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Hamilton-Jacobi formulation for topological gauge theories

C. M. Benavides, C. S. Munoz and G. E. R. Zambrano*

We develop a Hamilton—Jacobi formulation for topological gauge theories, focusing on
the Chern—Simons and Maxwell-Chern—Simons models. A complete constraint analysis
is performed, allowing the identification of involutive and non-involutive Hamiltonians,
the construction of the associated characteristic equations, and the determination of the
generators of gauge transformations. Particular emphasis is placed on the incorporation
of gauge-fixing conditions into the Hamilton-Jacobi framework and on their role in the
integrability structure of the theory. We show that this implementation preserves the
integrability of the system and leads to a consistent generalized bracket structure, in
full agreement with the results obtained through the Dirac formalism. These results
provide a unified and self-consistent description of constrained gauge systems within the
Hamilton—Jacobi approach.
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1. Introduction

It is well established that non-Abelian gauge theories formulated in (2+1) spacetime
dimensions are super-renormalizable but suffer from severe infrared divergences. A
consistent mechanism to circumvent these divergences consists in introducing a
topological Chern—Simons (CS) term into the gauge-invariant action, thereby con-
structing what is known as a topologically massive gauge theory.l Such models, orig-
inally proposed by Deser, Jackiw, and Templeton, 232 arise from the addition of a CS
term to the three-dimensional Maxwell action, leading to the well-known Maxwell-
Chern—Simons (MCS) theory. The inclusion of the CS term endows the gauge field
with a topological mass while preserving gauge invariance. At the quantum level,
the induced topological mass acts as an infrared regulator, thereby removing the
pathological divergences in the low-energy regime.

Following Dirac’s pioneering work on constrained systems, this formalism has
become an essential tool for studying gauge-invariant topologically massive theories
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through canonical analysis. Using Dirac’s method, the Chern—Simons and Pontrya-
gin theories have been systematically examined, leading to the identification of their
extended Hamiltonians, extended actions, constraint algebras, gauge transforma-
tions, and physical degrees of freedom.2 The Maxwell-Chern—Simons (MCS) theory
has also been quantized using the Dirac bracket approach and the Schwinger action
principle.£ Moreover, the first-order formulation of Maxwell and U(1) gauge theo-
ries, where a gauge-invariant mass term naturally emerges, has been analyzed via
the Dirac procedure, revealing the gauge transformations that preserve the action
and enabling the extension to non-Abelian generalizations.Z

The Canonical Formalism of Dirac has historically been the standard for the
quantization of constrained gauge systems. However, the Faddeev-Jackiw Symplec-
tic Quantization method.& formalized by Barcelos-Neto and Wotzasek 212 offers an
alternative methodology that is intrinsically geometric and often more efficient. The
key advantage of the FJ approach lies in its ability to handle both first- and second-
class constraints in a unified manner, leading to the direct derivation of the Dirac
brackets through the inversion of a reduced symplectic matrix. This procedural ef-
ficiency has proven invaluable, having been successfully applied to the non-Abelian
Chern-Simons theoryt and more complex systems, such as the higher-derivative
CS theory 2 consistently confirming the equivalence and coherence of the results
with the traditional Dirac canonical quantization.

An approach based on the Hamilton—Jacobi (HJ) formalism was developed by
Giiler!2 to study singular first-order systems. This method employs Carathéodory’s
equivalent Lagrangians approach to the calculus of variations44 For such systems,
the stationary action condition reduces to a set of Hamilton—Jacobi partial differ-
ential equations (HJPDEs), also referred to as Hamiltonians, which must satisfy
an integrability condition (IC). The HJ formalism has been successfully applied to
several models, including the Schwinger model 22 the Proca model ¢ Teleparallel
Gravity 1218 and Berezin systems. 22 Furthermore, the formalism has been extended
to analyze systems described by higher-order Lagrangians.222L The study of first-

22,23 ghowing that for

order actions led to the construction of generalized brackets,
any Hamiltonian that does not satisfy the integrability condition, such brackets can
be consistently defined. A similar constraint analysis applied to the two-dimensional
BF model?4 revealed a rich algebraic structure. In the case of the topologically mas-
sive Yang—Mills theory, the generators of Lagrangian gauge transformations were
also found to be directly related to the Hamiltonians.22

Although the Hamilton—Jacobi formalism has been applied to constrained sys-
tems and gauge theories in various contexts, certain aspects remain insufficiently
explored. In particular, the role of gauge fixing within this framework has not been
fully clarified. Although gauge conditions have been considered in previous Hamil-
ton—Jacobi analyses, their incorporation as additional Hamilton—Jacobi partial dif-
ferential equations within the fundamental differential and their interpretation as
part of the integrability structure of topological gauge field theories deserve further
investigation.
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In this work, we address this issue by introducing gauge fixing conditions directly
into the Hamilton—Jacobi scheme and analyzing their impact on the integrability
conditions and the resulting generalized bracket structure. We show that this pro-
cedure not only preserves the internal consistency of the formalism but also ensures
full agreement with the results obtained through the Dirac method. This estab-
lishes a unified and self-consistent description of constrained gauge systems within
the Hamilton—Jacobi approach.

