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Abstract. A detailed study of the criteria for stability of the scalar potential, and the proper electroweak
symmetry breaking pattern in some 3-3-1 models without exotic electric charges is presented. In this paper
we concentrate in a scalar sector with three Higgs scalar triplets, with a potential that does not include the
cubic term, due to the presence of a discrete symmetry. For the analysis we use, and improve, a method
previously developed to study the scalar potential in the two-Higgs-doublet extension of the standard
model. Our main result is to show the consistency of those 3-3-1 models without exotic electric charges.

1 Introduction

A simple extension of the standard model (SM) consists
of adding to the model a second Higgs scalar doublet [1],
defining in this way the so-called two Higgs doublet model
(THDM). The different ways how the two Higgs scalar
doublets couple to the fermion sector, define the different
versions of this extension[1,2]. Many gauge group exten-
sions of the SM have the THDM as an effective low energy
theory (in this regard see the papers in [2] and references
therein). In these extensions one intermediate step in the
symmetry breaking chain leads to the SU(3)c⊗SU(2)L⊗
U(1)Y gauge theory with two Higss doublets in one of its
several versions.

A novel method for a detailed analysis of the scalar
potential in the most general THDM was presented in
Refs. [3,4] where by using powerful algebraic techniques,
the authors studied in detail the stationary points of the
scalar potential. This allowed them to give, in a very con-
cise way, clear criteria for the stability of the scalar po-
tential and for the correct electroweak symmetry break-
ing pattern. By using different approaches, the authors in
Refs. [5] reached also interesting conclusions for the scalar
potential of the THDM, some of them related to the ones
presented in Ref.[3].

In the present work we make use of some of the new
algebraic developments cited in the former paragraph, to
analyze the scalar sector of an extension to the SM based
on the local gauge group SU(3)c ⊗ SU(3)L ⊗ U(1)X [6,7,
8,9,10] (called hereafter 3-3-1 for short).

In general, the scalar sector for 3-3-1 models is quite
complicated and difficult to analyze in detail. For exam-
ple, for the minimal model (the Pisano-Pleitez-Frampton
model [6]) three Higgs scalar triplets and one additional
Higgs sextet must be used, in order to break the symme-

try and provide, at the same time, masses to the fermion
fields. For the 3-3-1 models without exotic electric charges
[7,8,9,10] the situation is simpler because it turns out that
less Higgs scalar multiplets are needed [11]. For example,
the so called economical 3-3-1 model [12] makes use of only
two Higgs scalar triplets which are able to break the sym-
metry in a consistent way, although they are not able to
produce a consistent fermion mass spectrum at tree-level.
The alternative approach is to deal with three Higgs scalar
triplets instead of two, as done for example in Refs. [7,8].

In this work we pursue the study of the scalar sector
of the 3-3-1 models without exotic electric charges started
in Ref. [13], by considering this time a model with three
Higgs scalar triplets. A discrete symmetry will be applied
to the corresponding scalar potential [14,15], which sim-
plifies and facilitates its analysis, due that the cubic (or
trilinear) term would be absent. In this analysis we will
derive constraints on the parameters of the scalar poten-
tial coming from its stability and from the electroweak
symmetry breaking conditions (the stability of an scalar
potential at the classical level, which is fulfilled when it
is bounded from below, is a necessary condition in order
to have a consistent theory). The global minimum of the
potential will also be found by determining its stationary
points.

This paper is organized as follows: in Sect. 2 we intro-
duce the 3-3-1 models without exotic electric charges and
review the different scalar sectors available in the litera-
ture for this type of models; in Sect. 3 we introduce the
scalar potential under study and analyze the consistency
of the electroweak symmetry breaking pattern proposed;
then in Sect. 4 we study the stability of the scalar po-
tential, and in Sect. 5 we find its stationary points and its
global minimum. Our conclusions are presented in Sect. 6.

http://arxiv.org/abs/1107.3260v1
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Three appendixes, one with a general review and two tech-
nical ones are presented at the end.

2 3-3-1 models without exotic electric

charges

As demonstrated in Refs. [9,10,12], there exist a total of
eight different three-family 3-3-1 models without exotic
electric charges, that do not contain fermion singlets or
in vector-like representations. Each model has a different
spin 1/2 particle structure, but they have the same gauge
boson sector. In principle, all can bear the same scalar
sector too.

