑘𝑘 ∈

𝐾𝐾 ℎ ∗ 𝑘𝑘 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)
ℎ1, ℎ2, … , ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾), ℎ𝑖𝑖 ∈ 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)

ℎ1, ℎ2, … ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) 𝐻𝐻 ∩ 𝐾𝐾
ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

ℎ ∗ (ℎ1 ∗ ℎ1
′ ) ∗ 𝑘𝑘, ℎ ∗ (ℎ2 ∗ ℎ2

′ ) ∗ 𝑘𝑘, … , ℎ ∗ (ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) ∗ ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾)
′ ).

ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 𝑦𝑦 𝐾𝐾 𝜃𝜃(𝐻𝐻) > √𝑜𝑜(𝐺𝐺) 𝑜𝑜(𝐾𝐾) > √𝜃𝜃(𝐺𝐺)
𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}

Corolario

Caso 2
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ℎ1
−1 ∗ ℎ ∈ 𝐾𝐾 𝑘𝑘1 ∗ 𝑘𝑘−1 ∈ 𝐻𝐻 ℎ1

−1 ∗ ℎ ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝑘𝑘1 ∗
𝑘𝑘−1 ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒} ℎ = ℎ1 y 𝑘𝑘 = 𝑘𝑘1

ℎ ∗ 𝑘𝑘
𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)

𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}.

𝐻𝐻 ∩ 𝐾𝐾

ℎ1 ∈  𝐻𝐻 ∩ 𝐾𝐾 ℎ ∗ 𝑘𝑘 = (ℎ ∗ ℎ1) ∗ (ℎ1
−1 ∗ 𝑘𝑘) ℎ ∈ 𝐻𝐻 𝑘𝑘 ∈

𝐾𝐾 ℎ ∗ 𝑘𝑘 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)
ℎ1, ℎ2, … , ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾), ℎ𝑖𝑖 ∈ 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)

ℎ1, ℎ2, … ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) 𝐻𝐻 ∩ 𝐾𝐾
ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

ℎ ∗ (ℎ1 ∗ ℎ1
′ ) ∗ 𝑘𝑘, ℎ ∗ (ℎ2 ∗ ℎ2

′ ) ∗ 𝑘𝑘, … , ℎ ∗ (ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) ∗ ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾)
′ ).

ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 𝑦𝑦 𝐾𝐾 𝜃𝜃(𝐻𝐻) > √𝑜𝑜(𝐺𝐺) 𝑜𝑜(𝐾𝐾) > √𝜃𝜃(𝐺𝐺)
𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}

ℎ1
−1 ∗ ℎ ∈ 𝐾𝐾 𝑘𝑘1 ∗ 𝑘𝑘−1 ∈ 𝐻𝐻 ℎ1

−1 ∗ ℎ ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝑘𝑘1 ∗
𝑘𝑘−1 ∈ 𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒} ℎ = ℎ1 y 𝑘𝑘 = 𝑘𝑘1

ℎ ∗ 𝑘𝑘
𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)

𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}.

𝐻𝐻 ∩ 𝐾𝐾

ℎ1 ∈  𝐻𝐻 ∩ 𝐾𝐾 ℎ ∗ 𝑘𝑘 = (ℎ ∗ ℎ1) ∗ (ℎ1
−1 ∗ 𝑘𝑘) ℎ ∈ 𝐻𝐻 𝑘𝑘 ∈

𝐾𝐾 ℎ ∗ 𝑘𝑘 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)
ℎ1, ℎ2, … , ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾), ℎ𝑖𝑖 ∈ 𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾)

ℎ1, ℎ2, … ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) 𝐻𝐻 ∩ 𝐾𝐾
ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

ℎ ∗ (ℎ1 ∗ ℎ1
′ ) ∗ 𝑘𝑘, ℎ ∗ (ℎ2 ∗ ℎ2

′ ) ∗ 𝑘𝑘, … , ℎ ∗ (ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾) ∗ ℎ𝑜𝑜(𝐻𝐻∩𝐾𝐾)
′ ).

ℎ ∗ 𝑘𝑘 𝐻𝐻𝐻𝐻

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) .

𝐻𝐻 𝑦𝑦 𝐾𝐾 𝜃𝜃(𝐻𝐻) > √𝑜𝑜(𝐺𝐺) 𝑜𝑜(𝐾𝐾) > √𝜃𝜃(𝐺𝐺)
𝐻𝐻 ∩ 𝐾𝐾 ≠ {𝑒𝑒}

𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}
𝑜𝑜(𝐻𝐻 ∩ 𝐾𝐾) = 1

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻)∙𝑜𝑜(𝐾𝐾)
𝑜𝑜(𝐻𝐻∩𝐾𝐾) 𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐾𝐾) > 𝑜𝑜(𝐺𝐺)

𝑜𝑜(𝐻𝐻) > √𝑜𝑜(𝐺𝐺)  𝑦𝑦  𝑜𝑜(𝐾𝐾) > √𝑜𝑜(𝐺𝐺) 𝐻𝐻𝐻𝐻
𝑜𝑜(𝐻𝐻𝐻𝐻) ≤ 𝑜𝑜(𝐺𝐺)

𝐻𝐻 ∩ 𝐾𝐾 = {𝑒𝑒}

∎

𝑜𝑜(𝐺𝐺) = 𝑝𝑝𝑝𝑝 𝑝𝑝 𝑦𝑦 𝑞𝑞 𝑝𝑝 > 𝑞𝑞

𝐺𝐺
𝐻𝐻 𝐽𝐽

𝐻𝐻 𝑦𝑦 𝐽𝐽 𝐻𝐻 ∩ 𝐽𝐽 = {𝑒𝑒}

𝑜𝑜(𝐻𝐻𝐻𝐻) = 𝑜𝑜(𝐻𝐻) ∙ 𝑜𝑜(𝐽𝐽)
𝑜𝑜(𝐻𝐻 ∩ 𝐽𝐽) = 𝑝𝑝𝑝𝑝;

𝐻𝐻𝐻𝐻 = 𝐺𝐺

𝑝𝑝
𝑝𝑝 > 𝑞𝑞 𝑝𝑝2 > 𝑝𝑝𝑝𝑝 𝐻𝐻 ∩ 𝐾𝐾 ≠

{𝑒𝑒} 𝐻𝐻𝐻𝐻 𝑜𝑜(𝐻𝐻) > √𝑜𝑜(𝐺𝐺) 𝑜𝑜(𝐾𝐾) > √𝑜𝑜(𝐺𝐺)

Demostración
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𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = 𝐻𝐻 𝐻𝐻 ∩
𝐾𝐾 = 𝐾𝐾 𝐻𝐻 = 𝐾𝐾

𝑜𝑜(𝐺𝐺) = 𝑝𝑝𝑝𝑝 𝑝𝑝 𝑞𝑞
𝐺𝐺 𝑝𝑝

(𝑆𝑆3, 0) 𝐻𝐻 = {𝜌𝜌0, 𝑢𝑢1} 𝑆𝑆3

∘ 𝝆𝝆𝟎𝟎 𝝆𝝆𝟏𝟏 𝝆𝝆𝟐𝟐 𝝁𝝁𝟏𝟏 𝝁𝝁𝟐𝟐 𝝁𝝁𝟑𝟑
𝝆𝝆𝟎𝟎 𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3
𝝆𝝆𝟏𝟏 𝜌𝜌1 𝜌𝜌2 𝜌𝜌0 𝜇𝜇2 𝜇𝜇3 𝜇𝜇1
𝝆𝝆𝟐𝟐 𝜌𝜌2 𝜌𝜌0 𝜌𝜌1 𝜇𝜇3 𝜇𝜇1 𝜇𝜇2
𝝁𝝁𝟏𝟏 𝜇𝜇1 𝜇𝜇3 𝜇𝜇2 𝜌𝜌0 𝜌𝜌2 𝜌𝜌1
𝝁𝝁𝟐𝟐 𝜇𝜇2 𝜇𝜇1 𝜇𝜇3 𝜌𝜌1 𝜌𝜌0 𝜌𝜌2
𝝁𝝁𝟑𝟑 𝜇𝜇3 𝜇𝜇2 𝜇𝜇1 𝜌𝜌2 𝜌𝜌1 𝜌𝜌0

𝜌𝜌0𝐻𝐻 = 𝐻𝐻𝜌𝜌0 = 𝑢𝑢1𝐻𝐻 = 𝐻𝐻𝑢𝑢1

𝜌𝜌1𝐻𝐻 = {𝜌𝜌1, 𝑢𝑢2}  y  𝐻𝐻𝜌𝜌1 = {𝜌𝜌1, 𝑢𝑢3}
𝜌𝜌2𝐻𝐻 = {𝜌𝜌2, 𝑢𝑢3}  y  𝐻𝐻𝜌𝜌2 = {𝜌𝜌2, 𝑢𝑢2}
𝑢𝑢2𝐻𝐻 = {𝑢𝑢2, 𝜌𝜌1}  y  𝐻𝐻𝑢𝑢2 = {𝑢𝑢2, 𝜌𝜌2}
𝑢𝑢3𝐻𝐻 = {𝑢𝑢3, 𝜌𝜌2}  y  𝐻𝐻𝑢𝑢3 = {𝑢𝑢3, 𝜌𝜌1}

𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = 𝐻𝐻 𝐻𝐻 ∩
𝐾𝐾 = 𝐾𝐾 𝐻𝐻 = 𝐾𝐾

𝑜𝑜(𝐺𝐺) = 𝑝𝑝𝑝𝑝 𝑝𝑝 𝑞𝑞
𝐺𝐺 𝑝𝑝

(𝑆𝑆3, 0) 𝐻𝐻 = {𝜌𝜌0, 𝑢𝑢1} 𝑆𝑆3

∘ 𝝆𝝆𝟎𝟎 𝝆𝝆𝟏𝟏 𝝆𝝆𝟐𝟐 𝝁𝝁𝟏𝟏 𝝁𝝁𝟐𝟐 𝝁𝝁𝟑𝟑
𝝆𝝆𝟎𝟎 𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3
𝝆𝝆𝟏𝟏 𝜌𝜌1 𝜌𝜌2 𝜌𝜌0 𝜇𝜇2 𝜇𝜇3 𝜇𝜇1
𝝆𝝆𝟐𝟐 𝜌𝜌2 𝜌𝜌0 𝜌𝜌1 𝜇𝜇3 𝜇𝜇1 𝜇𝜇2
𝝁𝝁𝟏𝟏 𝜇𝜇1 𝜇𝜇3 𝜇𝜇2 𝜌𝜌0 𝜌𝜌2 𝜌𝜌1
𝝁𝝁𝟐𝟐 𝜇𝜇2 𝜇𝜇1 𝜇𝜇3 𝜌𝜌1 𝜌𝜌0 𝜌𝜌2
𝝁𝝁𝟑𝟑 𝜇𝜇3 𝜇𝜇2 𝜇𝜇1 𝜌𝜌2 𝜌𝜌1 𝜌𝜌0