More specifically, we perform a constraint analysis of the Chern—Simons (CS)
and Maxwell-Chern—Simons (MCS) theories within the Hamilton—Jacobi formalism.
The main objective is to identify the complete set of involutive and non-involutive
Hamiltonians, construct the corresponding characteristic equations, determine the
generators of the gauge transformations, and implement the appropriate gauge fix-
ing conditions.

Previous developments of the Hamilton-Jacobi formalism have established im-
portant connections between integrability and gauge symmetries in constrained sys-
tems. In particular, Bertin, Pimentel, and Valcarcel?¢ showed that involutive Hamil-
tonians generate canonical transformations and provide the fundamental ingredi-
ents for constructing the generators of gauge symmetries. More recently, Romero
Herndndez et al<Z investigated finite-dimensional constrained systems containing
involutive and non-involutive Hamiltonians and employed gauge conditions to study
the correspondence between generalized brackets and Dirac brackets.

In the present work, we extend this discussion to topological gauge field theories
and adopt a different perspective regarding gauge fixing. Rather than introducing
gauge conditions solely as auxiliary constraints, we incorporate them as additional
HJPDE within the fundamental differential itself. Since these conditions are not ini-
tially associated with independent variables of the theory, the procedure requires an
enlargement of the parameter space by assigning an independent parameter to each
additional Hamiltonian. Consequently, gauge fixing becomes part of the integrability
structure of the Hamilton-Jacobi formalism, leading to an enlarged non-involutive
system from which the arbitrary parameters are completely determined through
the integrability conditions. This construction naturally yields generalized brackets
equivalent to the corresponding Dirac brackets.

The paper is organized as follows: in Section II, we provide a brief overview of
the Hamilton—Jacobi formalism. Section III is devoted to the application of this
method to the CS theory, while Section IV presents its extension to the MCS case.
Finally, the results and conclusions are discussed in Section V.

2. The Hamilton-Jacobi Formalism

We consider a system described by a Lagrangian of the form L = L(x%, 4% t) with
i =1,2,...,N and whose Hessian matrix is singular and has rank P. It is con-
venient to split the configuration variables as ' = (2%, 2%), with a = 1,2,..., P
and z = 1,2,..., R, such that P + R = N. The variables z® correspond to
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the nonsingular sector of the Hessian matrix, whereas x* belong to its singular
sector. Within Carathéodory’s equivalent Lagrangian method in the calculus of
variations, the necessary and sufficient condition for extremizing the action reads

Po + pat® + p,2* — L = 0, where the canonical momenta are defined as p, = %,
P, = gf‘z and pg = %. The singularity of the Hessian matrix implies the existence
of R canonical constraints H, = p, — % = 0. This allows us to introduce the

canonical Hamiltonian Hy = p,2* + p,* — L, leading naturally to a set of R + 1
first-order HJPDE,

HazpangI;:O, a=0,1,2,..., R, (1)
where t* = (¢,2*) and the quantities H,, are referred to as the Hamiltonians of the
system.

By means of Cauchy’s method, the set of equations (1) can be related to a

system of total differential equations, known as the characteristic equations (CE),
0H, 0H,
Opa ozx®
Solutions of the first pair of equations define curves depending on R+ 1 parameters

t* in the phase space spanned by the conjugate variables (z%,p,). From Eq. (2),
and regarding the parameters t* as independent, the evolution of any phase-space

dz® =

dt®, dp, = — dt®, dS = p.dx® — H,dt". (2)

function
F = F(z%1% pa;pa) (3)
is governed by the fundamental differential
dF = {F, H,}dt*, (4)

where the Poisson brackets (PB) are defined on the extended phase space
(%, t*, Do, Po). Hence, the Hamiltonians H, act as generators of the dynamical
evolution of the system.

The existence of a complete solution of the HIPDE, together with the indepen-
dence of the parameters ¢, is guaranteed by the integrability condition (IC), which
can be expressed as,

{Ha, Hg} = C,}H,. (5)

That is, the Hamiltonians must close a Lie algebra under the Poisson brackets.
Hamiltonians satisfying this condition are called involutive Hamiltonians. The pres-
ence of non-involutive Hamiltonians indicates that the system of HJPDE is in-
complete or that the parameters are not linearly independent. In such cases, the
equivalent condition dH, = 0 may generate new constraints and reveal possible
dependencies among the parameters. The Hamilton—Jacobi constraint analysis thus
consists of identifying a complete set of involutive Hamiltonians.