2.1 The Gauge sector

The gauge boson structure for any 3-3-1 model without
exotic electric charges is: one gauge field Bµ associated
with U(1)X , the 8 gluon fields Gµ associated with SU(3)c
which remain massless after breaking the symmetry, and
8 gauge fields from SU(3)L that we write as [12]

1√
2
λαA

µ
α =

1√
2





Dµ
1 W+µ K+µ

W−µ Dµ
2 K0µ

K−µ K̄0µ Dµ
3



 ,

where Dµ
1 = Aµ

3/
√
2 +Aµ

8/
√
6, Dµ

2 = −Aµ
3/

√
2 +Aµ

8/
√
6,

and Dµ
3 = −2Aµ

8/
√
6. λi, i = 1, 2, ..., 8, are the eight Gell-

Mann matrices normalized as Tr(λiλj) = 2δij .
The charge operator associated with the unbroken gauge

symmetry U(1)Q is

Q =
λ3
2

+
λ8

2
√
3
+XI3 (1)

where I3 = Diag.(1, 1, 1) is the diagonal 3×3 unit matrix,
and the X values are related to the U(1)X hypercharge
and are fixed by anomaly cancellation. The sine square of
the electroweak mixing angle is given by S2

W = 3g21/(3g
2
3+

4g21) where g1 and g3 are the coupling constants of U(1)X
and SU(3)L respectively. The photon field is given by

Aµ
0 = SWAµ

3 + CW

[

TW√
3
Aµ

8 +
√

(1 − T 2
W /3)Bµ

]

, (2)

where CW and TW are the cosine and tangent of the elec-
troweak mixing angle, respectively.

There are two weak neutral currents in the model as-
sociated with the two flavor diagonal neutral gauge weak
bosons

Zµ
0 = CWAµ

3 − SW

[

TW√
3
Aµ

8 +
√

(1− T 2
W /3)Bµ

]

,

Z ′µ
0 = −

√

(1 − T 2
W /3)Aµ

8 +
TW√
3
Bµ, (3)

and one current associated with the flavor non diagonal
neutral gauge boson K0µ which is charged in the sense
that it has a kind of weak V isospin charge. In the former
expressions Zµ

0 coincides with the weak neutral current of
the SM.

2.2 A Fermion sector

The particular 3-3-1 model without exotic electric charges
most extensively studied in the literature, known as the 3-
3-1 model with right-handed neutrinos, has the following
anomaly free fermion sector [7]:

ψa
L = (l−a, νa, N0a)TL ∼ (1, 3∗,−1/3),

l+a
L ∼ (1, 1, 1),

Qi
L = (ui, di, Di)TL ∼ (3, 3, 0),

Q3
L = (d3, u3, U)TL ∼ (3, 3∗, 1/3),

ucaL ∼ (3∗, 1,−2/3), dcaL ∼ (3∗, 1, 1/3),

U c
L ∼ (3∗, 1,−2/3), Dci

L ∼ (3∗, 1, 1/3),

where the numbers inside the parenthesis stand for [SU(3)c,
SU(3)L, U(1)Y ] representations, a = 1, 2, 3 is a family in-
dex and i = 1, 2 is related to two of the three families.
Di and U are three exotic quarks with electric charges
−1/3, −1/3 and 2/3, respectively, and N0a

L can play the
role of right-handed neutrinos. The three lepton families
are arranged in antitriplets of SU(3)L. In order to cancel
the SU(3)L anomaly, two quark families must transform
as SU(3)L triplets and the remaining one as an antitriplet.
It is customary to arrange the first two quark families in
triplets and the third one in an antitriplet. This choice
is meant to distinguish the possible new dynamics effects
arising in the third family.

2.3 The scalar sector

As far as we know, for the 3-3-1 models without exotic
electric charges, three different scalar sectors have been
used in the literature, to deal with the spontaneous break-
ing of the gauge symmetry down to U(1)Q and, to produce
at the same time, masses for the Fermion fields. Each set,
as described anon, has its own advantages and disadvan-
tages. They are:

2.3.1 The economical model

Introduced in the literature in Ref. [12] and further an-
alyzed in Refs. [16,17]. It makes use of only two scalar
triplets, which together with their vacuum expectation
values (VEV) are:

Φ1(1, 3
∗,−1/3) =





φ−1
φ01
φ′01



 , with VEV: 〈Φ1〉 =
1√
2





0
v1
V1



 ,

(4a)

Φ3(1, 3
∗, 2/3) =





φ03
φ+3
φ′+3



 , with VEV: 〈Φ3〉 =
1√
2





v3
0
0



 .

(4b)

The former structure is the simplest one, able to break
the 3-3-1 symmetry down to U(1)Q in a consistent way [12].
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In spite of its simplicity, it has the disadvantage of being
unable to produce a consistent Fermion mass spectrum
at tree-level. The claim in Ref. [17] is that the quantum
fluctuations can generate non-zero mass terms for all the
Fermion fields, but a systematic (tedious) numerical anal-
ysis reproducing the fermion mass spectrum has not been
published yet, although probably, the most serious hurdle
for the survival of this model, is the existence of flavor
changing neutral currents (FCNC) at tree-level, mediated
by the Higgs scalar fields (only two sets of scalar fields pro-
ducing masses for three Fermion families), neutral currents
that severely constraint the parameters of the model.

