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Proca Field with Gauge Symmetry

The Proca field is described by the Lagrangian density

1 1
L=— F"Fu+ EmzAuA“, (1)

where F},, = 0, A, — 0,A,. The gauge symmetry can be
incorporated by adding a nonlocal and non-polynomial term to (1).
If the mass term transforms as

%m2AMA” N %m2 (A, +8,A) (A + 9"A) . 2)

and the parameter A is redefined to rewrite the mass term as

1 1, 7?
§m2 [AM+60“9} : (3)

G. E. R. Zambrano - J. F. Portillo

Gauge Symmetry in the Hamilton-Jacobi Formulation



This expression becomes gauge invariant under
Ay(z) = Ay(z) + 0 (), 0(z) — 6(x) —eA(x), (4)

with [J0 # 0, where 6 is an auxiliary scalar field and e a coupling
constant. This leads to the effective gauge-invariant Lagrangian
density

1

E:4

1 1, 17
FWE,, + 5m2 [AM + eaue} : (5)

From (5), the corresponding Euler-Lagrange equations follow:
v 2 1 2 v 1 v
O, F"F + m* At = ——m=0M6, Oy |AY +-0"9| =0. (6)
e

e
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Hamilton-Jacobi Formulation

The canonical momenta associated to the filds Au and 6 are:

— oL _ 0 — oL _ m? 1
™= geoany = Y o= g = = (Ao + ¢000) .

(7)
From the definition of the canonical momenta associated to the
filed A, we obtain

pr=n=0. (8)
The Hamilton-Jacobi (HJ) equation is definded by,

S

o + Ho =0, (9)
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The Hamiltonian is defined by:
He = / drHe. (10)
where the canonical Hamiltonian density is:

Ho =7t () A, () + po (2) 0 () — L. (11)

and it takes the form

1 le
He = §7Tk7fk + ,7% + O Ag — eAopy
1 2
+4F F’“+7 <Ak+ ake) : (12)
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We have the initial set of Hamilton-Jacobi Partial Differential
Equations (HJPDE)

¢ =p' +H.=0, -t (13)
o' =m0 =0, - wi (14)

Let us define p' = 9pS. The phase is characterized by the
variables: A, ", § and pg. The fundamental Poisson Brackets
(PB) are defined by
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The non null fundamental Poisson brackets are given by

{A,(z), 7" (y)} = 86 (z—y),
{0(x),po ()} = & (z—y). (15)

The dynamic evolution of any function defined in the phase space
is given by,

dF (z) = /d3y {F(2),0° ()} dt + {F (2),9" (y)} dw: ()] -
(16)
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Integrability Condition (IC)
The IC on the equations ¢' imply the following relation

d¢' (x) = /d3y [{o" (2),¢° (v)} dt + {o" ()¢ (y) } dwn ()] = 0.

be imposed on the system. The condition for ¢! gives, 0
dot = [amrk + epg] dt = 0. (18)
Since ¢! is not in involution, IC give new HJPDE:
¢* = O () + epp () = 0, (19)

and the IC have to be tested with this too.
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It is possible to show that IC is automatically satisfied, i.e,

d¢* = 0. (20)

Thus, the system ¢! and ¢? is completely integrable. The final
algebra between the HJPDE is given by

{¢'(z),¢' (y)} =0  with i=1,2. (21)

This relation indicate that the set ¢°, ¢! and ¢? are involutive
with the PBs, thus, the integrability is achieved.
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Characteristic Equations (CE)

With the complete set of HIPDE: ¢°, G* = ¢! and G¥ = ¢?, the
fundamental differential is now given by:

W) = [y {F@).6° ) e+ {F@).0* W)} D)
+{F (2),6° (1)} dw (y)] (22)

From where we obtain the characteristic equations

dAy = 3 (74 ) dt + %A — S dydo,

1
dot () = {55 (amk + epg) + ot [alel —m? <Ak + eake)] } dt,

2
do (z) = %pg — eAO] dt + edw, (23)
2 1
dpg (l‘) = m?ak (Ak + 66;@0) dt.
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The dynamic evolution of the system depends on the parameters ¢,
A and w. The IC states that these parameters are independents.