If, after completing the set of HJPDE, a subset of non-involutive Hamiltonians
H!, remains, one may construct the matrix with elements M,, = {H,, H,}. The
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dynamics is then redefined by eliminating the parameters associated with these
Hamiltonians through the introduction of generalized brackets (GB). If the matrix
M is singular of rank K < R, one can identify a regular submatrix Mz, with
a=1,2,...,K, and define the GB as28

{A, BY* = {A, B} — {A, Hs }(My;)~ '{H;, B}. (6)
The fundamental differential can then be written as
dF = {F, Hs}*dt%, a=0,K+1,...,R. (7)

After this procedure, the Hamiltonians Hg constitute the complete set of involutive
Hamiltonians governing the dynamics of the system, with the Poisson brackets
replaced by the GB.

The dynamical evolution described by the remaining arbitrary parameters can be
interpreted as canonical transformations generated by the involutive Hamiltonians.
In order to establish the relation between canonical and gauge transformations, we
restrict the analysis to fixed times, dt° = 0. Under this condition, the variation of
any phase-space variable 7! is given by

oyl = {! H.} ot (8)

Although the involutivity condition implies {H,, H,}* = C; H., the IC generally
yields {H,, H,}* = C’ngo + 5, H. Since the condition ng = 0 is rarely satisfied,
and the constraints H, = 0 restrict the phase space, one can define the generator

of gauge transformations as28
G = H, 617, (9)

where 0y = {y1, Gean}*,

3. Hamilton-Jacobi Analysis for Pure U (1) Chern-Simons Theory

The Lagrange density of the pure U(1) Chern-Simons theory in (2 + 1) dimensions
is given by

k «
XCS = 876 BvFagA,y, (10)

where k is a dimensionless coupling constant and A, is the gauge potential where
Fuop = 0,Ap — 03A,. In this article, we will use the convention €12 = 1 and the
Minkowski metric gog = (1, =1, —1). It can be verified that (10) is invariant under
the gauge transformation up to a boundary term. The corresponding field equations
are

k «
ey =0, (1)
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3.1. Non-involutive HIPDE

Now, to begin with the Hamilton-Jacobi (HJ) formalism, we compute de momenta

II* conjugate to A,
ch k 0
"= _—=—-=—c"HA4,. 12
9(BA,)  Ar- (12)

The expression above do not depend on any velocities 9y A,,, which implies that the
system is singular. The canonical Hamiltonian is given by

k »
HCS = —2— /dQIAoEozjaiAj, (13)
™

Let us define p = 95, then in the context of the HJ formalism, we have the initial
set of Hamilton-Jacobi Partial Differential Equations (HJPDE)

k ,
Hy=p— Q—AOEO” (07 A;j), —a0, (14a)
T
H, =11°, =T, (14b)
H'y=-1I"+ —% Ay, T2 (14c)
47 ’
with ¢ = 1,2. From these densities we identify the following parameters of the

theory: the first Hamiltonian Hy is associated with the time parameter z° = ¢. The
Hamiltonians H,, with a = 1,2,3, which arose from the non-invertible momenta
IT# are related to the parameters 7,. The fundamental Poisson brackets (PB) are
given by

{Au(2), 11" (y)} = 6,/0%(x — y). (15)

Given the variables of the theory, and by defining the PB we build the fun-
damental differential wich characterizes the evolution of any function of the phase
space. It is expressed as

dF(z) = / d*y{F(z), H,(y)}d,(y), (16)

with {o} = {0,...,3} and 7o(y) = t. The relation (16) establishes the dynamic
evolution of any function defined in the phase space. Now, it is necessary to verify
the integrability conditions (IC), in order to ensure that the set HIPDE (14) is
complete. The IC on the equations (14) imply that the following condition

AH,(z) = [ Pyl Ha(), Hyl0)}ir,(0) =0, a7
be imposed on the system. The condition for H; gives,

dH 1= ;EOU [8ZAJ] dt = 0. (18)

™

Since HY, is not in involution, IC give new HJPDE:

Hy=e"9,A; =0, (19)
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and the IC have to be tested with this too. Hence, we apply
dHy = dte"* 9,0, A¢ = 0, (20)

which is automatically satisfied. Then, the integrability of H, will not give any new
Hamiltonian density. Now, following the HJ formalism, we need to test the IC for
H',. This is, we need to impost dH%, = 0 and see if we obtain identities or new
HJPDE. Thus, we obtain

_ ko
dH', = " [dtakAo n dm} —0, (21)
T
which establishes a relationship between dris and dt as follows

deQ = —dtajAo. (22)

Therefore, we end up with the following complete set of HIPDE

Hy=p— %Aogoijai/lj, (23a)
H, =11° (23b)
Hy = —II' + %eOijAj, (23c)
Hy = "0, 4. (23d)

At this stage, we will separate de HJPDE (23) others than Hy as involutive
or non-involutive. The separation is determine by the PB between the complete
set of HJPDE, this allows us reduce the phase space of the theory. We notice
that H; is a involutive Hamiltonian density, however, from the brackets asso-
ciated with the densities H’, and H,; we determine that the following matrix
Q,p(7,y) = {H, (z), Hy (y)} with Hy = HY, Hy = H? and Hs = Hy,