For this economical model, the study of the scalar po-
tential, using the method introduced in Refs. [3,4] (and
briefly review in appendix A) has been presented in full
detail in Ref. [13].

2.3.2 The set with three scalar triplets

This set makes use of the two scalar Higgs fields of the
economical model, plus the extra one

Φ2(1, 3
∗,−1/3) =





φ−2
φ02
φ′02



 , with VEV: 〈Φ2〉 =
1√
2





0
v2
V2



 ,

(5)
where we have assumed that all the five electrically neu-
tral components do acquire non-zero VEV. This set of
three scalar Higgs fields, with the vacuum aligned such
that V1 = v2 = 0, was used for the first time in Refs. [7,8].
The set has the advantage of being able to produce tree-
level masses for all the Fermion fields (which is true even
for the particular alignment used in the original papers),
but it can not completely avoid the presence of FCNC at
tree-level, coming from the scalar sector.

Notice that the VEV 〈Φ1〉 and 〈Φ2〉 generate masses
for the exotic quarks and the new heavy gauge bosons,
while VEV 〈Φ3〉 generates masses for ordinary fermions
and for the SM gauge bosons. To keep the model consistent
with low energy phenomenology, in this paper we will use
〈Φ3〉 6= 0 and the hierarchy

V1, V2 ≫ v1, v2, v3, (6)

except for those cases when V1 or V2 are zero, when the
hierarchy becomes

Vi ≫ v1, v2, v3; i = 1, 2. (7)

(Taking 〈Φ3〉 = 0 implies that several fermion fields re-
main massless.)

2.3.3 The extended scalar set

Introduced in the literature in Refs. [18], it consists of four
scalar triplets: Φ1, Φ2 and Φ3 as above with the vacuum

aligned such that V1 = v2 = 0 as in the original papers,
plus a new scalar Higgs field

Φ4(1, 3
∗,−1/3) =





φ−2
φ02
φ′02



 , with VEV: 〈Φ2〉 =
1√
2





0
0
v4



 ,

(8)
with the hierarchy v1 ∼ v3 ∼ v4 << V2 ∼ 1 TeV. This set
of four scalar fields combined with a convenient discrete
symmetry [18], is able to generate several see-saw mech-
anisms, the basis of a consistent Fermion mass spectrum,
and avoid, at the same time, tree-level FCNC coming from
the scalar sector.

In the following analysis we will concentrate only in
the set with 3 scalar triplets as defined in Sects. (2.3.1)
and (2.3.2), with the most general VEV structure, but
with the constraint derived in Appendix B.

3 The scalar Potential

The most general scalar potential which is 3-3-1 invariant,
for the set of three scalar triplets Φ1, Φ2 and Φ3 is given
by

V ′(Φ1, Φ2, Φ3) = µ2
1Φ

†
1Φ1 + µ2

2Φ
†
2Φ2 + µ2

3Φ
†
3Φ3

+
1

2
(µ2

4 Φ
†
1Φ2 + µ2

4
∗
Φ†

2Φ1) + λ1(Φ
†
1Φ1)

2 + λ2(Φ
†
2Φ2)

2

+ λ3(Φ
†
3Φ3)

2 + λ4(Φ
†
1Φ1)(Φ

†
2Φ2) + λ5(Φ

†
1Φ1)(Φ

†
3Φ3)

+ λ6(Φ
†
2Φ2)(Φ

†
3Φ3) + λ7(Φ

†
1Φ2)(Φ

†
2Φ1)

+ λ8(Φ
†
1Φ3)(Φ

†
3Φ1) + λ9(Φ

†
2Φ3)(Φ

†
3Φ2)

+ (f Φ†
1Φ2 + f∗ Φ†

2Φ1)
2 +

1

2
(λ11 Φ

†
1Φ2 + λ∗

11Φ
†
2Φ1)(Φ

†
1Φ1)

+
1

2
(λ12 Φ

†
1Φ2 + λ∗

12Φ
†
2Φ1)(Φ

†
2Φ2)

+
1

2
(λ13 Φ

†
1Φ2 + λ∗

13Φ
†
2Φ1)(Φ

†
3Φ3)

+
1

2

[

λ14 (Φ
†
1Φ3)(Φ

†
3Φ2) + λ∗

14 (Φ
†
3Φ1)(Φ

†
2Φ3)

]

+ (g ǫijk Φ
i
1 Φ

j
2 Φ

k
3 + h.c.).