𝜌𝜌0𝐻𝐻 = 𝐻𝐻𝜌𝜌0 = 𝑢𝑢1𝐻𝐻 = 𝐻𝐻𝑢𝑢1

𝜌𝜌1𝐻𝐻 = {𝜌𝜌1, 𝑢𝑢2}  y  𝐻𝐻𝜌𝜌1 = {𝜌𝜌1, 𝑢𝑢3}
𝜌𝜌2𝐻𝐻 = {𝜌𝜌2, 𝑢𝑢3}  y  𝐻𝐻𝜌𝜌2 = {𝜌𝜌2, 𝑢𝑢2}
𝑢𝑢2𝐻𝐻 = {𝑢𝑢2, 𝜌𝜌1}  y  𝐻𝐻𝑢𝑢2 = {𝑢𝑢2, 𝜌𝜌2}
𝑢𝑢3𝐻𝐻 = {𝑢𝑢3, 𝜌𝜌2}  y  𝐻𝐻𝑢𝑢3 = {𝑢𝑢3, 𝜌𝜌1}

2.3 Subgrupos normales y grupos cociente

𝜑𝜑𝜑𝜑 𝑦𝑦 𝐻𝐻𝐻𝐻
𝜌𝜌1𝐻𝐻

𝐻𝐻 ⊂ 𝑆𝑆3 𝐻𝐻 = 𝐴𝐴3 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}

𝑖𝑖𝑆𝑆3(𝐴𝐴3) = 2

𝜌𝜌0𝐴𝐴3 = 𝜌𝜌1𝐴𝐴3 = 𝜌𝜌2𝐴𝐴3 = 𝐴𝐴3 = 𝐴𝐴3𝜌𝜌0 = 𝐴𝐴3𝜌𝜌1 = 𝐴𝐴3𝜌𝜌2

𝑢𝑢1𝐴𝐴3 = 𝑢𝑢2𝐴𝐴3 = 𝑢𝑢3𝐴𝐴3 = 𝐴𝐴3𝑢𝑢1 = 𝐴𝐴3𝑢𝑢2 = 𝐴𝐴3𝑢𝑢3 = {𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3}

𝐴𝐴3 en 𝑆𝑆3

(𝐺𝐺,∗)
𝐻𝐻𝐻𝐻 = 𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺

𝐻𝐻∆𝐺𝐺

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑔𝑔 ∈ 𝐺𝐺 𝑛𝑛 ∈ 𝑁𝑁, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ∈ 𝑁𝑁
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𝐻𝐻 ∩ 𝐾𝐾 𝐻𝐻 ∩ 𝐾𝐾 = 𝐻𝐻 𝐻𝐻 ∩
𝐾𝐾 = 𝐾𝐾 𝐻𝐻 = 𝐾𝐾

𝑜𝑜(𝐺𝐺) = 𝑝𝑝𝑝𝑝 𝑝𝑝 𝑞𝑞
𝐺𝐺 𝑝𝑝

(𝑆𝑆3, 0) 𝐻𝐻 = {𝜌𝜌0, 𝑢𝑢1} 𝑆𝑆3

∘ 𝝆𝝆𝟎𝟎 𝝆𝝆𝟏𝟏 𝝆𝝆𝟐𝟐 𝝁𝝁𝟏𝟏 𝝁𝝁𝟐𝟐 𝝁𝝁𝟑𝟑
𝝆𝝆𝟎𝟎 𝜌𝜌0 𝜌𝜌1 𝜌𝜌2 𝜇𝜇1 𝜇𝜇2 𝜇𝜇3
𝝆𝝆𝟏𝟏 𝜌𝜌1 𝜌𝜌2 𝜌𝜌0 𝜇𝜇2 𝜇𝜇3 𝜇𝜇1
𝝆𝝆𝟐𝟐 𝜌𝜌2 𝜌𝜌0 𝜌𝜌1 𝜇𝜇3 𝜇𝜇1 𝜇𝜇2
𝝁𝝁𝟏𝟏 𝜇𝜇1 𝜇𝜇3 𝜇𝜇2 𝜌𝜌0 𝜌𝜌2 𝜌𝜌1
𝝁𝝁𝟐𝟐 𝜇𝜇2 𝜇𝜇1 𝜇𝜇3 𝜌𝜌1 𝜌𝜌0 𝜌𝜌2
𝝁𝝁𝟑𝟑 𝜇𝜇3 𝜇𝜇2 𝜇𝜇1 𝜌𝜌2 𝜌𝜌1 𝜌𝜌0

𝜌𝜌0𝐻𝐻 = 𝐻𝐻𝜌𝜌0 = 𝑢𝑢1𝐻𝐻 = 𝐻𝐻𝑢𝑢1

𝜌𝜌1𝐻𝐻 = {𝜌𝜌1, 𝑢𝑢2}  y  𝐻𝐻𝜌𝜌1 = {𝜌𝜌1, 𝑢𝑢3}
𝜌𝜌2𝐻𝐻 = {𝜌𝜌2, 𝑢𝑢3}  y  𝐻𝐻𝜌𝜌2 = {𝜌𝜌2, 𝑢𝑢2}
𝑢𝑢2𝐻𝐻 = {𝑢𝑢2, 𝜌𝜌1}  y  𝐻𝐻𝑢𝑢2 = {𝑢𝑢2, 𝜌𝜌2}
𝑢𝑢3𝐻𝐻 = {𝑢𝑢3, 𝜌𝜌2}  y  𝐻𝐻𝑢𝑢3 = {𝑢𝑢3, 𝜌𝜌1}

𝜑𝜑𝜑𝜑 𝑦𝑦 𝐻𝐻𝐻𝐻
𝜌𝜌1𝐻𝐻

𝐻𝐻 ⊂ 𝑆𝑆3 𝐻𝐻 = 𝐴𝐴3 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}

𝑖𝑖𝑆𝑆3(𝐴𝐴3) = 2

𝜌𝜌0𝐴𝐴3 = 𝜌𝜌1𝐴𝐴3 = 𝜌𝜌2𝐴𝐴3 = 𝐴𝐴3 = 𝐴𝐴3𝜌𝜌0 = 𝐴𝐴3𝜌𝜌1 = 𝐴𝐴3𝜌𝜌2

𝑢𝑢1𝐴𝐴3 = 𝑢𝑢2𝐴𝐴3 = 𝑢𝑢3𝐴𝐴3 = 𝐴𝐴3𝑢𝑢1 = 𝐴𝐴3𝑢𝑢2 = 𝐴𝐴3𝑢𝑢3 = {𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3}

𝐴𝐴3 en 𝑆𝑆3

(𝐺𝐺,∗)
𝐻𝐻𝐻𝐻 = 𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺

𝐻𝐻∆𝐺𝐺

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑔𝑔 ∈ 𝐺𝐺 𝑛𝑛 ∈ 𝑁𝑁, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ∈ 𝑁𝑁

𝜑𝜑𝜑𝜑 𝑦𝑦 𝐻𝐻𝐻𝐻
𝜌𝜌1𝐻𝐻

𝐻𝐻 ⊂ 𝑆𝑆3 𝐻𝐻 = 𝐴𝐴3 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}

𝑖𝑖𝑆𝑆3(𝐴𝐴3) = 2

𝜌𝜌0𝐴𝐴3 = 𝜌𝜌1𝐴𝐴3 = 𝜌𝜌2𝐴𝐴3 = 𝐴𝐴3 = 𝐴𝐴3𝜌𝜌0 = 𝐴𝐴3𝜌𝜌1 = 𝐴𝐴3𝜌𝜌2

𝑢𝑢1𝐴𝐴3 = 𝑢𝑢2𝐴𝐴3 = 𝑢𝑢3𝐴𝐴3 = 𝐴𝐴3𝑢𝑢1 = 𝐴𝐴3𝑢𝑢2 = 𝐴𝐴3𝑢𝑢3 = {𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3}

𝐴𝐴3 en 𝑆𝑆3

(𝐺𝐺,∗)
𝐻𝐻𝐻𝐻 = 𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺

𝐻𝐻∆𝐺𝐺

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑔𝑔 ∈ 𝐺𝐺 𝑛𝑛 ∈ 𝑁𝑁, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ∈ 𝑁𝑁

𝜑𝜑𝜑𝜑 𝑦𝑦 𝐻𝐻𝐻𝐻
𝜌𝜌1𝐻𝐻

𝐻𝐻 ⊂ 𝑆𝑆3 𝐻𝐻 = 𝐴𝐴3 = {𝜌𝜌0, 𝜌𝜌1, 𝜌𝜌2}

𝑖𝑖𝑆𝑆3(𝐴𝐴3) = 2

𝜌𝜌0𝐴𝐴3 = 𝜌𝜌1𝐴𝐴3 = 𝜌𝜌2𝐴𝐴3 = 𝐴𝐴3 = 𝐴𝐴3𝜌𝜌0 = 𝐴𝐴3𝜌𝜌1 = 𝐴𝐴3𝜌𝜌2

𝑢𝑢1𝐴𝐴3 = 𝑢𝑢2𝐴𝐴3 = 𝑢𝑢3𝐴𝐴3 = 𝐴𝐴3𝑢𝑢1 = 𝐴𝐴3𝑢𝑢2 = 𝐴𝐴3𝑢𝑢3 = {𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3}

𝐴𝐴3 en 𝑆𝑆3

(𝐺𝐺,∗)
𝐻𝐻𝐻𝐻 = 𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺

𝐻𝐻∆𝐺𝐺

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑔𝑔 ∈ 𝐺𝐺 𝑛𝑛 ∈ 𝑁𝑁, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ∈ 𝑁𝑁

Definición

Definición
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𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

Teorema

Demostración

Ejemplos

𝑔𝑔𝑔𝑔𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺 𝑁𝑁
𝐺𝐺

∎

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁
(𝑔𝑔 𝑁𝑁 𝑔𝑔−1)𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑁𝑁

𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑔𝑔1 𝑔𝑔 ∈ 𝐺𝐺 𝑦𝑦 𝑔𝑔1 ∈ 𝐺𝐺 𝑔𝑔 = 𝑔𝑔 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑔𝑔
𝑔𝑔𝑔𝑔 𝑁𝑁𝑔𝑔1 𝑔𝑔1 = 𝑔𝑔

𝑔𝑔𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑁𝑁

∎

(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝑖𝑖𝐺𝐺(𝑁𝑁) = 2 𝑁𝑁
𝐺𝐺
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𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

𝑁𝑁 𝑔𝑔 ∈
𝐺𝐺, 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁

 (𝑛𝑛ℤ, +) (ℤ, +) ℤ

 𝐴𝐴3 𝑆𝑆3

 (𝐺𝐺,∗) 𝐻𝐻

𝑁𝑁 𝐺𝐺  𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟹)

𝑁𝑁 𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺, 𝑔𝑔−1 ∈ 𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 y 𝑔𝑔−1𝑁𝑁(𝑔𝑔−1)−1 ⊂ 𝑁𝑁

𝑔𝑔 y 𝑔𝑔−1

𝑔𝑔(𝑔𝑔−1 𝑁𝑁 𝑔𝑔)𝑔𝑔−1 ⊂ 𝑔𝑔𝑔𝑔𝑔𝑔−1 𝑁𝑁 ⊂ 𝑔𝑔 𝑁𝑁 𝑔𝑔−1     (1)

𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺     (2)

𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺

(⟸)

𝑔𝑔𝑔𝑔𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺 𝑁𝑁
𝐺𝐺

∎

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁
(𝑔𝑔 𝑁𝑁 𝑔𝑔−1)𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑁𝑁

𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑔𝑔1 𝑔𝑔 ∈ 𝐺𝐺 𝑦𝑦 𝑔𝑔1 ∈ 𝐺𝐺 𝑔𝑔 = 𝑔𝑔 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑔𝑔
𝑔𝑔𝑔𝑔 𝑁𝑁𝑔𝑔1 𝑔𝑔1 = 𝑔𝑔

𝑔𝑔𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑁𝑁

∎

(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝑖𝑖𝐺𝐺(𝑁𝑁) = 2 𝑁𝑁
𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺 𝑁𝑁
𝐺𝐺

∎

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁
(𝑔𝑔 𝑁𝑁 𝑔𝑔−1)𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑁𝑁

𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑔𝑔1 𝑔𝑔 ∈ 𝐺𝐺 𝑦𝑦 𝑔𝑔1 ∈ 𝐺𝐺 𝑔𝑔 = 𝑔𝑔 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑔𝑔
𝑔𝑔𝑔𝑔 𝑁𝑁𝑔𝑔1 𝑔𝑔1 = 𝑔𝑔

𝑔𝑔𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑁𝑁

∎

(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝑖𝑖𝐺𝐺(𝑁𝑁) = 2 𝑁𝑁
𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺 𝑁𝑁
𝐺𝐺

∎

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁
(𝑔𝑔 𝑁𝑁 𝑔𝑔−1)𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑁𝑁

𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑔𝑔1 𝑔𝑔 ∈ 𝐺𝐺 𝑦𝑦 𝑔𝑔1 ∈ 𝐺𝐺 𝑔𝑔 = 𝑔𝑔 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑔𝑔
𝑔𝑔𝑔𝑔 𝑁𝑁𝑔𝑔1 𝑔𝑔1 = 𝑔𝑔

𝑔𝑔𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑁𝑁

∎

(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝑖𝑖𝐺𝐺(𝑁𝑁) = 2 𝑁𝑁
𝐺𝐺

𝑔𝑔𝑔𝑔𝑔𝑔−1 = 𝑁𝑁 𝑔𝑔𝑔𝑔𝑔𝑔−1 ⊂ 𝑁𝑁 𝑔𝑔 ∈ 𝐺𝐺 𝑁𝑁
𝐺𝐺

∎

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝐺𝐺 𝑔𝑔 ∈ 𝐺𝐺 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁
(𝑔𝑔 𝑁𝑁 𝑔𝑔−1)𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑁𝑁

𝑔𝑔 𝑁𝑁 = 𝑁𝑁𝑔𝑔1 𝑔𝑔 ∈ 𝐺𝐺 𝑦𝑦 𝑔𝑔1 ∈ 𝐺𝐺 𝑔𝑔 = 𝑔𝑔 ∗ 𝑒𝑒 = 𝑒𝑒 ∗ 𝑔𝑔
𝑔𝑔𝑔𝑔 𝑁𝑁𝑔𝑔1 𝑔𝑔1 = 𝑔𝑔

𝑔𝑔𝑔𝑔 = 𝑁𝑁𝑁𝑁 𝑔𝑔 𝑁𝑁 𝑔𝑔−1 = 𝑁𝑁 𝑁𝑁

∎

(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝑖𝑖𝐺𝐺(𝑁𝑁) = 2 𝑁𝑁
𝐺𝐺

Teorema

Teorema

Demostración
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𝑁𝑁 𝑒𝑒𝑒𝑒 =
𝑁𝑁  y  𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁𝑁𝑁 = 𝑁𝑁 y 𝑁𝑁𝑁𝑁 𝑏𝑏 ∈ 𝐺𝐺

𝑁𝑁 ∩ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∩ 𝑁𝑁𝑁𝑁 = ∅ 𝑁𝑁 ∪ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∪ 𝑁𝑁𝑁𝑁 = 𝐺𝐺
𝑁𝑁 𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁

𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
(𝑁𝑁𝑁𝑁) ⋅ (𝑁𝑁𝑁𝑁)

𝐻𝐻𝐻𝐻 𝐺𝐺 𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁). (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = (𝑎𝑎𝑎𝑎)(𝑁𝑁𝑁𝑁) = (𝑎𝑎(𝑁𝑁𝑁𝑁)𝑏𝑏 =
(𝑎𝑎𝑎𝑎)𝑏𝑏 = (𝑁𝑁𝑁𝑁)𝑏𝑏 = 𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁. 𝑁𝑁 = 𝑁𝑁 𝑁𝑁 𝐺𝐺

∎

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = 𝑁𝑁𝑎𝑎∗𝑏𝑏

𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁𝑁𝑁𝑁𝑁

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺

(⟹)

𝑁𝑁 𝑒𝑒𝑒𝑒 =
𝑁𝑁  y  𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁𝑁𝑁 = 𝑁𝑁 y 𝑁𝑁𝑁𝑁 𝑏𝑏 ∈ 𝐺𝐺

𝑁𝑁 ∩ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∩ 𝑁𝑁𝑁𝑁 = ∅ 𝑁𝑁 ∪ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∪ 𝑁𝑁𝑁𝑁 = 𝐺𝐺
𝑁𝑁 𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁

𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
(𝑁𝑁𝑁𝑁) ⋅ (𝑁𝑁𝑁𝑁)

𝐻𝐻𝐻𝐻 𝐺𝐺 𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁). (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = (𝑎𝑎𝑎𝑎)(𝑁𝑁𝑁𝑁) = (𝑎𝑎(𝑁𝑁𝑁𝑁)𝑏𝑏 =
(𝑎𝑎𝑎𝑎)𝑏𝑏 = (𝑁𝑁𝑁𝑁)𝑏𝑏 = 𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁. 𝑁𝑁 = 𝑁𝑁 𝑁𝑁 𝐺𝐺

∎

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = 𝑁𝑁𝑎𝑎∗𝑏𝑏

𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁𝑁𝑁𝑁𝑁

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺

(⟹)

𝑁𝑁 𝑒𝑒𝑒𝑒 =
𝑁𝑁  y  𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁𝑁𝑁 = 𝑁𝑁 y 𝑁𝑁𝑁𝑁 𝑏𝑏 ∈ 𝐺𝐺

𝑁𝑁 ∩ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∩ 𝑁𝑁𝑁𝑁 = ∅ 𝑁𝑁 ∪ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∪ 𝑁𝑁𝑁𝑁 = 𝐺𝐺
𝑁𝑁 𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁

𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
(𝑁𝑁𝑁𝑁) ⋅ (𝑁𝑁𝑁𝑁)

𝐻𝐻𝐻𝐻 𝐺𝐺 𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁). (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = (𝑎𝑎𝑎𝑎)(𝑁𝑁𝑁𝑁) = (𝑎𝑎(𝑁𝑁𝑁𝑁)𝑏𝑏 =
(𝑎𝑎𝑎𝑎)𝑏𝑏 = (𝑁𝑁𝑁𝑁)𝑏𝑏 = 𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁. 𝑁𝑁 = 𝑁𝑁 𝑁𝑁 𝐺𝐺

∎

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = 𝑁𝑁𝑎𝑎∗𝑏𝑏

𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁𝑁𝑁𝑁𝑁

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺

(⟹)

Demostración

Demostración

Teorema
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𝑁𝑁 𝑒𝑒𝑒𝑒 =
𝑁𝑁  y  𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁𝑁𝑁 = 𝑁𝑁 y 𝑁𝑁𝑁𝑁 𝑏𝑏 ∈ 𝐺𝐺

𝑁𝑁 ∩ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∩ 𝑁𝑁𝑁𝑁 = ∅ 𝑁𝑁 ∪ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∪ 𝑁𝑁𝑁𝑁 = 𝐺𝐺
𝑁𝑁 𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁

𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
(𝑁𝑁𝑁𝑁) ⋅ (𝑁𝑁𝑁𝑁)

𝐻𝐻𝐻𝐻 𝐺𝐺 𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁). (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = (𝑎𝑎𝑎𝑎)(𝑁𝑁𝑁𝑁) = (𝑎𝑎(𝑁𝑁𝑁𝑁)𝑏𝑏 =
(𝑎𝑎𝑎𝑎)𝑏𝑏 = (𝑁𝑁𝑁𝑁)𝑏𝑏 = 𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁. 𝑁𝑁 = 𝑁𝑁 𝑁𝑁 𝐺𝐺

∎

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = 𝑁𝑁𝑎𝑎∗𝑏𝑏

𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁𝑁𝑁𝑁𝑁

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺

(⟹)

𝑁𝑁 𝑒𝑒𝑒𝑒 =
𝑁𝑁  y  𝑎𝑎𝑎𝑎 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁𝑁𝑁 = 𝑁𝑁 y 𝑁𝑁𝑁𝑁 𝑏𝑏 ∈ 𝐺𝐺

𝑁𝑁 ∩ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∩ 𝑁𝑁𝑁𝑁 = ∅ 𝑁𝑁 ∪ 𝑎𝑎𝑎𝑎 = 𝑁𝑁 ∪ 𝑁𝑁𝑁𝑁 = 𝐺𝐺
𝑁𝑁 𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁

𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺
(𝑁𝑁𝑁𝑁) ⋅ (𝑁𝑁𝑁𝑁)

𝐻𝐻𝐻𝐻 𝐺𝐺 𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁). (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = (𝑎𝑎𝑎𝑎)(𝑁𝑁𝑁𝑁) = (𝑎𝑎(𝑁𝑁𝑁𝑁)𝑏𝑏 =
(𝑎𝑎𝑎𝑎)𝑏𝑏 = (𝑁𝑁𝑁𝑁)𝑏𝑏 = 𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁. 𝑁𝑁 = 𝑁𝑁 𝑁𝑁 𝐺𝐺

∎

(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = 𝑁𝑁𝑎𝑎∗𝑏𝑏

𝑁𝑁𝑎𝑎∗𝑏𝑏 𝑁𝑁𝑁𝑁𝑁𝑁

𝑁𝑁 𝐺𝐺 𝐺𝐺
𝑁𝑁 𝐺𝐺

𝑁𝑁 𝐺𝐺

(⟹)

𝑁𝑁 𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁  y  𝑏𝑏𝑏𝑏 = 𝑁𝑁𝑁𝑁
𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐺𝐺 (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) = 𝑁𝑁(𝑎𝑎𝑎𝑎)𝑏𝑏 = (𝑁𝑁𝑁𝑁)𝑎𝑎 ∗

𝐵𝐵 = 𝑁𝑁𝑁𝑁𝑁𝑁

(⟸)

𝑁𝑁𝑁𝑁. 𝑁𝑁𝑁𝑁 = 𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁𝑁𝑁. 𝑁𝑁 = 𝑁𝑁𝑁𝑁 𝑎𝑎𝑎𝑎. 𝑁𝑁 = 𝑁𝑁𝑁𝑁
𝑎𝑎𝑎𝑎 = 𝑁𝑁𝑁𝑁 𝑁𝑁 𝐺𝐺

