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Abstract
We analyze the constraint structure of the Proca field with gauge symmetry within the framework of the

Hamilton-Jacobi formalism. The complete set of Hamiltonians generating the systems dynamics is derived from
Frobenius integrability conditions, together with the corresponding characteristic equations. As generators of
canonical transformations, the Hamiltonians are naturally related to the generators of the Lagrangian gauge trans-
formations. Finally, suitable gauge conditions are imposed, and the generalized brackets are explicitly determined.

Introduction
Quantum Electrodynamics (QED) states that the photon’s rest mass should be zero, although an ex-
tremely small mass could exist that current experiments are unable to detect. Using the uncertainty
principle, one can estimate a photon mass of the order of 10−66 g, taking the age of the universe as a
reference. Although such a tiny mass would be practically impossible to measure, a massive version
of QED is theoretically simpler [1] and provides a consistent framework to study the possible phys-
ical implications of a massive photon, such as variations in the speed of light [2], deviations from
Coulomb’s law [4] and Ampère’s law [5], the existence of longitudinal electromagnetic waves [6],
and an additional Yukawa-type potential for magnetic dipole fields [7].

Massive Proca electrodynamics is the simplest model in which the photon acquires a small mass,
obtained by adding a mass term to the electromagnetic Lagrangian. The Proca field is described by
the Lagrangian density

L = −1

4
FµνFµν +

1

2
M2AµA

µ, (1)

where Fµν = ∂µAν − ∂νAµ. Here, M is interpreted as the photon mass and the scale M−1 corre-
sponds to its reduced Compton wavelength, although the mass term breaks gauge invariance.

Cornwall [8] showed that, in the Jackiw–Johnson model [9], a symmetry-breaking mass term can-
not be added without losing renormalizability, since it violates the Ward–Takahashi identities. Gauge
invariance can be restored by introducing a nonlocal and non-polynomial term that preserves the
symmetry. Following Cornwall’s procedure, this chapter restores gauge invariance in Proca theory,
analyzes its canonical structure, and determines the Hamiltonian with full gauge freedom, ultimately
imposing suitable gauge conditions and computing the corresponding Dirac brackets.

Proca Field Model with Guage Symmetry
The Proca field described by the Lagrangian density (1) is not gauge invariant; however, gauge sym-
metry can be restored by adding a nonlocal and non-polynomial term to (1). If the mass term trans-
forms as

1

2
M2AµA

µ → 1

2
M2 (Aµ + ∂µΛ

)
(Aµ + ∂µΛ) , (2)

and the parameter Λ is redefined as

Λ → θ ≡ −1

e

1

□
∂µA

µ, (3)

one to rewrite the mass term as
1

2
M2

[
Aµ +

1

e
∂µθ

]2
. (4)

This expression becomes gauge invariant under

Aµ(x) → Aµ(x) + ∂µΛ(x), θ(x) → θ(x)− eΛ(x), (5)

with □θ ̸= 0, where θ is an auxiliary scalar field and e a coupling constant. This leads to the effective
gauge-invariant Lagrangian density

L = −1

4
FµνFµν +

1

2
M2

[
Aµ +

1

e
∂µθ

]2
. (6)

From (6), the corresponding Euler–Lagrange equations follow:

∂νF
νµ +M2Aµ = −1

e
M2∂µθ, ∂ν

[
Aν +

1

e
∂νθ

]
= 0. (7)

From the definition of the canonical momenta associated to the filed Aµ we obtain

ϕ1 ≡ π0 = 0 . (8)

Let us define p(x) ≡ ∂0S, then in the context of the Hamilton-Jacobi formalism, we have the initial
set of Hamilton-Jacobi Partial Differential Equations (HJPDE)

ϕ0 ≡ pt +Hc = 0 , → t, (9)
ϕ1 ≡ π0 = 0 , → ω1,

where

Hc =
1

2
πkπk +

1

2

e2

m2
p2θ −

(
∂kπ

k
)
A0 − eA0pθ +

1

4
FkiF

ki

+
m2

2

(
Ak +

1

e
∂kθ

)2

. (10)

The fundamental Poisson brackets (PB) are defined by{
Aµ (x) , π

ν (y)
}
= δνµδ

3 (x− y) ,{
θ (x) , pθ (y)

}
= δ3 (x− y) . (11)

Given the phase space of the theory, and by defining the PB we build the fundamental differential
which characterizes the evolution of any function of the phase space as:

dF (x) =

∫
d3y

[{
F (x) , ϕ0 (y)

}
dt +

{
F (x) , ϕ1 (y)

}
dω1 (y)

]
. (12)