_ k0ij ik
@(x,y>=( e ’f)a?(x—y), (24)
gVikgr 0

is singular and of rank two, therefore, there exists an eigenvector corresponding to a
zero mode which will be identified as the other involutive Hamiltonian. It is possible
to show that this Hamiltonian density result of a linear combination of H’, and Hy

2 .
Hy = —%ajﬂg +H, (25)
and take the form
o1k .
Hs = 0;11 + Z;aowaiAj =0. (26)

Therefore, the set of involutive HIPDE are:
H, =11° =0, (27a)
Hs = ;11" + Ee"”aiAj =0, (27h)
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and the non-involutive ones are:
i i k oi
H 2 = 7H —+ EE ]Aj = 07 (28)

from which it is possible to define

My (e,y) = {HY () 1 ()} = —

2T

V5% (x —y). (29)

Now, the parameters 7; o related to i2 are eliminated if we invert the matrix with
elements (29) and build the Generalizated Brackets (GB). Lets consider that this
inverse Mgl (z,y) exist and satisfy

/dzzMi;€ (z, 2) (J\/.l"“j)71 (z,y) =662 (x —y). (30)
Using (29) in the equation (30) we determine
—1

(M9) ™" (a,y) = T (x ). (31)

With the matrix (Mij)_l7 we define the GB

{A(z),B(y)} = {A(= y)}— /d2 /dQv{A (u)} (32)

(M“) (u,v) {H's (v), B ()},
which satisfy the condition,
{A@), 1S W)} =o. (33)
Thus, we obtain the following fundamental GB
[A" (@), A¥(y)) =25 (x ), (340)
{A%2),1%(y)} =6*(x — ), (34b)
. . " 1 ...
{A'(@), B ()} =5695(x ), (34c)
c ko
{T(2), T ()} = —e™"0*(x — ). (34d)

The GB (34) are a result of the IC for the Hamiltonian density H’, and as con-
sequence the parameter 7; has been removed by the dynamics defined in terms of
(34). From the GB it is possible to show that Hamiltonian densities H; and Hs are
still maintained involutives.

3.2. Characteristic Equations

We have obtained the complete set of HJPDE, i.e., Hy, G* = H, and G¥ = Hy and
each one is related to the parameters ¢, A and w. The last parameter was introduced
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to expanding the phase space such that the fundamental differential is now given
by

aP(x) = [ @y [ (F @) HoW) &+ {F2).6* )} )

+{F (2),G° (1)} dw (y)] (35)
From where we obtain the characteristic equations
dAy = dA, (36)
dAi = 62‘Aodt — 8idw, (37)
k 0ii
di’ = %50 10;A;dt, (38)
diT® = ﬁeoikakA dt — ismké‘kdw (39)
4 0 47 '

This set of equations establishes that the dynamic evolution of the system depends
on the parameters t, A and w. The IC states that these parameters are independents.
Now, if we only consider the evolution in the temporal direction, we obtain

9o Ay = 0, (40)

oA; =0; Ao, (41)
ko

ATI° :ﬂeo” B;A;, (42)
R

DT :EeolkﬁkAo. (43)

The equation (40) states that A is indeterminate like the parameters of the theory.
The relation (41) corresponds tho the dynamical equation (11) for a = 7. Meanwhile
the relations (42) and (43) correspond to the IC for Hy and H’;. Thus, we have
established the correlation between the Euler Lagrange equations and the charac-
teristics equations of the Hamilton-Jacobi formalism.

3.3. Gauge transformations

The evolution along the parameters A and w are identified as variations denoted
with 0 and &, they are given by

GxAy = 0,0, (44a)

Ay = 6,,0;6w, (44b)
) koo

S I = —Es‘”’“akaw, (44c)

here, we are still considering that the parameters are linearly independents. In order
to consider local transformations we must consider that this parameters A and w are
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no longer independent between them, but now depend on the time variable. Thus,
we write the variations (ﬁ) as

§A, = 600X + 6/, 0;0w, (45)
S = —Egoikak(sw. (46)

The set of local variations (45) and (46) is now generated by the linear combinations
of the involutive Hamiltonians, i.e.,

G = / d*y [GAON + G@ow] (47)

we call to G°" the generator of canonical transformations since we have that,
§A, = { A, G) = 800 + 07, D3, (48)
D (49)

We know that the Chern-Simons theory has a groups of transformations that leave
its action functional quasi-invariant. The variation of the action functional for fixed
point variations is

0Lcs = 04, [4];5#57}7/34 + Oy {;514«150‘“7147] : (50)

The generator of gauge transformations G9 will be related to the generator G*"
when we analyze the condition that the variation (48) and (49) must satisfy to leave
the theory quasi-invariant. For this we replace the fixed point variations in (50) by
(48) and (49), thus the action becomes invariant under these transformations if