(9)

Since µ2
4, f, λ11, λ12, λ13, λ14 and the trilinear coupling

constant g can be complex numbers, there are 26 free pa-
rameters in V ′(Φ1, Φ2, Φ3) and 5 VEV, in principle all of
them different from zero. The last element of V ′ corre-
spond to the so called cubic term of the potential, which
is closely related to a determinant function of Higgs fields
due to the Levi-Civita component ǫijk.

For the sake of simplicity we are going to assume real
VEV throughout this paper, which means that sponta-
neous CP violation is not going to be considered in our
analysis. Notice also that the most general scalar potential
V ′(Φ1, Φ2, Φ3) in (9) is invariant under the local Gauge
group SU(3)L ⊗ U(1)X , invariance that is spontaneous
broken by the VEV in 〈Φi〉, i = 1, 2, 3 down to U(1)Q,
where Q is the electric charge generator in equation (1).
So, after the breaking of the symmetry, a consistent model
will emerge only if eight massless Goldstone Bosons show



4 Yithsbey Giraldo et al.: Scalar Potential Without Cubic Term in 3-3-1 Models Without Exotic Electric Charges

up, coming from the transformed potential obtained from
(9); zero mass Bosons that should be eaten up by the
Gauge Bosons associated with the SU(3)L ⊗ U(1)X bro-
ken symmetry.

The scalar potential in Eq. (9) is quite complicated
and very difficult to study in a systematic way, and as
far as we know, it has not been studied in full detail in
the literature yet (and we do not intend to do it here
either). A partial analysis of this general potential, for the
particular vacuum alignment V1 = v2 = 0, has been done
in Ref. [19]. However, as mentioned in Refs. [14,15], by
introducing discrete symmetries, the form of the potential
simplifies largely and can be analyzed in detail, as we are
going to do next.

3.1 Discrete symmetry in the scalar potential

Under assumption of the discrete symmetry Φ1 → −Φ1,
the most general potential obtained from (9), is presented
in Appendix C, where it is demonstrated that f can be
taken as a single parameter. As a consequence of this, the
reduced potential

V (Φ1, Φ2, Φ3) = µ2
1Φ

†
1Φ1 + µ2

2Φ
†
2Φ2 + µ2

3Φ
†
3Φ3

+ λ1(Φ
†
1Φ1)

2 + λ2(Φ
†
2Φ2)

2 + λ3(Φ
†
3Φ3)

2

+ λ4(Φ
†
1Φ1)(Φ

†
2Φ2) + λ5(Φ

†
1Φ1)(Φ

†
3Φ3)

+ λ6(Φ
†
2Φ2)(Φ

†
3Φ3) + λ7(Φ

†
1Φ2)(Φ

†
2Φ1)

+ λ8(Φ
†
1Φ3)(Φ

†
3Φ1) + λ9(Φ

†
2Φ3)(Φ

†
3Φ2)

+
λ10

2
(Φ†

1Φ2 + Φ†
2Φ1)

2,

(10)

contains only 13 free parameters (instead of 26) and does

not include the cubic term ǫijkΦ
i
1Φ

j
2Φ

k
3 . The rest of the

paper will be dedicated to study this potential (10).
A careful analysis shows now that, due to the absence

of the cubic term, the potential V (Φ1, Φ2, Φ3) turns out to
be U(3)⊗U(1)X invariant [instead of SU(3)⊗U(1)X ] with
the consequence that the most general VEV breaks this
symmetry down to U(1)Q as before, producing now nine
Goldstone Bosons, instead of the eight that can be Gauged
away, due to the fact that the generator I3 = Dg(1, 1, 1)
gets also broken. This leaves an (unphysical?) extra zero
mass scalar after the implementation of the Higgs mecha-
nism. The simplest way to avoid this situation is by restor-
ing the cubic term in the scalar potential (a dynamical
breaking of the U(3) symmetry), something does not al-
lowed by the discrete symmetry imposed. But as shown in
appendix (B), for the case when 〈Φ3〉 6= 0 the problem can
be solved by demanding that 〈Φ1〉 and 〈Φ2〉 became lin-
early dependent (LD); this avoids an spontaneous break-
ing of the U(3)⊗U(1)X symmetry down to SU(3)⊗U(1)X ,
with the consequence that the VEV must satisfy the con-
straint

v2V1 = v1V2, (11)

which can be used to express at least one VEV in terms
of the rest.

Notice that if 〈Φ3〉 = 0, the U(3) generatorDiag.(1, 0, 0)
remains unbroken by 〈Φ1〉 ⊕ 〈Φ2〉 ⊕ 〈Φ3〉, restoring in this

way the eight Goldstone Bosons required. But we are not
going to consider this unphysical situation as previously
mentioned.