If we consider the evolution in the temporal direction, we obtain
A, = o (Hf n 8kA0) ,

oot ($) = 58 (akﬂ'k + epg) + 5"]: |:8le1 —m? <Ak + i&,ﬁ)] ,

80 (x) = [; g—er}, (24)
dope (z) = nj <Ak+ 3k9>
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N
Gauge Symmetry

If the parameters A and w depend on time, then the dynamics of
the fields are given by

Ay = 80+ 3 (74— oo ) + dfdn,
1

o= o <8k7rk + epg) + ot [alFlk —m? <Ak + ea,ﬁ)] :

. 82

6 = —2p9—eA0+ew,

m
2 1
Py = m?ak <Ak + eaw) . (25)
These equations can be combined and result in

O +m? (A% 10v0) =0 3[40+ Lowe] = o>
(26)
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The evolution along the parameters A and w are identified as
variations denoted with &, and J,, they are given by

SrAu = 696,
Swdy = —0kopdw, (27)
0,0 = edw.

In order to consider local transformations we must consider that
this parameters A and w are now depend on the time variable.
Thus,

§A, = 6%\ — 8h0kow,
0 = edw. (28)
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The set of local variations (28) is now generated by the linear
combinations of the involutive Hamiltonians, i.e.,

Gen = / 2y [g&n +G¥ow| . (29)

we call to G" the generator of canonical transformations since we
have that,

0A, = {A, G} =805N— 6L 0bw,
00 = {A4,,G"} =edw. (30)

The variation of the action functional for fixed point variations is,

oL = [&Fm +m? <A0 + 2809)] (A + dpow) . (31)

G. E. R. Zambrano - J. F. Portillo

Gauge Symmetry in the Hamilton-Jacobi Formulation



If the theory is invariant, i.e., £ = 0, we should consider
0N = —0pdw. (32)

We have one arbitrary parameter, say A = dw. Under the
condition, the transformation on the fields A,  takes the form

§A, = {A,,G"} =—9,A.
560 = {A,,G"} =eA. (33)

From this condition, the generator of the gauge transformation is

Gean — /dSy (_gAaO + g“’) A (34)
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Gauge Conditions and Generalized Brackets

B The existence of involutive constraints: G* = qﬁl and G¥ = ¢2,
does not allow the dynamics to be uniquely determined.

B The gauge freedom is eliminated by introducing gauge
conditions.

m2
P=4=0 ¢456kAk+79:0. (35)
The full set of HIPDES is:
¢0 = pt + Hc - O,

o = 7%=0,
$? = Ot +epy =0,
¢’ = Ap=0,
2
ot = OA+ m?e = 0. (36)
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The dynamics is given by the following fundamental differential:

WP () = [dy[{F@). @}t +{F )6 @) dor )
+{F (2),6° (y)} dwa (y) + {F (x),¢° (y) } dws (1)
+{F (2),0" (y)} dwa (y)} : (37)

By introducing the gauge conditions the set of parameters
(w1, w2, ws,wy) becomes dependent on the parameter ¢, namely

dw; (y) = — // d2ud2v<1>;j1(y,v) {gbj(v), qbo(u)} dt. (38)
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Where the matrix ®;;(x {gi)l )} and its inverse given
by
0 0 1 0
0 0 0 —p
-1 _ Dy 3y —
0 - 0 0

with D, =V, — m?.

Thus, the fundamental differential can be written as

dF (z) = / Py { Fla).6w)} " . (40)
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The expression { , }* identifies what is called of Generalized
Brackets (GB), which is defined by

F@.6W) = (F@.6w)- [ [dudolF@).6 w)
(@) (o) {¢' v).¢w)}. (41)

The GB satisfy the following property

{F(a:) ,gbi(y)}* —0, i=123.4 (42)
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The degrees of freedom of the system are (Ai, Tri) and their GB are

(@) = (t+ D) P @)
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Conclusions

B We have calculated the complete set of HJPDES.

B We show that the HJPDES are involutive, which characterizes
the system as a gauge theory.

B We calculate the condition for the canonical transformation
generator to be a gauge transformation.

B Gauge conditions were introduced in order to eliminate the
gauge freedom of the theory,

B The GC were calculated.
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