§.Lcs = (636N + 6,,0;0w) mg“ﬁwﬁv} + 0, [L&AQEWAV} =0. (51)
Apart of a divergence, we have
6 Los = % (e Fij6X + 2% 0, Fyj6w) . (52)
From the Bianchi identity, we obtain that
§Lcs = ﬁs‘”j Fij (6A — Opéw) . (53)
If the theory is invariant, i.e., 6. Zcs = 0, we should consider

A = Dbw, (54)

hence, we have one arbitrary parameter, say A = dw. Under the condition (54), the
transformation on the fields A, takes the form

A, = 890N + 6.0\ = A,
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which is the well know invariance of the theory. From this condition we write the
generator of the gauge transformation as

G = /degg = /de (g&s/\ + g“éw)
- /d2y (G*0o +G*) A. (55)
We can check this affirmation by computing

{A,, G} =64, = 9,A. (56)

which is the well known gauge invariance of the Chern-Simons theory.

3.4. Gauge Conditions

At this stage, the non-involutive HJPDE have already been eliminated through the
construction of the GB. Nevertheless, the dynamics is still not completely deter-
mined. As can be seen from the fundamental differential (35), the evolution of the
system depends on the arbitrary parameters associated with the involutive Hamil-
tonians. These parameters are reflected in the characteristic equations (36)-(39),
indicating that the evolution is not unique. This feature is the Hamilton-Jacobi
counterpart of the arbitrariness that appears in the Dirac formalism when the dy-
namics is generated by the extended Hamiltonian.

Since the involutive HJPDE generate the canonical transformations of the the-
ory, the remaining arbitrariness is directly associated with the gauge freedom of
the system. When analyzing this temporal evolution through the relations (35), it
becomes evident that the dynamics of the fields remain arbitrary precisely because
the characteristic equations show an explicit dependence on the parameters A\ and
w, which remain unfixed and independent of each other. According to Bergmann 28
a physical observable must be interpreted as a function that is completely and
uniquely determined by the dynamical equations and the initial conditions. There-
fore, in order to recover predictability and obtain a unique dynamical evolution for
the physical variables, it is necessary to impose additional conditions that fix the
gauge.

The set of non-involutive constraints Hy, together with those involutive con-
straints G associated with the parameters entering the construction of the gauge
transformation generator, define a reduced phase space. For most problems of phys-
ical relevance, isolating this space and explicitly identifying the coordinates that
characterize it proves to be particularly challenging.

The physical observables are constructed in this space and, therefore, will depend
on arbitrary functions. If we denote by H,. the set of all constraints associated with
the system, that is: H, = (G%, Hp), then an observable G is implicitly defined by
the requirement that its Poisson bracket with all constraints vanishes,

{G,H,} =g H,, (57)
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In most cases, it is not possible to isolate the coordinates of the reduced phase
space, and thus one must work with the gauge variables, namely those that are
not observables. These variables do not commute under the Poisson bracket with
all the constraints H, and, consequently, their time evolution must be determined
consistently by properly specifying the dependence on the parameters appearing
in (16) or (35). The particular choice of these parameters, however, must have no
influence whatsoever on the observables.

The existence of non-involutive constraints Hj allows to determine the value of
its parameters in the fundamental differential (1) in terms of the time parameter
that determine the evolution of any function of the phase space and that guarantees
the construction of the GB (ref Non Involutive). The procedure to eliminate the
gauge freedom inherent in the arbitrary parameters appearing in (35) consists in
introducing additional constraints, namely the gauge conditions %(g, p) = 0, which
do not follow from the Lagrangian. In order to fix the values of the parameters, these
gauge conditions must convert involutive constraints into non-involutive constraints,
a requirement that is guaranteed if:

det [{Q*,G"}| # 0. (58)

This implies that the number of gauge-fixing conditions must equal the number of
first-class constraints. Nevertheless, (58) constitutes only a necessary condition for
the admissibility of the gauge constraints. In fact, many different gauge conditions
may satisfy this requirement. Therefore, the gauge constraints must be further re-
stricted to be admissible, they must be attainable in all and must fix the gauge
uniquely.

Within the Hamilton-Jacobi framework, we implement the gauge-fixing pro-
cedure by enlarging the set of HIJIPDE. The gauge conditions are incorporated as
additional Hamiltonians and are assigned independent parameters in the fundamen-
tal differential. The gauge conditions are incorporated as additional Hamiltonians
and are assigned independent parameters in the fundamental differential. However,
since there are initially no independent variables directly related to these gauge
conditions, we must address this limitation by expanding the space of independent
variables, thereby relating an arbitrary parameter to each new constraint. In this
way, gauge fixing is not introduced as an external step after the constraint analysis,
but becomes part of the integrability structure of the theory itself.