∎

𝑁𝑁 𝐺𝐺
𝐺𝐺/𝑁𝑁 = {𝑁𝑁𝑁𝑁 | 𝑎𝑎 ∈ 𝐺𝐺} 𝐻𝐻 𝐺𝐺

 𝑁𝑁𝑁𝑁 ∈ 𝐺𝐺/𝑁𝑁 𝑁𝑁𝑁𝑁 ∈ 𝐺𝐺/𝑁𝑁
(𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁) ∈ 𝐺𝐺/𝑁𝑁

 𝑁𝑁𝑁𝑁, 𝑁𝑁𝑁𝑁 𝑁𝑁𝑐𝑐 𝐺𝐺/𝑁𝑁

(𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁)𝑁𝑁𝑁𝑁 = (𝑁𝑁(𝑎𝑎 ∗ 𝑏𝑏))𝑁𝑁𝑁𝑁 = 𝑁𝑁(𝑎𝑎 ∗ 𝑏𝑏) ∗ 𝑐𝑐 = 𝑁𝑁𝑁𝑁 ∗ (𝑏𝑏 ∗ 𝑐𝑐) = (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁 ∗
𝑐𝑐) = (𝑁𝑁𝑁𝑁)(𝑁𝑁𝑁𝑁𝑁𝑁𝑁𝑁)

 𝑁𝑁 = 𝑁𝑁𝑁𝑁, (𝑁𝑁𝑁𝑁)𝑁𝑁 = 𝑁𝑁𝑁𝑁 ∗ 𝑒𝑒 = 𝑁𝑁𝑁𝑁

 𝑁𝑁𝑁𝑁 ∈ 𝐺𝐺/𝑁𝑁, 𝑁𝑁𝑎𝑎−1 ∈ 𝐺𝐺/𝑁𝑁 𝑁𝑁𝑁𝑁𝑁𝑁𝑎𝑎−1 = 𝑁𝑁
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(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝐺𝐺/𝑁𝑁
𝐺𝐺 𝑁𝑁

𝐺𝐺/𝑁𝑁 𝑁𝑁 𝐺𝐺

𝑜𝑜 (𝐺𝐺
𝑛𝑛) = 𝑖𝑖𝐺𝐺(𝑁𝑁) = 𝑜𝑜(𝐺𝐺)

𝑜𝑜(𝑁𝑁).

∎

(𝑛𝑛ℤ, +) (ℤ, +)

(𝑛𝑛ℤ)𝑥𝑥 = {𝑥𝑥 + 𝑛𝑛ℤ | 𝑥𝑥 ∈ ℤ} = {𝑥𝑥 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ}.

(𝑛𝑛ℤ)0, (𝑛𝑛ℤ)1, (𝑛𝑛ℤ)2, … , (𝑛𝑛ℤ)𝑛𝑛−1.

(𝑛𝑛ℤ)7. (𝑛𝑛ℤ)𝑛𝑛−2 = (𝑛𝑛ℤ)5

ℤ𝑛𝑛

(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝐺𝐺/𝑁𝑁
𝐺𝐺 𝑁𝑁

𝐺𝐺/𝑁𝑁 𝑁𝑁 𝐺𝐺

𝑜𝑜 (𝐺𝐺
𝑛𝑛) = 𝑖𝑖𝐺𝐺(𝑁𝑁) = 𝑜𝑜(𝐺𝐺)

𝑜𝑜(𝑁𝑁).

∎

(𝑛𝑛ℤ, +) (ℤ, +)

(𝑛𝑛ℤ)𝑥𝑥 = {𝑥𝑥 + 𝑛𝑛ℤ | 𝑥𝑥 ∈ ℤ} = {𝑥𝑥 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ}.

(𝑛𝑛ℤ)0, (𝑛𝑛ℤ)1, (𝑛𝑛ℤ)2, … , (𝑛𝑛ℤ)𝑛𝑛−1.

(𝑛𝑛ℤ)7. (𝑛𝑛ℤ)𝑛𝑛−2 = (𝑛𝑛ℤ)5

ℤ𝑛𝑛

Teorema

Ejemplo
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(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝐺𝐺/𝑁𝑁
𝐺𝐺 𝑁𝑁

𝐺𝐺/𝑁𝑁 𝑁𝑁 𝐺𝐺

𝑜𝑜 (𝐺𝐺
𝑛𝑛) = 𝑖𝑖𝐺𝐺(𝑁𝑁) = 𝑜𝑜(𝐺𝐺)

𝑜𝑜(𝑁𝑁).

∎

(𝑛𝑛ℤ, +) (ℤ, +)

(𝑛𝑛ℤ)𝑥𝑥 = {𝑥𝑥 + 𝑛𝑛ℤ | 𝑥𝑥 ∈ ℤ} = {𝑥𝑥 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ}.

(𝑛𝑛ℤ)0, (𝑛𝑛ℤ)1, (𝑛𝑛ℤ)2, … , (𝑛𝑛ℤ)𝑛𝑛−1.

(𝑛𝑛ℤ)7. (𝑛𝑛ℤ)𝑛𝑛−2 = (𝑛𝑛ℤ)5

ℤ𝑛𝑛

(𝐺𝐺,∗) 𝑁𝑁 𝐺𝐺 𝐺𝐺/𝑁𝑁
𝐺𝐺 𝑁𝑁

𝐺𝐺/𝑁𝑁 𝑁𝑁 𝐺𝐺

𝑜𝑜 (𝐺𝐺
𝑛𝑛) = 𝑖𝑖𝐺𝐺(𝑁𝑁) = 𝑜𝑜(𝐺𝐺)

𝑜𝑜(𝑁𝑁).

∎

(𝑛𝑛ℤ, +) (ℤ, +)

(𝑛𝑛ℤ)𝑥𝑥 = {𝑥𝑥 + 𝑛𝑛ℤ | 𝑥𝑥 ∈ ℤ} = {𝑥𝑥 + 𝑛𝑛𝑛𝑛 | 𝑡𝑡 ∈ ℤ}.

(𝑛𝑛ℤ)0, (𝑛𝑛ℤ)1, (𝑛𝑛ℤ)2, … , (𝑛𝑛ℤ)𝑛𝑛−1.

(𝑛𝑛ℤ)7. (𝑛𝑛ℤ)𝑛𝑛−2 = (𝑛𝑛ℤ)5

ℤ𝑛𝑛

(𝐺𝐺,∗) 𝑁𝑁1, 𝑁𝑁2, … , 𝑁𝑁𝑘𝑘 𝐺𝐺
⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘
𝑖𝑖=1 𝐺𝐺

⋂ 𝑁𝑁𝑖𝑖
𝑘𝑘
𝑖𝑖=1 𝐺𝐺

(⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑎𝑎. (⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑏𝑏 = (⋂(𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
𝑎𝑎)(𝑁𝑁𝑖𝑖𝑏𝑏))

= (⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑎𝑎 ∗ 𝑏𝑏, para todo 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺.

(⋂ 𝑁𝑁𝑖𝑖
𝑘𝑘
𝑖𝑖=1 )

∎

𝐻𝐻 y 𝐾𝐾 𝐺𝐺
H = 𝑎𝑎−1𝐾𝐾𝐾𝐾, para algun 𝑎𝑎 ∈ 𝐺𝐺

{𝜌𝜌0, 𝑢𝑢1} y {𝜌𝜌0, 𝑢𝑢2} 𝑆𝑆3

𝑁𝑁 𝐺𝐺 𝐺𝐺/𝑁𝑁
𝐺𝐺 𝑁𝑁

𝐺𝐺 𝑁𝑁

(𝐺𝐺,∗) 𝑁𝑁1, 𝑁𝑁2, … , 𝑁𝑁𝑘𝑘 𝐺𝐺
⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘
𝑖𝑖=1 𝐺𝐺

⋂ 𝑁𝑁𝑖𝑖
𝑘𝑘
𝑖𝑖=1 𝐺𝐺

(⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑎𝑎. (⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑏𝑏 = (⋂(𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
𝑎𝑎)(𝑁𝑁𝑖𝑖𝑏𝑏))

= (⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑎𝑎 ∗ 𝑏𝑏, para todo 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺.

(⋂ 𝑁𝑁𝑖𝑖
𝑘𝑘
𝑖𝑖=1 )

∎

𝐻𝐻 y 𝐾𝐾 𝐺𝐺
H = 𝑎𝑎−1𝐾𝐾𝐾𝐾, para algun 𝑎𝑎 ∈ 𝐺𝐺

{𝜌𝜌0, 𝑢𝑢1} y {𝜌𝜌0, 𝑢𝑢2} 𝑆𝑆3

𝑁𝑁 𝐺𝐺 𝐺𝐺/𝑁𝑁
𝐺𝐺 𝑁𝑁

𝐺𝐺 𝑁𝑁

(𝐺𝐺,∗) 𝑁𝑁1, 𝑁𝑁2, … , 𝑁𝑁𝑘𝑘 𝐺𝐺
⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘
𝑖𝑖=1 𝐺𝐺

⋂ 𝑁𝑁𝑖𝑖
𝑘𝑘
𝑖𝑖=1 𝐺𝐺

(⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑎𝑎. (⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑏𝑏 = (⋂(𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
𝑎𝑎)(𝑁𝑁𝑖𝑖𝑏𝑏))

= (⋂ 𝑁𝑁𝑖𝑖

𝑘𝑘

𝑖𝑖=1
) 𝑎𝑎 ∗ 𝑏𝑏, para todo 𝑎𝑎 ∈ 𝐺𝐺 y 𝑏𝑏 ∈ 𝐺𝐺.

(⋂ 𝑁𝑁𝑖𝑖
𝑘𝑘
𝑖𝑖=1 )

∎

𝐻𝐻 y 𝐾𝐾 𝐺𝐺
H = 𝑎𝑎−1𝐾𝐾𝐾𝐾, para algun 𝑎𝑎 ∈ 𝐺𝐺

{𝜌𝜌0, 𝑢𝑢1} y {𝜌𝜌0, 𝑢𝑢2} 𝑆𝑆3

𝑁𝑁 𝐺𝐺 𝐺𝐺/𝑁𝑁
𝐺𝐺 𝑁𝑁

𝐺𝐺 𝑁𝑁

Teorema

Demostración

Definición
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(ℤ4 × ℤ6)/< (0,1) >

< (0,1) > 𝐻𝐻 (0,1)
𝐻𝐻 = {(0,1), (0,2), (0,3), (0,4), (0,5), (0,6)}

𝑜𝑜(ℤ4 × ℤ6) = 24  𝑦𝑦  𝑜𝑜(𝐻𝐻) = 6 𝑜𝑜(𝐺𝐺/𝑁𝑁) = 24
6 = 4

ℤ4 × ℤ6 < (0,1) >

𝐻𝐻 = (0,0) + 𝐻𝐻, (0,1) + 𝐻𝐻, (2,0) + 𝐻𝐻 𝑦𝑦 (3,0) + 𝐻𝐻

ℤ4 × ℤ6/< (0,1) >≈ ℤ4

ℤ4 × ℤ6/< (0,2) >

< (0,2) >= 𝐻𝐻 ℤ4 × ℤ6

𝐻𝐻 = {(0,2), (0,4), (0,0)}

𝑜𝑜(ℤ4 × ℤ6/< (0,2) >) = 24
3 = 8

ℤ8?

ℤ6

ℤ6/ℤ3 ≈ ℤ2

𝑜𝑜(ℤ4 × ℤ6 ≮ (0,2) >) ≈ ℤ4 × ℤ2.