Now, it is necessary to verify the integrability conditions (IC), in order to ensure that the set HJPDE
(9) is complete. The IC on the equations (9) imply,

dϕ1 =
[
∂xkπ

k + epθ

]
dt = 0. (13)

which give new HJPDE:
ϕ2 ≡ ∂xkπ

k + epθ = 0. (14)

Now, the the study of the IC of ϕ̄2 will not give any new Hamiltonian density. Therefore, we end up
with the following complete set of HJPDE,

ϕ0 ≡ pt +Hc = 0,
ϕ1 ≡ π0 = 0,
ϕ2 ≡ ∂kπ

k + epθ = 0. (15)

Since ϕ2 result from the IC of ϕ1, it is not canonical and does not have a corresponding variable in
the original phase-space. In this case we may expand de parameter space with a new parameter ω2.
Then the fundamental differential, which involves all the HJPDE has the following form,

dF (x) =

∫
d3y

[{
F (x) , ϕ0 (y)

}
dt +

{
F (x) , ϕ1 (y)

}
dω1 (y) +

{
F (x) , ϕ2 (y)

}
dω2 (y)

]
. (16)

From this equation we obtain the following set of characteristics equations

dAµ = δkµ

(
πk − ∂kA0

)
dt + δkµ∂kdω2,

dπµ =

{
δ
µ
0

(
∂kπ

k + epθ

)
+ δ

µ
k

[
∂lF

lk −m2
(
Ak +

1

e
∂kθ

)]}
dt,

dθ =

[
e2

m2
pθ − eA0

]
dt + edω2 ,

dpθ =
m2

e

[
∂k

(
Ak +

1

e
∂kθ

)]
dt. (17)

This equations describe the dynamical evolution of the system depending on the parameters dt, τ01
and τ03. Frobenius’ theorem implies that these parameters are independent, therefore the evolution in
the direction of a given parameter is independent of the evolution along the others. In the context of
the theory, we propose to impose the following gauge-fixing conditions,

ϕ3 ≡ A0 = 0 , ϕ4 ≡ ∂kAk +
m2

e
θ = 0. (18)

These equations must be incorporated into the set of HJPDES defined by the fundamental differential
(16), with each of them assigned an independent parameter. Then we define the dynamics of the
system by the new fundamental differential,

dF (x) =

∫
d3y

[{
F (x) , ϕ0 (y)

}
dt +

{
F (x) , ϕ1 (y)

}
dω1 (y) +

{
F (x) , ϕ2 (y)

}
dω2 (y)

]
+

∫
d3y

[{
F (x) , ϕ3 (y)

}
dω3 (y) +

{
F (x) , ϕ4 (y)

}
dω4 (y)

]
. (19)

Now, the set of HJPDE
(
ϕ1, ϕ2, ϕ3, ϕ4

)
is not in involution, since it is possible to construct the fol-

lowing matrix M ij(x,y) ≡
{
ϕi(x), ϕj(y)

}
, which turns out to be non-singular, with its inverse given

by

M−1 (x, y) =


0 0 1 0

0 0 0 − 1
Dx

−1 0 0 0

0 1
Dx

0 0

 δ3 (x− y) , (20)

where Dx ≡ ∇x − m2. The regularity of the matrix implies that the independent variables
(ω1, ω2, ω3, ω4) can be expressed as functions of the parameter t, namely

dωi (y) = −
∫∫

d2ud2vΦ−1
ij (y, v)

{
ϕj(v), ϕ0(u)

}
dt. (21)

Accordingly, the Generalized Brackets (GB) of the system can be defined as

{F (x) , G (y)}∗ ≡ {F (x) , G (y)} −
∫ ∫

d3ud3v {F (x) , ϕn (u)}
(
M−1

)nl
(u, v)

{
ϕl (v) , G (y)

}
.

(22)
The only non-vanishing fundamental GB are given by{

Ai (x) , π
k (y)

}∗
=

(
δki +

∂xi ∂
x
k

Dx

)
δ3 (x− y) , (23)

{Ai (x) , pθ (y)}∗ = −m2

e

∂xi
Dx

δ3 (x− y) , (24){
πi (x) , θ (y)

}∗
= e

∂xi
Dx

δ3 (x− y) , (25)

{θ (x) , pθ (y)}∗ =

(
1 +

m2

Dx

)
δ3 (x− y) . (26)

Conclusions
In this paper we have studies Proca Field with Guage Symmetry with the Hamilton-Hacobi method.
We have shown that the set of HJPDE ϕ1 and ϕ2 are involutive and a gauge symmetry is associated
with them. In order to eliminate the gauge freedom of the theory, the gauge conditions A0 = 0 and
∂kAk +

m2

e θ = 0 were imposed and the generalized brackets were calculated.
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