This procedure differs from previous implementations of gauge fixing within the
Hamilton-Jacobi approach, where gauge conditions are introduced as additional
constraints in order to construct GB and establish their equivalence with Dirac
brackets2Z In the present formulation, the gauge conditions are incorporated di-
rectly as additional Hamilton-Jacobi partial differential equations and associated
with new independent parameters in the fundamental differential. This requires an
enlargement of the parameter space and embeds the gauge-fixing procedure into the
integrability structure of the theory itself.

Consequently, the enlarged set of Hamiltonians is no longer involutive. As a
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result of this breakdown of involutivity, all arbitrary parameters become completely
determined through the integrability conditions, the characteristic equations define
a unique evolution, and a new GB structure can be constructed. To illustrate this
mechanism explicitly in a topological gauge theory, we propose to impose these
conditions within the context of the pure U(1) Chern-Simons theory,

Ap=0 , 0;A; = 0. (59)
These equations must be incorporated into the set of HIPDES defined by the fun-

damental differential (35), with each of them assigned an independent parameter.
Consequently, the full set of constraints is:

k .
HO Epo — %Efoon (8114]) —T0 = .’EO, (60)
H, EHO —T1, (61)
H2 EaZHl + 4£€Oijaiz4j —T2, (62)
7I
Hs EAQ —73, (63)
Hy =0;A; —T4. (64)

Then we define the dynamics of the system by the new fundamental differential

aF(a) = [ &y { Fa). Haw)} dralo) (65)

with {o} = {0, ...,4}. Now, the set of HIPDE (H,, Hy, H3, Hy) is not in involution,
since it is possible to construct the following matrix ®;;(x,y) = {H(z), H;(y)}",
which turns out to be non-singular, with its inverse given by

0 0 1 0
0 0 0L£4

> l(x,y) = 1 0 OQ”OWT Fx—y), (66)
0 2gz0 0

The regularity of the matrix implies that the independent variables (71, 72,73, 74)
can be expressed as functions of the parameter 79 = ¢, namely

dr; (y) = — // dzudzvfIDi_jl(y,v) {H;(v), Ho(u)}" dt. (67)

Accordingly, the GB of the system can be defined as
* * 9 9 *
{r@.cw) ={r@.cw} - [[Eue{rw mw))

5! (u0) { H; (v).G ()} - (68)
The only non-vanishing fundamental GB are given by

* 2w 2m
(4@ .40} = [k — 7 (com 0507 ~ eomamﬂ] 0 (x~y). (69)

These expressions agree with the results obtained through Dirac’s method (see Eq.

(A.6))-
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4. Hamilton-Jacobi Analysis for Maxwell-Chern-Simons Theory

The theory is described by adding the Chern-Simons term to the electromagnetic
field, so that its Lagrangian density reads

1 k
Luacs = —~FopF*P + —c"PVF,5A
MCS TR + 3rc By, (70)
so that the Euler-Lagrange equations of motion can be expressed as
k
—ePr FPe = . 1
1t By + 03 0 (71)
The canonical momentas are given by
6‘-:S/ﬂMCS 0 k 0
M= ——= =—F"%+ —&" A, 72
B (00 Aa) TRs (72)

4.1. Non-involutive HIPDFE

The antisymmetry of the Levi—Civita symbol implies that the temporal component
of the canonical momentum is a canonical constraint: II° = 0. Using (70) and (72),
the canonical Hamiltonian can be constructed, and it takes the form

JAncs L (i Eiiy, : + ! (5Oij(9-A-)2
2 4 J 2 R
— EEOUAO(@-A]-) — Ap0;I1". (73)
Accordingly, the theory is defined by the following set of HIPDE
Ho = p° + Aucs =0, —79 = 27, (74a)
H, =T1° =0, —T1. (74b)

For testing the integrability condition of (74), we start by defining the fundamental
differential

dF(z) = / Py {F(2), Hy(y)}dro (y). (75)

where {o = 0,1}. The Hamiltonians H; are involutive among themselves, since
{H1(z), H1(y)} = 0 and therefore their integrability condition depends only on the
Poisson brackets with the Hamiltonian Hy. In this case, we obtain

dH, = {feOklakAl +oI% | dt = 0, (76)
™

therefore, in order to ensure the consistency of the formalism, we define a new
Hamiltonian

H, = 0,11% + %eo’”akAl =0. (77)

which is also in involution. Once the integrability condition is fully satisfied, the
system is characterized by a closed set of involutive Hamiltonians, namely Hy, Hy,
and H,.
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4.2. Characteristic equations and Gauge Transformations

Since the Hamiltonian Hs arises as a consequence of the integrability condition
imposed on Hy, it is not canonical and does not have a correspondent variable in
the original phase-space. In this case we need to expand our initial phase space in
order to include this Hamiltonian. If we introduced w as a new parameters which is
related to the Hamiltonian Hs. If, If we perform a redefinition of the Hamiltonians
G = H, and G¥ = Hy, then the fundamental differential, constructed from the
complete set of involutive Hamiltonians, is given by