[0,0] = 𝐻𝐻 = (0,0) + 𝐻𝐻, (1,0) + 𝐻𝐻, (2,0) + 𝐻𝐻, (3,0) +
𝐻𝐻 (1,1) + 𝐻𝐻, (2,1) + 𝐻𝐻, (3,1) + 𝐻𝐻 𝑦𝑦 (0,1) + 𝐻𝐻.

(ℤ4 × ℤ6)/< (0,1) >

< (0,1) > 𝐻𝐻 (0,1)
𝐻𝐻 = {(0,1), (0,2), (0,3), (0,4), (0,5), (0,6)}

𝑜𝑜(ℤ4 × ℤ6) = 24  𝑦𝑦  𝑜𝑜(𝐻𝐻) = 6 𝑜𝑜(𝐺𝐺/𝑁𝑁) = 24
6 = 4

ℤ4 × ℤ6 < (0,1) >

𝐻𝐻 = (0,0) + 𝐻𝐻, (0,1) + 𝐻𝐻, (2,0) + 𝐻𝐻 𝑦𝑦 (3,0) + 𝐻𝐻

ℤ4 × ℤ6/< (0,1) >≈ ℤ4

ℤ4 × ℤ6/< (0,2) >

< (0,2) >= 𝐻𝐻 ℤ4 × ℤ6

𝐻𝐻 = {(0,2), (0,4), (0,0)}

𝑜𝑜(ℤ4 × ℤ6/< (0,2) >) = 24
3 = 8

ℤ8?

ℤ6

ℤ6/ℤ3 ≈ ℤ2

𝑜𝑜(ℤ4 × ℤ6 ≮ (0,2) >) ≈ ℤ4 × ℤ2.

[0,0] = 𝐻𝐻 = (0,0) + 𝐻𝐻, (1,0) + 𝐻𝐻, (2,0) + 𝐻𝐻, (3,0) +
𝐻𝐻 (1,1) + 𝐻𝐻, (2,1) + 𝐻𝐻, (3,1) + 𝐻𝐻 𝑦𝑦 (0,1) + 𝐻𝐻.

Ejemplo

Ejemplo

ℤ4 × ℤ6/< (2,3) >

𝐻𝐻 = {(0,0), (2,3)}
ℤ4 × ℤ3 ℤ2 × ℤ2 × ℤ3

ℤ4 × ℤ3 (1,0) ℤ2 × ℤ2 × ℤ3

(1,0)+< (2,3) > ℤ4 × ℤ6 ≮ (2,3) >
ℤ4 × ℤ3 ℤ12

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁(𝑎𝑎) = {𝑥𝑥 ∈ 𝐺𝐺|𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥}
𝐺𝐺 𝑎𝑎 𝐺𝐺

𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺) 𝐺𝐺

𝐶𝐶(𝐺𝐺) ≠ 0 𝑒𝑒 ∈ 𝐶𝐶(𝐺𝐺)
𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒 𝑎𝑎 ∈ 𝐺𝐺 𝐶𝐶(𝐺𝐺) ⊂ 𝐺𝐺

𝑥𝑥 ∈ 𝐶𝐶(𝐺𝐺) 𝑦𝑦 ∈ 𝐶𝐶(𝐺𝐺) 𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥 𝑦𝑦′ ∗ 𝑎𝑎 = 𝑎𝑎 ∗
𝑦𝑦′, 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺) 𝑎𝑎 ∈ 𝐺𝐺
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(ℤ4 × ℤ6)/< (0,1) >

< (0,1) > 𝐻𝐻 (0,1)
𝐻𝐻 = {(0,1), (0,2), (0,3), (0,4), (0,5), (0,6)}

𝑜𝑜(ℤ4 × ℤ6) = 24  𝑦𝑦  𝑜𝑜(𝐻𝐻) = 6 𝑜𝑜(𝐺𝐺/𝑁𝑁) = 24
6 = 4

ℤ4 × ℤ6 < (0,1) >

𝐻𝐻 = (0,0) + 𝐻𝐻, (0,1) + 𝐻𝐻, (2,0) + 𝐻𝐻 𝑦𝑦 (3,0) + 𝐻𝐻

ℤ4 × ℤ6/< (0,1) >≈ ℤ4

ℤ4 × ℤ6/< (0,2) >

< (0,2) >= 𝐻𝐻 ℤ4 × ℤ6

𝐻𝐻 = {(0,2), (0,4), (0,0)}

𝑜𝑜(ℤ4 × ℤ6/< (0,2) >) = 24
3 = 8

ℤ8?

ℤ6

ℤ6/ℤ3 ≈ ℤ2

𝑜𝑜(ℤ4 × ℤ6 ≮ (0,2) >) ≈ ℤ4 × ℤ2.

[0,0] = 𝐻𝐻 = (0,0) + 𝐻𝐻, (1,0) + 𝐻𝐻, (2,0) + 𝐻𝐻, (3,0) +
𝐻𝐻 (1,1) + 𝐻𝐻, (2,1) + 𝐻𝐻, (3,1) + 𝐻𝐻 𝑦𝑦 (0,1) + 𝐻𝐻.

(ℤ4 × ℤ6)/< (0,1) >

< (0,1) > 𝐻𝐻 (0,1)
𝐻𝐻 = {(0,1), (0,2), (0,3), (0,4), (0,5), (0,6)}

𝑜𝑜(ℤ4 × ℤ6) = 24  𝑦𝑦  𝑜𝑜(𝐻𝐻) = 6 𝑜𝑜(𝐺𝐺/𝑁𝑁) = 24
6 = 4

ℤ4 × ℤ6 < (0,1) >

𝐻𝐻 = (0,0) + 𝐻𝐻, (0,1) + 𝐻𝐻, (2,0) + 𝐻𝐻 𝑦𝑦 (3,0) + 𝐻𝐻

ℤ4 × ℤ6/< (0,1) >≈ ℤ4

ℤ4 × ℤ6/< (0,2) >

< (0,2) >= 𝐻𝐻 ℤ4 × ℤ6

𝐻𝐻 = {(0,2), (0,4), (0,0)}

𝑜𝑜(ℤ4 × ℤ6/< (0,2) >) = 24
3 = 8

ℤ8?

ℤ6

ℤ6/ℤ3 ≈ ℤ2

𝑜𝑜(ℤ4 × ℤ6 ≮ (0,2) >) ≈ ℤ4 × ℤ2.

[0,0] = 𝐻𝐻 = (0,0) + 𝐻𝐻, (1,0) + 𝐻𝐻, (2,0) + 𝐻𝐻, (3,0) +
𝐻𝐻 (1,1) + 𝐻𝐻, (2,1) + 𝐻𝐻, (3,1) + 𝐻𝐻 𝑦𝑦 (0,1) + 𝐻𝐻.

ℤ4 × ℤ6/< (2,3) >

𝐻𝐻 = {(0,0), (2,3)}
ℤ4 × ℤ3 ℤ2 × ℤ2 × ℤ3

ℤ4 × ℤ3 (1,0) ℤ2 × ℤ2 × ℤ3

(1,0)+< (2,3) > ℤ4 × ℤ6 ≮ (2,3) >
ℤ4 × ℤ3 ℤ12

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁(𝑎𝑎) = {𝑥𝑥 ∈ 𝐺𝐺|𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥}
𝐺𝐺 𝑎𝑎 𝐺𝐺

𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺) 𝐺𝐺

𝐶𝐶(𝐺𝐺) ≠ 0 𝑒𝑒 ∈ 𝐶𝐶(𝐺𝐺)
𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒 𝑎𝑎 ∈ 𝐺𝐺 𝐶𝐶(𝐺𝐺) ⊂ 𝐺𝐺

𝑥𝑥 ∈ 𝐶𝐶(𝐺𝐺) 𝑦𝑦 ∈ 𝐶𝐶(𝐺𝐺) 𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥 𝑦𝑦′ ∗ 𝑎𝑎 = 𝑎𝑎 ∗
𝑦𝑦′, 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺) 𝑎𝑎 ∈ 𝐺𝐺

ℤ4 × ℤ6/< (2,3) >

𝐻𝐻 = {(0,0), (2,3)}
ℤ4 × ℤ3 ℤ2 × ℤ2 × ℤ3

ℤ4 × ℤ3 (1,0) ℤ2 × ℤ2 × ℤ3

(1,0)+< (2,3) > ℤ4 × ℤ6 ≮ (2,3) >
ℤ4 × ℤ3 ℤ12

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁(𝑎𝑎) = {𝑥𝑥 ∈ 𝐺𝐺|𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥}
𝐺𝐺 𝑎𝑎 𝐺𝐺

𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺) 𝐺𝐺

𝐶𝐶(𝐺𝐺) ≠ 0 𝑒𝑒 ∈ 𝐶𝐶(𝐺𝐺)
𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒 𝑎𝑎 ∈ 𝐺𝐺 𝐶𝐶(𝐺𝐺) ⊂ 𝐺𝐺

𝑥𝑥 ∈ 𝐶𝐶(𝐺𝐺) 𝑦𝑦 ∈ 𝐶𝐶(𝐺𝐺) 𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥 𝑦𝑦′ ∗ 𝑎𝑎 = 𝑎𝑎 ∗
𝑦𝑦′, 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺) 𝑎𝑎 ∈ 𝐺𝐺

ℤ4 × ℤ6/< (2,3) >

𝐻𝐻 = {(0,0), (2,3)}
ℤ4 × ℤ3 ℤ2 × ℤ2 × ℤ3

ℤ4 × ℤ3 (1,0) ℤ2 × ℤ2 × ℤ3

(1,0)+< (2,3) > ℤ4 × ℤ6 ≮ (2,3) >
ℤ4 × ℤ3 ℤ12

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁(𝑎𝑎) = {𝑥𝑥 ∈ 𝐺𝐺|𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥}
𝐺𝐺 𝑎𝑎 𝐺𝐺

𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺) 𝐺𝐺

𝐶𝐶(𝐺𝐺) ≠ 0 𝑒𝑒 ∈ 𝐶𝐶(𝐺𝐺)
𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒 𝑎𝑎 ∈ 𝐺𝐺 𝐶𝐶(𝐺𝐺) ⊂ 𝐺𝐺

𝑥𝑥 ∈ 𝐶𝐶(𝐺𝐺) 𝑦𝑦 ∈ 𝐶𝐶(𝐺𝐺) 𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥 𝑦𝑦′ ∗ 𝑎𝑎 = 𝑎𝑎 ∗
𝑦𝑦′, 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺) 𝑎𝑎 ∈ 𝐺𝐺

ℤ4 × ℤ6/< (2,3) >

𝐻𝐻 = {(0,0), (2,3)}
ℤ4 × ℤ3 ℤ2 × ℤ2 × ℤ3

ℤ4 × ℤ3 (1,0) ℤ2 × ℤ2 × ℤ3

(1,0)+< (2,3) > ℤ4 × ℤ6 ≮ (2,3) >
ℤ4 × ℤ3 ℤ12

𝐺𝐺 𝑎𝑎 ∈ 𝐺𝐺 𝑁𝑁(𝑎𝑎) = {𝑥𝑥 ∈ 𝐺𝐺|𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥}
𝐺𝐺 𝑎𝑎 𝐺𝐺

𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺) 𝐺𝐺

𝐶𝐶(𝐺𝐺) ≠ 0 𝑒𝑒 ∈ 𝐶𝐶(𝐺𝐺)
𝑒𝑒 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑒𝑒 𝑎𝑎 ∈ 𝐺𝐺 𝐶𝐶(𝐺𝐺) ⊂ 𝐺𝐺

𝑥𝑥 ∈ 𝐶𝐶(𝐺𝐺) 𝑦𝑦 ∈ 𝐶𝐶(𝐺𝐺) 𝑥𝑥 ∗ 𝑎𝑎 = 𝑎𝑎 ∗ 𝑥𝑥 𝑦𝑦′ ∗ 𝑎𝑎 = 𝑎𝑎 ∗
𝑦𝑦′, 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺) 𝑎𝑎 ∈ 𝐺𝐺

Teorema

Demostración
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𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

(𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑥𝑥 ∗ (𝑦𝑦′ ∗ 𝑎𝑎) = 𝑥𝑥 ∗ (𝑎𝑎 ∗ 𝑦𝑦′) = (𝑥𝑥 ∗ 𝑎𝑎) ∗ 𝑦𝑦′ = (𝑎𝑎 ∗
𝑥𝑥) ∗ 𝑦𝑦′ = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′). (𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′) 𝑥𝑥 ∗
𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺)

𝑢𝑢 ∈ 𝐺𝐺, 𝑣𝑣 ∈ 𝐺𝐺

(𝐶𝐶(𝐺𝐺). 𝑢𝑢)(𝐶𝐶(𝐺𝐺). 𝑣𝑣) = 𝑢𝑢(𝐶𝐶(𝐺𝐺) ⋅ 𝐶𝐶(𝐺𝐺)). 𝑣𝑣 = (𝑢𝑢𝑢𝑢(𝐺𝐺))𝑣𝑣 = (𝐶𝐶(𝐺𝐺). 𝑢𝑢)𝑣𝑣
= 𝐶𝐶(𝐺𝐺). 𝑢𝑢 ∗ 𝑣𝑣.

𝐶𝐶(𝐺𝐺)
𝐶𝐶(𝐺𝐺) 𝐶𝐶(𝐺𝐺)

𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝐻𝐻
𝐺𝐺 𝑁𝑁(𝐻𝐻) = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎𝑎𝑎−1 = 𝐻𝐻} = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎 = 𝐻𝐻𝐻𝐻𝐻𝐻}

 𝑁𝑁(𝐻𝐻) 𝐻𝐻 𝐺𝐺 𝐺𝐺

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝑒𝑒 ∈ 𝑁𝑁(𝐻𝐻), 𝑁𝑁(𝐻𝐻) ≠ ∅ 𝑁𝑁(𝐻𝐻) ⊂ 𝐺𝐺

𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

(𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑥𝑥 ∗ (𝑦𝑦′ ∗ 𝑎𝑎) = 𝑥𝑥 ∗ (𝑎𝑎 ∗ 𝑦𝑦′) = (𝑥𝑥 ∗ 𝑎𝑎) ∗ 𝑦𝑦′ = (𝑎𝑎 ∗
𝑥𝑥) ∗ 𝑦𝑦′ = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′). (𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′) 𝑥𝑥 ∗
𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺)

𝑢𝑢 ∈ 𝐺𝐺, 𝑣𝑣 ∈ 𝐺𝐺

(𝐶𝐶(𝐺𝐺). 𝑢𝑢)(𝐶𝐶(𝐺𝐺). 𝑣𝑣) = 𝑢𝑢(𝐶𝐶(𝐺𝐺) ⋅ 𝐶𝐶(𝐺𝐺)). 𝑣𝑣 = (𝑢𝑢𝑢𝑢(𝐺𝐺))𝑣𝑣 = (𝐶𝐶(𝐺𝐺). 𝑢𝑢)𝑣𝑣
= 𝐶𝐶(𝐺𝐺). 𝑢𝑢 ∗ 𝑣𝑣.

𝐶𝐶(𝐺𝐺)
𝐶𝐶(𝐺𝐺) 𝐶𝐶(𝐺𝐺)

𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝐻𝐻
𝐺𝐺 𝑁𝑁(𝐻𝐻) = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎𝑎𝑎−1 = 𝐻𝐻} = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎 = 𝐻𝐻𝐻𝐻𝐻𝐻}

 𝑁𝑁(𝐻𝐻) 𝐻𝐻 𝐺𝐺 𝐺𝐺

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝑒𝑒 ∈ 𝑁𝑁(𝐻𝐻), 𝑁𝑁(𝐻𝐻) ≠ ∅ 𝑁𝑁(𝐻𝐻) ⊂ 𝐺𝐺

𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

(𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑥𝑥 ∗ (𝑦𝑦′ ∗ 𝑎𝑎) = 𝑥𝑥 ∗ (𝑎𝑎 ∗ 𝑦𝑦′) = (𝑥𝑥 ∗ 𝑎𝑎) ∗ 𝑦𝑦′ = (𝑎𝑎 ∗
𝑥𝑥) ∗ 𝑦𝑦′ = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′). (𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′) 𝑥𝑥 ∗
𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺)

𝑢𝑢 ∈ 𝐺𝐺, 𝑣𝑣 ∈ 𝐺𝐺

(𝐶𝐶(𝐺𝐺). 𝑢𝑢)(𝐶𝐶(𝐺𝐺). 𝑣𝑣) = 𝑢𝑢(𝐶𝐶(𝐺𝐺) ⋅ 𝐶𝐶(𝐺𝐺)). 𝑣𝑣 = (𝑢𝑢𝑢𝑢(𝐺𝐺))𝑣𝑣 = (𝐶𝐶(𝐺𝐺). 𝑢𝑢)𝑣𝑣
= 𝐶𝐶(𝐺𝐺). 𝑢𝑢 ∗ 𝑣𝑣.

𝐶𝐶(𝐺𝐺)
𝐶𝐶(𝐺𝐺) 𝐶𝐶(𝐺𝐺)

𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝐻𝐻
𝐺𝐺 𝑁𝑁(𝐻𝐻) = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎𝑎𝑎−1 = 𝐻𝐻} = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎 = 𝐻𝐻𝐻𝐻𝐻𝐻}

 𝑁𝑁(𝐻𝐻) 𝐻𝐻 𝐺𝐺 𝐺𝐺

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝑒𝑒 ∈ 𝑁𝑁(𝐻𝐻), 𝑁𝑁(𝐻𝐻) ≠ ∅ 𝑁𝑁(𝐻𝐻) ⊂ 𝐺𝐺

𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

(𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑥𝑥 ∗ (𝑦𝑦′ ∗ 𝑎𝑎) = 𝑥𝑥 ∗ (𝑎𝑎 ∗ 𝑦𝑦′) = (𝑥𝑥 ∗ 𝑎𝑎) ∗ 𝑦𝑦′ = (𝑎𝑎 ∗
𝑥𝑥) ∗ 𝑦𝑦′ = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′). (𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′) 𝑥𝑥 ∗
𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺)

𝑢𝑢 ∈ 𝐺𝐺, 𝑣𝑣 ∈ 𝐺𝐺

(𝐶𝐶(𝐺𝐺). 𝑢𝑢)(𝐶𝐶(𝐺𝐺). 𝑣𝑣) = 𝑢𝑢(𝐶𝐶(𝐺𝐺) ⋅ 𝐶𝐶(𝐺𝐺)). 𝑣𝑣 = (𝑢𝑢𝑢𝑢(𝐺𝐺))𝑣𝑣 = (𝐶𝐶(𝐺𝐺). 𝑢𝑢)𝑣𝑣
= 𝐶𝐶(𝐺𝐺). 𝑢𝑢 ∗ 𝑣𝑣.

𝐶𝐶(𝐺𝐺)
𝐶𝐶(𝐺𝐺) 𝐶𝐶(𝐺𝐺)

𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝐻𝐻
𝐺𝐺 𝑁𝑁(𝐻𝐻) = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎𝑎𝑎−1 = 𝐻𝐻} = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎 = 𝐻𝐻𝐻𝐻𝐻𝐻}

 𝑁𝑁(𝐻𝐻) 𝐻𝐻 𝐺𝐺 𝐺𝐺

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝑒𝑒 ∈ 𝑁𝑁(𝐻𝐻), 𝑁𝑁(𝐻𝐻) ≠ ∅ 𝑁𝑁(𝐻𝐻) ⊂ 𝐺𝐺
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𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

(𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑥𝑥 ∗ (𝑦𝑦′ ∗ 𝑎𝑎) = 𝑥𝑥 ∗ (𝑎𝑎 ∗ 𝑦𝑦′) = (𝑥𝑥 ∗ 𝑎𝑎) ∗ 𝑦𝑦′ = (𝑎𝑎 ∗
𝑥𝑥) ∗ 𝑦𝑦′ = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′). (𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′) 𝑥𝑥 ∗
𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺)

𝑢𝑢 ∈ 𝐺𝐺, 𝑣𝑣 ∈ 𝐺𝐺

(𝐶𝐶(𝐺𝐺). 𝑢𝑢)(𝐶𝐶(𝐺𝐺). 𝑣𝑣) = 𝑢𝑢(𝐶𝐶(𝐺𝐺) ⋅ 𝐶𝐶(𝐺𝐺)). 𝑣𝑣 = (𝑢𝑢𝑢𝑢(𝐺𝐺))𝑣𝑣 = (𝐶𝐶(𝐺𝐺). 𝑢𝑢)𝑣𝑣
= 𝐶𝐶(𝐺𝐺). 𝑢𝑢 ∗ 𝑣𝑣.

𝐶𝐶(𝐺𝐺)
𝐶𝐶(𝐺𝐺) 𝐶𝐶(𝐺𝐺)

𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝐻𝐻
𝐺𝐺 𝑁𝑁(𝐻𝐻) = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎𝑎𝑎−1 = 𝐻𝐻} = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎 = 𝐻𝐻𝐻𝐻𝐻𝐻}

 𝑁𝑁(𝐻𝐻) 𝐻𝐻 𝐺𝐺 𝐺𝐺

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝑒𝑒 ∈ 𝑁𝑁(𝐻𝐻), 𝑁𝑁(𝐻𝐻) ≠ ∅ 𝑁𝑁(𝐻𝐻) ⊂ 𝐺𝐺

𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

(𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑥𝑥 ∗ (𝑦𝑦′ ∗ 𝑎𝑎) = 𝑥𝑥 ∗ (𝑎𝑎 ∗ 𝑦𝑦′) = (𝑥𝑥 ∗ 𝑎𝑎) ∗ 𝑦𝑦′ = (𝑎𝑎 ∗
𝑥𝑥) ∗ 𝑦𝑦′ = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′). (𝑥𝑥 ∗ 𝑦𝑦′) ∗ 𝑎𝑎 = 𝑎𝑎 ∗ (𝑥𝑥 ∗ 𝑦𝑦′) 𝑥𝑥 ∗
𝑦𝑦′ ∈ 𝐶𝐶(𝐺𝐺)

𝐶𝐶(𝐺𝐺)

𝑢𝑢 ∈ 𝐺𝐺, 𝑣𝑣 ∈ 𝐺𝐺

(𝐶𝐶(𝐺𝐺). 𝑢𝑢)(𝐶𝐶(𝐺𝐺). 𝑣𝑣) = 𝑢𝑢(𝐶𝐶(𝐺𝐺) ⋅ 𝐶𝐶(𝐺𝐺)). 𝑣𝑣 = (𝑢𝑢𝑢𝑢(𝐺𝐺))𝑣𝑣 = (𝐶𝐶(𝐺𝐺). 𝑢𝑢)𝑣𝑣
= 𝐶𝐶(𝐺𝐺). 𝑢𝑢 ∗ 𝑣𝑣.