Before continuing, let us emphasize that constraint
(11) is a consequence of demanding a consistent imple-
mentation of the Higgs mechanism for the breaking of the
original SU(3)⊗U(1)X local Gauge symmetry, respecting
the electromagnetic U(1)Q invariance, and it is not com-
ing from the minimization of the scalar potential. On the
contrary, this constraint is taking into account when we
study the stability and minimization of the potential.

Notice that first two papers in Ref. [7] and all papers in
Ref. [14], the reduced potential V (Φ1, Φ2, Φ3) was studied
using the particular vacuum alignment V1 = v2 = 0, with
V2 ≫ v1 6= 0, in clear contradiction with equation (11). As
an immediate consequence, in those papers an extra zero
mass Goldstone Boson which cannot be Gauged away ap-
pears, making the analysis and some of the conclusions in
all those papers dubious. To add in proof, notice that the
four papers in Ref. [15] make use of that extra Goldstone
Boson to implement the Peccei-Quinn symmetry [20] in
the context of the 3-3-1 model with right handed neutri-
nos, with the inconvenience of having in their analysis an
unrealistic axion that is hidden by the introduction of an
extra scalar field.

In what follows we are going to study the consistency
of the scalar potential V (Φ1, Φ2, Φ3) in Eq. (10), under the
linear dependent (LD) constraint equation: v2V1 = v1V2.

To start with, let us define as usual the scalar fields in
the way:

φ01 =
v1 +H1 + iA1√

2
, φ′01 =

V1 +H ′
1 + iA′

1√
2

, (12a)

φ02 =
v2 +H2 + iA2√

2
, φ′02 =

V2 +H ′
2 + iA′

2√
2

, (12b)

φ03 =
v3 +H3 + iA3√

2
, (12c)

where a real part H is called in the literature a CP-even
scalar and an imaginary part A a CP-odd scalar or pseu-
doscalar field.

3.2 Independent vacuum structures

Assuming for the VEV the hierarchy in (6) or in (7), and
using the LD constraint relation (11), we classify in Ta-
ble 1, all the possible 3-3-1 vacuum structures of Φ1 and
Φ2, the two scalar triplets with identical quantum num-
bers, where at least one VEV is different from zero.

A careful analysis shows that not all the nine struc-
tures are independent. As a matter of fact, by performing
an SU(3)L transformation on 〈Φ1〉 and on 〈Φ2〉 in struc-
ture 1 of Table 1, we can obtain either the structure con-
figuration 2 or the structure configuration 5. But it is not
possible to make an SU(3)L ⊗ U(1)X transformation fol-
lowed by a change of basis of the Higgs fields Φi → Φ′

i of
the form

(

Φ′
1

Φ′
2

)

= U

(

Φ1

Φ2

)

, (13)
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Table 1. Different VEV structures for scalars Φ1 and Φ2.

Structure VEV Vacuum alignments

1
v1, V1, v2, V2 6= 0

and v2 V1 = v1 V2
〈Φ1〉 ∝

(

0 v1 V1

)T
, 〈Φ2〉 ∝

(

0 v2 V2

)T

2 v1, v2 = 0; V1, V2 6= 0 〈Φ1〉 ∝
(

0 0 V1

)T
, 〈Φ2〉 ∝

(

0 0 V2

)T

3 v2, V2 = 0; v1, V1 6= 0 〈Φ1〉 ∝
(

0 v1 V1

)T
, 〈Φ2〉 =

(

0 0 0
)T

4 v1, V1 = 0; v2, V2 6= 0 〈Φ1〉 =
(

0 0 0
)T

, 〈Φ2〉 ∝
(

0 v2 V2

)T

5 V1, V2 = 0; v1, v2 6= 0 〈Φ1〉 ∝
(

0 v1 0
)T

, 〈Φ2〉 ∝
(

0 v2 0
)T

6 v2, V2, V1 = 0; v1 6= 0 〈Φ1〉 ∝
(

0 v1 0
)T

, 〈Φ2〉 =
(

0 0 0
)T

7 v2, V2, v1 = 0;V1 6= 0 〈Φ1〉 ∝
(

0 0 V1

)T
, 〈Φ2〉 =

(

0 0 0
)T

8 v1, V1, V2 = 0; v2 6= 0 〈Φ1〉 =
(

0 0 0
)T

, 〈Φ2〉 ∝
(

0 v2 0
)T

9 v1, V1, v2 = 0;V2 6= 0 〈Φ1〉 =
(

0 0 0
)T

, 〈Φ2〉 ∝
(

0 0 V2

)T

where U is a 2 × 2 unitary matrix, such that the config-
uration 3 can be obtained; this is because the transfor-
mation (13) violates the discrete symmetry Φ1 → −Φ1

previously imposed on the scalar potential. It is also pos-
sible to show that structures 3 and 4 are equivalent to
each other due to the symmetry of the potential under
the exchange Φ1 ↔ Φ2, with some parameters renamed
appropriately. In conclusion, the analysis shows that only
structures 1 and 3 in Table 1 are independent and are the
only cases we are going to consider in our analysis.