AP(a) = [y [ {F @) H o)} de+ {F (2).0* ()} A ()
P (), 6 () do () (78)

From this equation, one derives the following set of CEs,

dA, = [Hi - %5OimAm + 81-A0} dt + 6/,0;dw + 53dA, (79)
ok E\° ko
I+ = gk T ki "V ‘Hk— v . v _0ik
d o |OF F 471_601;9 <47T) A; + 47T€ OLAg | dt
pl ko k w ko
+oy | —¢ LA, + O IT7 | dt — 0; —e¢ Ordw. (80)
4 4

These equations describe the dynamical evolution of the system depending on the
parameters ¢, A% and w®. Frobenius’ theorem Condition states that these parameters
are independents, therefore the evolution in the direction of a given parameter is
independent of the evolution along the others. Then, if we restrict our analysis to
the evolution along the temporal direction, we obtain

0 Ay =0, (81)
DAL =TT — 2 0im A1 5, A, (82)
am
k
domy = OpI1" + EgoklakAl, (83)
; Gk : k> koo
= 5 et () A e (34)

Now, the evolution along the parameters A and w represents canonical transforma-
tions and is given by

GrAy = 00N (85a)

§u A, = 890w, (85b)
_ k .

= —E(Sé‘somﬁkéw, (85¢)

In order to study local transformation, we must consider that the parameters A* and
w® are no longer independent between them, but now depend on the time variable
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2", We write the variations (85) as
0A, = 525)\ + 5;314&1, (86a)
, k 4
St = —Eéfsomakéw. (86h)

We have used the symbol § to denote the variations d, and d,,, which are correlated.
The local variations (86) are generated by a linear combination of the involutive

Hamiltonians
G = / d*y [GMoA+ G¥ow] (87)
we call G°*™ the generator of canonical transformations since we have that
0A, ={A,,G"} = 62(5)\a + 6i8i6w, (88a)
omt = {Wi,Gca"} = fﬁéfsmkﬁkdw. (88b)

It is well known that the theory possesses a group of transformations that render
its action functional quasi-invariant. The connection between the generator of these
gauge transformations and the canonical generator G°*" arises from analyzing the
conditions under which the variations (88) keep the theory quasi-invariant. Then,
the action (70) becomes invariant under these transformations if

: k
5-Lucs = (620X + 62,0;0w) (ay Pt coBY FM)

o (o )]
= 0. (89)
Using the Bianchi identities we obtain
6 Lucs = (aijO + % gOJ‘ijk> (6X — Dodw) . (90)
If the theory is invariant, we should consider

A = Dodw, (91)

therefore there is a unique independent parameter, say dw = A. Under the condition
(91), the transformation on the fields takes the form

§A, = 0,00A + 0,0:0A = O,,A, (92)
from which it can be determined that

A, = {A,, G} = 9,A. (93)
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4.3. Generalized Brackets

The gauge-fixing procedure follows the same strategy developed for the pure Chern-
Simons theory. The gauge conditions are incorporated into the Hamilton-Jacobi
scheme as additional Hamiltonians, enlarging the set of HJPDE and converting the
resulting system into a non-involutive one. This allows the arbitrary parameters
associated with the gauge freedom to be completely determined and leads to a GB
structure equivalent to the Dirac bracket formulation.

In the context of Maxwell-Chern-Simons theory, we propose to impose the fol-
lowing gauge-fixing conditions (see Eq. (A.7)),

67;Ai = 07 (%HZ - 4—50”8,'Aj + 8161140 = 0, (94)
™

These equations must be incorporated into the set of HIPDE defined by the fun-
damental differential, with each of them assigned an independent parameter. Con-
sequently, the full set of constraints is:

HO :po + %]\%Cs %t,
Hl :HO —T1,

k
Hy :—50’”8kAl + 8ka —T2,

47

k

Hs =0;0;A¢ + E{:‘OklakAl + aka —T3,
H4 :&Al —T4. (95)

Now, the dynamics is determined by the fundamental differential

aP(a) = [ &y { F@). Ha) ) dro(o), (96)

with {o} = {0,...,4}. The set of HIPDE (H;, Ha, Hs, H4) is not in involution, since
it is possible to construct the matrix ®;;(x,y) = {H;(x), H;(y)}, which turns out
to be non-singular, with its inverse given by ®(x,y),

0 110
— -1 001 1
0 -100

The regularity of the matrix implies that the independent variables (71, 2,73, 74)
can be expressed as functions of the parameter 79 = t. Now, the GB of the system
can be defined as

{r@.cw} = {rw.cu}- [[euwe{Fe. mw)
5! (uv) { H; (0),G W)} (98)
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The non-vanishing fundamental GB are given by

1
(a1 = (85 - 0707 o ) 22— ) (99)
x
* k T T T T 1 2
{1 (), I ()} = — (comiOm07 — om0 0F) =50°(x —y).
4 A\
These expressions agree with the results obtained through Dirac’s method (see Eq.