𝐶𝐶(𝐺𝐺)
𝐶𝐶(𝐺𝐺) 𝐶𝐶(𝐺𝐺)

𝐺𝐺

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝐻𝐻
𝐺𝐺 𝑁𝑁(𝐻𝐻) = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎𝑎𝑎−1 = 𝐻𝐻} = {𝑎𝑎 ∈ 𝐺𝐺 | 𝑎𝑎𝑎𝑎 = 𝐻𝐻𝐻𝐻𝐻𝐻}

 𝑁𝑁(𝐻𝐻) 𝐻𝐻 𝐺𝐺 𝐺𝐺

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝑁𝑁(𝐻𝐻)

 𝑒𝑒 ∈ 𝑁𝑁(𝐻𝐻), 𝑁𝑁(𝐻𝐻) ≠ ∅ 𝑁𝑁(𝐻𝐻) ⊂ 𝐺𝐺

𝑥𝑥 ∈ 𝑁𝑁(𝐻𝐻), 𝑦𝑦 ∈ 𝑁𝑁(𝐻𝐻) 𝑥𝑥𝑥𝑥 = 𝐻𝐻𝐻𝐻, 𝑦𝑦𝑦𝑦 = 𝐻𝐻𝐻𝐻
𝑦𝑦′𝐻𝐻 = 𝐻𝐻𝑦𝑦′ (𝑥𝑥 ∗ 𝑦𝑦′)𝐻𝐻 = 𝑥𝑥(𝑦𝑦′𝐻𝐻) = 𝑥𝑥(𝐻𝐻𝑦𝑦′) =
(𝑥𝑥𝑥𝑥)𝑦𝑦′ = (𝐻𝐻𝐻𝐻)𝑦𝑦′ = 𝐻𝐻𝐻𝐻 ∗ 𝑦𝑦′ 𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝐻𝐻 ⊂ 𝑁𝑁(𝐻𝐻)
𝑁𝑁(𝐻𝐻)

ℎ ∈ 𝐻𝐻 ℎ𝐻𝐻 = 𝐻𝐻ℎ = 𝐻𝐻 ℎ ∈ 𝑁𝑁(𝐻𝐻) 𝐻𝐻 ⊂
𝑁𝑁(𝐻𝐻)

 

∎

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝑁𝑁 𝐺𝐺
𝐻𝐻𝐻𝐻𝐻𝐻 𝐻𝐻 𝑁𝑁 𝐺𝐺

𝑥𝑥 ∈ 𝑁𝑁(𝐻𝐻), 𝑦𝑦 ∈ 𝑁𝑁(𝐻𝐻) 𝑥𝑥𝑥𝑥 = 𝐻𝐻𝐻𝐻, 𝑦𝑦𝑦𝑦 = 𝐻𝐻𝐻𝐻
𝑦𝑦′𝐻𝐻 = 𝐻𝐻𝑦𝑦′ (𝑥𝑥 ∗ 𝑦𝑦′)𝐻𝐻 = 𝑥𝑥(𝑦𝑦′𝐻𝐻) = 𝑥𝑥(𝐻𝐻𝑦𝑦′) =
(𝑥𝑥𝑥𝑥)𝑦𝑦′ = (𝐻𝐻𝐻𝐻)𝑦𝑦′ = 𝐻𝐻𝐻𝐻 ∗ 𝑦𝑦′ 𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝐻𝐻 ⊂ 𝑁𝑁(𝐻𝐻)
𝑁𝑁(𝐻𝐻)

ℎ ∈ 𝐻𝐻 ℎ𝐻𝐻 = 𝐻𝐻ℎ = 𝐻𝐻 ℎ ∈ 𝑁𝑁(𝐻𝐻) 𝐻𝐻 ⊂
𝑁𝑁(𝐻𝐻)

 

∎

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝑁𝑁 𝐺𝐺
𝐻𝐻𝐻𝐻𝐻𝐻 𝐻𝐻 𝑁𝑁 𝐺𝐺

𝑥𝑥 ∈ 𝑁𝑁(𝐻𝐻), 𝑦𝑦 ∈ 𝑁𝑁(𝐻𝐻) 𝑥𝑥𝑥𝑥 = 𝐻𝐻𝐻𝐻, 𝑦𝑦𝑦𝑦 = 𝐻𝐻𝐻𝐻
𝑦𝑦′𝐻𝐻 = 𝐻𝐻𝑦𝑦′ (𝑥𝑥 ∗ 𝑦𝑦′)𝐻𝐻 = 𝑥𝑥(𝑦𝑦′𝐻𝐻) = 𝑥𝑥(𝐻𝐻𝑦𝑦′) =
(𝑥𝑥𝑥𝑥)𝑦𝑦′ = (𝐻𝐻𝐻𝐻)𝑦𝑦′ = 𝐻𝐻𝐻𝐻 ∗ 𝑦𝑦′ 𝑥𝑥 ∗ 𝑦𝑦′ ∈ 𝑁𝑁(𝐻𝐻)

 𝐻𝐻 𝐻𝐻 ⊂ 𝑁𝑁(𝐻𝐻)
𝑁𝑁(𝐻𝐻)

ℎ ∈ 𝐻𝐻 ℎ𝐻𝐻 = 𝐻𝐻ℎ = 𝐻𝐻 ℎ ∈ 𝑁𝑁(𝐻𝐻) 𝐻𝐻 ⊂
𝑁𝑁(𝐻𝐻)

 

∎

(𝐺𝐺,∗) 𝐻𝐻 𝐺𝐺 𝑁𝑁 𝐺𝐺
𝐻𝐻𝐻𝐻𝐻𝐻 𝐻𝐻 𝑁𝑁 𝐺𝐺
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Elementos de álgebra moderna

ℤ3.

ℤ5

𝑆𝑆3 1, 2, 3
𝑆𝑆3

𝑆𝑆𝑛𝑛 𝑛𝑛
𝑆𝑆𝑛𝑛

(ℤ, +) (𝑛𝑛ℤ, +), 𝑛𝑛 ∈ ℤ,
 (ℚ, +), (ℚ∗, +) = ℚ − {0}, . ), (ℝ, +), (ℝ∗ = ℝ − {0},⋅), (ℂ, +) (ℂ∗ = ℂ −
{0},⋅) (ℤ𝑛𝑛, +) (𝑆𝑆3, +) (𝑠𝑠𝑛𝑛, +)  (𝑀𝑀𝑛𝑛𝐾𝐾, +), 𝑀𝑀𝑛𝑛𝐾𝐾

𝑛𝑛 × 𝑛𝑛 𝐾𝐾 (𝐺𝐺𝐿𝐿𝑛𝑛𝐾𝐾, +)𝑦𝑦 (𝐺𝐺𝐿𝐿𝑛𝑛𝐾𝐾,⋅)
𝐺𝐺𝐿𝐿𝑛𝑛𝐾𝐾 𝑛𝑛 × 𝑛𝑛 (𝑛𝑛 ∈ ℕ)

𝐾𝐾

𝐺𝐺 (𝑥𝑥−1)−1 = 𝑥𝑥 𝑒𝑒−1 = 𝑒𝑒

𝐺𝐺 𝑥𝑥𝑥𝑥 = 𝑦𝑦𝑦𝑦 (𝑥𝑥𝑥𝑥)𝑛𝑛 = 𝑥𝑥𝑛𝑛𝑦𝑦𝑛𝑛

Ejercicios
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ℤ3.

ℤ5

𝑆𝑆3 1, 2, 3
𝑆𝑆3

𝑆𝑆𝑛𝑛 𝑛𝑛
𝑆𝑆𝑛𝑛

(ℤ, +) (𝑛𝑛ℤ, +), 𝑛𝑛 ∈ ℤ,
 (ℚ, +), (ℚ∗, +) = ℚ − {0}, . ), (ℝ, +), (ℝ∗ = ℝ − {0},⋅), (ℂ, +) (ℂ∗ = ℂ −
{0},⋅) (ℤ𝑛𝑛, +) (𝑆𝑆3, +) (𝑠𝑠𝑛𝑛, +)  (𝑀𝑀𝑛𝑛𝐾𝐾, +), 𝑀𝑀𝑛𝑛𝐾𝐾

𝑛𝑛 × 𝑛𝑛 𝐾𝐾 (𝐺𝐺𝐿𝐿𝑛𝑛𝐾𝐾, +)𝑦𝑦 (𝐺𝐺𝐿𝐿𝑛𝑛𝐾𝐾,⋅)
𝐺𝐺𝐿𝐿𝑛𝑛𝐾𝐾 𝑛𝑛 × 𝑛𝑛 (𝑛𝑛 ∈ ℕ)

𝐾𝐾

𝐺𝐺 (𝑥𝑥−1)−1 = 𝑥𝑥 𝑒𝑒−1 = 𝑒𝑒

𝐺𝐺 𝑥𝑥𝑥𝑥 = 𝑦𝑦𝑦𝑦 (𝑥𝑥𝑥𝑥)𝑛𝑛 = 𝑥𝑥𝑛𝑛𝑦𝑦𝑛𝑛

𝐺𝐺 𝐼𝐼𝐺𝐺: 𝐺𝐺 ⟶ 𝐺𝐺 𝑂𝑂𝐺𝐺: 𝐺𝐺 ⟶
𝐺𝐺 𝐼𝐼𝐺𝐺(𝑥𝑥) = 𝑥𝑥 𝑂𝑂𝐺𝐺(𝑥𝑥) = 0 𝑥𝑥 ∈ 𝐺𝐺
𝐼𝐼𝐺𝐺 𝐺𝐺 𝑂𝑂𝐺𝐺

 𝑓𝑓: 𝐾𝐾𝑛𝑛 ⟶ 𝐾𝐾𝑚𝑚, 𝑓𝑓(𝑥𝑥) = 𝐴𝐴𝐴𝐴 𝐴𝐴 𝑚𝑚 × 𝑛𝑛
𝐾𝐾

 𝑓𝑓: 𝐾𝐾2 ⟶ 𝐾𝐾2, 𝑓𝑓(𝑥𝑥, 𝑦𝑦) = (4𝑦𝑦, 0)
 𝑓𝑓: 𝐾𝐾3 ⟶ 𝐾𝐾3, 𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = (−𝑧𝑧, 𝑥𝑥, 𝑦𝑦)
 𝑓𝑓: 𝐾𝐾2 ⟶ 𝐾𝐾2, 𝑓𝑓(𝑥𝑥, 𝑦𝑦) = (𝑥𝑥2, 2𝑦𝑦)
 𝑓𝑓: 𝐾𝐾5 ⟶ 𝐾𝐾4, 𝑓𝑓(𝑢𝑢, 𝑣𝑣, 𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = (2𝑢𝑢𝑢𝑢, 3𝑥𝑥𝑥𝑥, 0,4𝑢𝑢)
 𝑓𝑓: 𝐾𝐾3 ⟶ 𝐾𝐾3, 𝑓𝑓(𝑥𝑥, 𝑦𝑦, 𝑧𝑧) = (𝑥𝑥 + 2, 𝑦𝑦 + 2, 𝑧𝑧 + 2)