3.2.1 Vacuum structure with v1, V1, v2, V2 6= 0

It will be shown further below that, by minimization meth-
ods applied on potential, the scalars acquiring non-zero
VEVs along their electrically neutral entries, is highly sug-
gested (121).

〈Φ1〉 =
1
√
2





0
v1
V1



 , 〈Φ2〉 =
1
√
2





0
v2
V2



 , 〈Φ3〉 =
1
√
2





v3
0
0



 , (14)

with v2 V1 = v1 V2. And requiring that in the shifted po-
tential obtained from V (Φ1, Φ2, Φ3), the linear terms in
the fields must be absent, we get in the tree-level approx-
imation the following constraint equations

2µ1
2
+ (λ7 + λ4 + 2 λ10)

(

V2
2
+ v2

2
)

+ 2 λ1

(

V1
2
+ v1

2
)

+ λ5 v3
2
= 0,

(15a)

2µ2
2 + 2 λ2

(

V2
2 + v2

2
)

+ (λ7 + λ4 + 2 λ10)
(

V1
2 + v1

2
)

+ λ6 v3
2 = 0,

(15b)

2µ3
2 + λ6 (V2

2 + v2
2) + λ5 (V1

2 + v1
2) + 2λ3 v2

3 = 0. (15c)

where the VEVs must satisfy the constraint (11). In sec-
tion 5.2, we will express {v21 + V 2

1 , v
2
2 + V 2

2 , v
2
3} in terms

of the parameters of the potential by using the orbital
variables method.

Spectrum in the scalar neutral sector In the H1, H2, H
′
1,

H ′
2, H3 basis, the square mass matrix can be calculated

by using M2
ij = [∂V (Φ1, Φ2, Φ3)/∂Hi∂Hj]|fields=0. After

imposing constraints (15), we get M2
H =











2(u5 V2
2 + λ1 v1

2) (λ4 − 4 u5) v1 v2 − 2u5 V1 V2

(λ4 − 4 u5) v1 v2 − 2u5 V1 V2 2(u5 V1
2 + λ2 v2

2)
2( λ1 v1 V1 − u5 v2 V2) (λ4 − 2 u5) v2 V1

(λ4 − 2 u5) v2 V1 2(λ2 v2 V2 − u5 v1 V1)
λ5 v3 v1 λ6 v3 v2

2( λ1 v1 V1 − u5 v2 V2) (λ4 − 2 u5) v2 V1 λ5 v3 v1
(λ4 − 2 u5) v2 V1 2( λ2 v2 V2 − u5 v1 V1) λ6 v3 v2

2( λ1 V1
2 + u5 v2

2) (λ4 − 4 u5) V1 V2 − 2u5 v1 v2 λ5 v3 V1

(λ4 − 4u5) V1 V2 − 2 u5 v1 v2 2( λ2 V2
2 + u5 v1

2) λ6 uV2

λ5 v3 V1 λ6 u V2 2λ3 v3
2











where the term u5 = −(λ7 + 2λ10)/4 has been used. This
mass matrix has zero determinant providing us with a
Goldstone Boson G1 and four massive scalar fields. The
analytic mass values are not easy to find, but in the ap-
proximation V1 ∼ V2 ≫ v1 ∼ v2 ∼ v3 they are

M2
he1

≈ λ2 V2
2 + λ1 V1

2

+

√

(λ1 V1
2 − λ2 V2

2)2 + (λ4 + λ7 + 2 λ10)
2 V1

2 V2
2,

(16)

M
2
he2

≈ λ2 V2
2
+ λ1 V1

2

−
√

(λ1 V1
2 − λ2 V2

2)2 + (λ4 + λ7 + 2λ10)
2 V1

2 V2
2,

(17)

M2
he3

≈ −
(λ7 + 2 λ10)

(

V2
2 + V1

2
)

2
, (18)

M2
he4

≈ 2λ3 v2
3 with he4 ≈ H3, (19)

where the scalar he4 is light and can be identified as the
SM Higgs Boson scalar. In order to have positive masses
for all the former scalars, the following constraints must
be satisfied

λ1, λ2, λ3 > 0, (20a)

4λ1 λ2 > (λ4 + λ7 + 2λ10)
2, (20b)