(A8)).

An important feature of the present formulation is the manner in which gauge-
fixing conditions are incorporated into the Hamilton-Jacobi framework. Rather than
introducing them only as auxiliary constraints for the construction of generalized
brackets, they are promoted to additional Hamilton-Jacobi equations and included
directly in the fundamental differential. This enlarges the parameter space of the
theory and allows gauge fixing to be interpreted as part of the integrability analysis
itself. The resulting GB are fully consistent and reproduce the same physical content
obtained through the Dirac formalism.

Conclusions

In this work, we analyzed the Hamiltonian structure of the U(1) Chern-Simons and
Maxwell-Chern-Simons theories in (2 + 1) dimensions within the Hamilton-Jacobi
formalism. For both models, we identified the complete set of Hamilton-Jacobi par-
tial differential equations, determined the involutive and non-involutive sectors of
the theory, constructed the corresponding generalized brackets, and obtained the
generators of canonical and gauge transformations. The resulting generalized brack-
ets and gauge transformations were shown to reproduce the structures obtained
within the Dirac formalism.

A central result of this work is the incorporation of gauge-fixing conditions into
the integrability structure of the Hamilton-Jacobi formalism. After eliminating the
original non-involutive Hamiltonians through generalized brackets, the fundamen-
tal differential still depends on arbitrary parameters associated with the involutive
Hamiltonians, reflecting the gauge freedom of the theory. By promoting the gauge-
fixing conditions to additional Hamilton-Jacobi equations and introducing indepen-
dent parameters associated with them, the enlarged system becomes non-involutive
and all arbitrary parameters are determined through the integrability conditions.
This construction naturally leads to a generalized bracket structure equivalent to
the corresponding Dirac brackets and establishes a direct relation between gauge
fixing and integrability within the Hamilton-Jacobi framework.

Beyond reproducing the results obtained in the Dirac formalism, our analysis
shows that the Hamilton-Jacobi approach provides a consistent and unified frame-
work in which the constraint structure, integrability conditions, characteristic equa-
tions, and generators of gauge transformations emerge from a common geometric
setting. In this perspective, gauge fixing is incorporated as part of the integrabil-
ity structure rather than introduced as an external procedure after the constraint
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analysis. In particular, the topological nature of the Chern-Simons theory and the
emergence of a topological mass in the Maxwell-Chern-Simons model are naturally
exhibited.

Although the present work focuses on the Chern-Simons and Maxwell-Chern-
Simons theories, the construction is formulated at the level of the Hamilton-Jacobi
integrability structure and is therefore not intrinsically restricted to these examples.
Future applications to other constrained gauge systems may provide further insight
into the scope and usefulness of this approach.

Appendix A. Dirac Formulation

The constrained Hamiltonian analysis is performed following Dirac’s systematic
procedure for systems with constraints. Let ¢,(x) =~ 0 denote the complete set of
constraints of the theory. When these constraints form a second-class system, one
defines the constraint matrix

Cap(x,y) = {Pa(x), dp(y)}, (A1)

which, provided it is non-singular, admits a functional inverse. The Dirac bracket
between two arbitrary functionals F' and G is then defined as

(F.G}p = {F,G} — / P {F, ¢o(u)}
(C™H*P(u,v){p(v), G}, (A.2)

thereby ensuring that all second-class constraints hold strongly.

Pure Chern-Simons theory

For the pure Chern-Simons theory, the Hamiltonian analysis yields the first-class

constraints
m°~o0, oIl — %aoﬁaiAj ~ 0, (A.3)
together with the second-class constraints
II; + ﬁsmjAj ~ 0. (A4)

4ar
To remove the gauge degrees of freedom associated with the first-class constraints,
we impose the gauge-fixing conditions

Ag =0, 0;A; =~ 0. (A.5)
The full set of constraints thus becomes second class, and the associated matrix

Cagp is invertible. The Dirac bracket can therefore be constructed explicitly from
Eq. (A.2). One obtains

21 2
(A1) 4300} = | T e0ss = 2 (comO505 — comi0205)
1
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Mazwell-Chern-Simons theory

In the Maxwell-Chern-Simons theory, the set of first-class constraints coincides with
that of the pure Chern-Simons theory, while primary second-class constraints are
absent at the outset. To implement the Dirac procedure, we impose the gauge
conditions

0;A; =0, o;IT" — I€Ol]6iAj + 0;0;Ag = 0, (A7)
™

where the second condition follows from requiring preservation in time of the first
within Dirac’s consistency algorithm. The resulting enlarged set of constraints is
again second class, with non-singular matrix Cyg. The fundamental non-vanishing
Dirac brackets are

{Ai(x), 1I; (¥)}p

1
(8- 0r05 g5 ) 2= )

k
{Hi(‘r)vnj (W)}p = i (5Omiaﬁ18§r - €Omjafna;;v)
1
ﬁﬁ(x -y). (A.8)
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