 𝑍𝑍4 ⟶ 𝑍𝑍2
 𝑍𝑍2 ⟶ 𝑍𝑍2 × 𝑍𝑍2
 𝑍𝑍2 × 𝑍𝑍2 ⟶ 𝑍𝑍2
 𝑍𝑍4 ⟶ 𝑍𝑍2 × 𝑍𝑍2

𝐻𝐻𝐻𝐻𝐻𝐻(𝐺𝐺, 𝐺𝐺′)
𝐺𝐺 𝐺𝐺′ 𝑓𝑓 + 𝑔𝑔: 𝐺𝐺 ⟶ 𝐺𝐺 (𝑓𝑓 + 𝑔𝑔)(𝑥𝑥) =
𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥), 𝑥𝑥 ∈ 𝐺𝐺 (𝐻𝐻𝐻𝐻𝐻𝐻(𝐺𝐺, 𝐺𝐺′),+)
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𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺
𝑔𝑔 𝑓𝑓

𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺′

𝑓𝑓−1: 𝐺𝐺′ ⟶ 𝐺𝐺

𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺′

𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓 = {𝑒𝑒}

𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺′ 𝑥𝑥 ∈ 𝐺𝐺
𝑓𝑓(𝑥𝑥−1) = (𝑓𝑓(𝑥𝑥))−1

𝑋𝑋, 𝑌𝑌 𝐺𝐺 𝑓𝑓: 𝑋𝑋 × 𝑌𝑌 ⟶ 𝐺𝐺
𝑓𝑓(𝑥𝑥1 + 𝑥𝑥2, 𝑦𝑦) = 𝑓𝑓(𝑥𝑥1, 𝑦𝑦) + 𝑓𝑓(𝑥𝑥2, 𝑦𝑦) 𝑓𝑓(𝑥𝑥, 𝑦𝑦1 + 𝑦𝑦2) =

𝑓𝑓(𝑥𝑥, 𝑦𝑦1) + 𝑓𝑓(𝑥𝑥, 𝑦𝑦2) 𝑥𝑥, 𝑥𝑥1, 𝑥𝑥2  ∈ 𝑋𝑋, 𝑦𝑦, 𝑦𝑦1, 𝑦𝑦2 ∈ 𝑌𝑌

 𝑓𝑓(𝜆𝜆𝜆𝜆, 𝑦𝑦) = 𝜆𝜆𝜆𝜆(𝑥𝑥, 𝑦𝑦) = 𝑓𝑓(𝑥𝑥, 𝜆𝜆𝜆𝜆) 𝑥𝑥 ∈ 𝑋𝑋, 𝑦𝑦 ∈ 𝑌𝑌 𝜆𝜆 ∈ ℤ

 𝑓𝑓 𝑋𝑋 = 𝑌𝑌 = 0.

(ℤ[𝑥𝑥], +)𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 (ℚ+, . )

𝐻𝐻𝐻𝐻𝐻𝐻(𝑋𝑋, 𝑌𝑌)
𝑋𝑋 𝑌𝑌 𝑓𝑓: 𝑋𝑋 ⟶ 𝑌𝑌 𝑔𝑔: 𝑋𝑋 ⟶ 𝑌𝑌

𝑓𝑓´ + 𝑔𝑔: 𝑋𝑋 ⟶ 𝑌𝑌
(𝑓𝑓 + 𝑔𝑔)(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥)

𝐻𝐻𝐻𝐻𝐻𝐻(𝑋𝑋, 𝑌𝑌)
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𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺
𝑔𝑔 𝑓𝑓

𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺′

𝑓𝑓−1: 𝐺𝐺′ ⟶ 𝐺𝐺

𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺′

𝐾𝐾𝐾𝐾𝐾𝐾 𝑓𝑓 = {𝑒𝑒}

𝑓𝑓: 𝐺𝐺 ⟶ 𝐺𝐺′ 𝑥𝑥 ∈ 𝐺𝐺
𝑓𝑓(𝑥𝑥−1) = (𝑓𝑓(𝑥𝑥))−1

𝑋𝑋, 𝑌𝑌 𝐺𝐺 𝑓𝑓: 𝑋𝑋 × 𝑌𝑌 ⟶ 𝐺𝐺
𝑓𝑓(𝑥𝑥1 + 𝑥𝑥2, 𝑦𝑦) = 𝑓𝑓(𝑥𝑥1, 𝑦𝑦) + 𝑓𝑓(𝑥𝑥2, 𝑦𝑦) 𝑓𝑓(𝑥𝑥, 𝑦𝑦1 + 𝑦𝑦2) =

𝑓𝑓(𝑥𝑥, 𝑦𝑦1) + 𝑓𝑓(𝑥𝑥, 𝑦𝑦2) 𝑥𝑥, 𝑥𝑥1, 𝑥𝑥2  ∈ 𝑋𝑋, 𝑦𝑦, 𝑦𝑦1, 𝑦𝑦2 ∈ 𝑌𝑌

 𝑓𝑓(𝜆𝜆𝜆𝜆, 𝑦𝑦) = 𝜆𝜆𝜆𝜆(𝑥𝑥, 𝑦𝑦) = 𝑓𝑓(𝑥𝑥, 𝜆𝜆𝜆𝜆) 𝑥𝑥 ∈ 𝑋𝑋, 𝑦𝑦 ∈ 𝑌𝑌 𝜆𝜆 ∈ ℤ

 𝑓𝑓 𝑋𝑋 = 𝑌𝑌 = 0.

(ℤ[𝑥𝑥], +)𝑒𝑒𝑒𝑒 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 (ℚ+, . )

𝐻𝐻𝐻𝐻𝐻𝐻(𝑋𝑋, 𝑌𝑌)
𝑋𝑋 𝑌𝑌 𝑓𝑓: 𝑋𝑋 ⟶ 𝑌𝑌 𝑔𝑔: 𝑋𝑋 ⟶ 𝑌𝑌

𝑓𝑓´ + 𝑔𝑔: 𝑋𝑋 ⟶ 𝑌𝑌
(𝑓𝑓 + 𝑔𝑔)(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥)

𝐻𝐻𝐻𝐻𝐻𝐻(𝑋𝑋, 𝑌𝑌)

(ℤ, +,⋅), (ℤ𝑛𝑛, +,⋅), (ℚ, +,⋅), (𝑀𝑀𝑛𝑛𝐾𝐾, +,⋅), (𝐾𝐾, +,⋅), (𝐾𝐾[𝑥𝑥], +,⋅), (ℂ, +,⋅).

Γ Λ, +, . )
Λ Γ + ⋅

𝐺𝐺
𝐸𝐸𝐸𝐸𝐸𝐸(𝐺𝐺, 𝐺𝐺′)

(ℤ, +,⋅), (ℤ𝑛𝑛, +,⋅), (ℚ, +,⋅)

Γ Λ
Λ Γ Λ

Γ Λ Λ
𝑥𝑥 ∈ Γ  𝑥𝑥−1 ∈ Γ

𝑓𝑓: ℤ ⟶ ℤ𝑛𝑛 ×↦ 𝑟𝑟 𝑟𝑟
𝑛𝑛

𝑓𝑓: Λ ⟶ Λ′ 𝑓𝑓
𝑔𝑔: Λ′ ⟶ Λ 𝑔𝑔 ∘ 𝑓𝑓 = 1Λ 𝑓𝑓 ∘ 𝑔𝑔 = 1Λ′

𝑔𝑔
𝑓𝑓−1 𝑓𝑓
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𝑓𝑓: Λ ⟶ Λ′ 𝑓𝑓(1Λ) ≠ 1Λ′

ℤ𝑖𝑖 × ℤ𝑗𝑗 ℤ𝑖𝑖×𝑗𝑗

(𝑖𝑖, 𝑗𝑗) = 1

𝑥𝑥2 − 7𝑥𝑥 + 12 ℤ8

ℤ𝑛𝑛

𝑝𝑝

Δ Δ

ℤ

ℤ𝑛𝑛 𝑛𝑛

ℚ, ℝ ℂ

Λ
Λ∗

Λ/{0} ≅ Λ Λ/Λ ≅ {0}
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𝑓𝑓: Λ ⟶ Λ′ 𝑓𝑓(1Λ) ≠ 1Λ′

ℤ𝑖𝑖 × ℤ𝑗𝑗 ℤ𝑖𝑖×𝑗𝑗

(𝑖𝑖, 𝑗𝑗) = 1

𝑥𝑥2 − 7𝑥𝑥 + 12 ℤ8

ℤ𝑛𝑛

𝑝𝑝

Δ Δ

ℤ

ℤ𝑛𝑛 𝑛𝑛

ℚ, ℝ ℂ

Λ
Λ∗

Λ/{0} ≅ Λ Λ/Λ ≅ {0}

Λ Λ/𝑚𝑚
𝑝𝑝

Λ/𝑝𝑝

𝑆𝑆 Λ
Λ 𝑆𝑆 Λ

𝐾𝐾 𝐾𝐾[𝑡𝑡]
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El estudio de las estructuras algebraicas es un componente 
fundamental en el aprendizaje de las matemáticas modernas y 
en el desarrollo de herramientas aplicables a diversas áreas del 
conocimiento, tales como la física, la informática y la teoría de 
números. Entre estas estructuras, los grupos destacan como un 
concepto central en el álgebra abstracta, proporcionando un 
marco de referencia para analizar simetrías, resolver ecuaciones 
y explorar relaciones entre elementos matemáticos.

El libro Elementos del Álgebra Moderna, presenta la primera 
parte del contenido del curso Álgebra Moderna que se ofrece 
en la Universidad de Nariño, a estudiantes del Programa de 
Licenciatura en Matemáticas.

En el Capítulo 1, se establece las bases con la definición formal 
de grupo, sus propiedades esenciales y la exploración de 
subgrupos y operaciones entre ellos. Se abordan casos especí-
ficos como los grupos de órdenes pequeños, que permiten 
ilustrar conceptos de manera concreta.

El Capítulo 2, se enfoca en los grupos cíclicos y sus subgrupos, 
explorando su clasificación, las relaciones numéricas entre los 
elementos y la construcción de subgrupos normales y grupos 
cociente. Este enfoque permite desarrollar una comprensión 
profunda de la estructura interna de los grupos, sentando las 
bases para estudios más avanzados.

Se anima al lector a conectar los conceptos teóricos con ejem-
plos y a reflexionar sobre las aplicaciones de estas estructuras 
en problemas reales y en ejercicios que, una vez desarrollados, 
incrementan la comprensión y alcance del concepto. Este enfo-
que busca consolidar un aprendizaje significativo que trascien-
da las definiciones formales y contribuya al desarrollo del 
pensamiento matemático y crítico.
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