(λ7 + 2λ10) < 0. (20c)
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Spectrum in the pseudoscalar neutral sector In the
A1, A2, A

′
1, A

′
2, A3 basis the square mass matrix is given

by M2
A =













2 u5 V2
2 − λ10 v2

2 λ10 v1 v2 − 2u5 V1 V2
λ7 v2 V2

2

λ10 v1 v2 − 2u5 V1 V2 2 u5 V1
2 − λ10 v1

2 −λ7 v2 V1
2

λ7 v2 V2
2 −λ7 v2 V1

2 2 u5 v2
2 − λ10 V2

2

−λ7 v2 V1
2

λ7 v1 V1
2 λ10 V1 V2 − 2u5 v1 v2

0 0 0

−λ7 v2 V1
2 0

λ7 v1 V1
2 0

λ10 V1 V2 − 2u5 v1 v2 0
2 u5 v1

2 − λ10 V1
2 0

0 0













which is a rank-2 matrix, giving three Goldstone Bosons
and two heavy pseudoscalar particles with masses given
by

M2
ho1 ≈ − (λ7 + 2λ10)(V

2
1 + V 2

2 )

2
, (21)

M2
ho2 ≈ −λ10(V 2

1 + V 2
2 ), (22)

where M2
ho1

> 0 due to the constraint (20c)], and the

condition M2
ho2

> 0 implies the new constraint

λ10 < 0. (23)

Spectrum in the charged scalar sector In the φ±1 , φ
±
2 , φ

±
3 ,

φ′±3 basis, the square mass matrix is given by M2
φ =

1

2









4u5

(

V2
2 + v2

2
)

+ λ8 v3
2 −4u5 (V1 V2 + v1 v2)

−4u5 (V1 V2 + v1 v2) 4 u5

(

V1
2 + v1

2
)

+ λ9 v3
2

λ8 v3 v1 λ9 v3 v2
λ8 v3 V1 λ9 v3 V2

λ8 v3 v1 λ8 v3 V1

λ9 v3 v2 λ9 v3 V2

λ9 v2
2 + λ8 v1

2 λ9 v2 V2 + λ8 v1 V1

λ9 v2 V2 + λ8 v1 V1 λ9 V2
2 + λ8 V1

2









(24)

with u5 defined above. The mass matrix (24) is a rank-2
matrix, implying the existence of four Goldstone Bosons
and four massive charged scalars, with masses given by

M2
h±
1

≈ λ8V
2
1 + λ9V

2
2

2
> 0, (25)

M2
h±
2

≈ − (λ7 + 2λ10)(V
2
1 + V 2

2 )

2
, (26)

where again we haveM2
h±
2

> 0 due to the constraint (20c).

Counting Goldstone Bosons we have a total of eight:
an scalar and three pseudoscalars which are used to pro-
vide with masses to four electrically neutral gauge bosons
(Z0, Z ′0, K0 and K̄0), and four charged ones which are
used to provide with masses toW± and toK±. This shows
the consistency of our analysis.

3.2.2 Vacuum structure with v2 = V2 = 0, v1, V1 6= 0

In this section we are going to study the other independent
structure given in Table 1, where the LD between 〈Φ1〉 and

〈Φ2〉 must be respected. The VEV configuration structure
is

〈Φ1〉 =
1√
2





0
v1
V1



 , 〈Φ2〉 =
1√
2





0
0
0



 , 〈Φ3〉 =
1√
2





v3
0
0



 . (27)

In the tree level approximation, the constraint equations
are now

µ2
1 + λ1 (V

2
1 + v21) +

λ5
2
v23 = 0, (28a)

µ2
3 +

λ5
2

(V 2
1 + v21) + λ3 v

2
3 = 0, (28b)

where there is no a constraint relation for µ2
2, which now

becomes a free parameter of the model.

Spectrum in the scalar neutral sector The first result
obtained is that the fields H1, H

′
1 and H3 do not mix with

H2 and H ′
2

In the H1, H
′
1, H3 basis, the square mass matrix is

M2
e2 =





2λ1 v
2
1 2λ1 v1 V1 λ5 v1 v3

2λ1 v1 V1 2λ1 V
2
1 λ5 v3 V1

λ5 v1 v3 λ5 v3 V1 2λ3 v
2
3



 , (29)

which is a rank-2 matrix, implying the existence of one
Goldstone Boson.

Now, in the H2, H
′
2 basis, the rank-2 mass matrix is.

M2
e3 =

(

λ4V
2
1 +S v2

1+λ6v
2
3

2
+ µ2

2
(λ7+2λ10)v1V1

2
(λ7+2λ10)v1V1

2

S V 2
1 +λ4v

2
1+λ6v

2
3

2
+ µ2

2

)

, (30)

where S = λ4 + λ7 + 2λ10. For this vacuum structure
the analytic scalar square mass values can be calculated
exactly; they are

M2
he′1

= λ1 (v
2
1 + V 2

1 ) + λ3 v
2
3

+

√

[λ1(V 2
1 + v21)− λ3v23 ]

2
+ λ2

5v
2
3(V

2
1 + v21),

(31)

M2
he′2

= λ1 (v
2
1 + V 2

1 ) + λ3 v
2
3

−
√

[λ1(V 2
1 + v21)− λ3v23 ]

2 + λ2
5v

2
3(V

2
1 + v21),

(32)

M2
he′3

=
(λ7 + λ4 + 2λ10) (V

2
1 + v21) + λ6 v

2
3

2
+ µ2

2 > 0, (33)

M2
he′4

=
λ4 (V

2
1 + v21) + λ6 v

2
3

2
+ µ2

2 > 0. (34)

In order to have positive masses for the first two scalars,
the following constraint equations must be satisfied:

λ1, λ3 > 0 and 4λ1 λ3 > λ25. (35)

Notice by the way that the masses for the scalar fields (31)
and (32) correspond to the masses of the CP even physical
fields in the economical model [12,13,17], and thus he′2 can
be identified as the SM Higgs boson scalar.
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Spectrum in the pseudoscalar neutral sector. In this
sector the fields A1, A

′
1, A3 do not get mass entries, be-

coming automatically 3 odd Goldstone Bosons. Now, in
the basis A2, A

′
2 the rank-2 square mass matrix M2

0 is:
(

λ4 V 2
1 +(λ7+λ4) v

2
1+λ6 v2

3
2

+ µ2
2

λ7 v1 V1
2

λ7 v1 V1
2

(λ7+λ4) V
2
1 +λ4 v2

1+λ6 v2
3

2
+ µ2

2

)

,

with eigenvalues for the physical fields given by

M2
ho′1

=
(λ7 + λ4)(V

2
1 + v21) + λ6v

2
3

2
+ µ2

2 > 0, (36)

M2
ho′2

=
λ4(V

2
1 + v21) + λ6v

2
3

2
+ µ2

2 > 0. (37)

Spectrum in the charged scalar sector In the φ±1 , φ
±
2 , φ

±
3 ,

φ′±3 basis the 4× 4 square mass matrix M2
c is













λ8 v2
3

2
0 (λ8 v1 v3)

2
λ8 v3 V1

2

0
λ4 V 2

1 +λ4 v2
1+(λ9+λ6) v

2
3+2µ2

2
2

0 0
λ8 v1 v3

2
0

λ8 v2
1

2
λ8 v1 V1

2
λ8 v3 V1

2
0 λ8 v1 V1

2

λ8 V 2
1

2













,

which is a rank-2 mass matrix producing in this way
four Goldstone Bosons. The remaining physical fields have
square masses:

M2
h′±
1

=
λ8(V

2
1 + v21 + v23)

2
, (38)

M2
h′±
2

=
λ4(V

2
1 + v21) + (λ9 + λ6)v

2
3

2
+ µ2

2 > 0, (39)

where h′±2 = φ±2 . Now, for M
2
h′±
1

> 0 it must hold

λ8 > 0. (40)

Notice again that the masses of the two physical charged
scalars coincide with that masses in the economical 3-3-1
model.

Counting Goldstone Bosons we get again a consistent
spectrum.

In the following two sections we are going to derive
bounds on the parameters of the scalar potential (10) that
result from the following conditions:

– The potential V (Φ1, Φ2, Φ3) must be stable,
– The potential must be able to break the symmetry
SU(3)L ⊗ U(1)X down to U(1)Q, in a consistent way.

4 Stability of the scalar Potential

The scalar potential V (Φ1, Φ2, Φ3) in (10) is stable if it
is bounded from below; this guarantees the existence of
a global minimum in the potential. The stability of the
scalar potential turns out to be independent of the values
taken by the VEV: v1, v2, v3, V1 and V2, as it is going to
be shown in the following analysis. In other words, the re-
sults obtained below are valid, independent of the vacuum
structure chosen.

4.1 The orbital variables

The most general gauge invariant and renormalizable scalar
potential V (Φ1, Φ2, Φ3) in (10), that does not contain the
cubic term, for the three Higgs scalar triplets Φ1, Φ2, and
Φ3, is an Hermitian linear combination of terms of the
form

Φ†
iΦj , (Φ†

iΦj)(Φ
†
kΦl), (41)

where i, j, k, l ∈ 1, 2, 3.
Following the method presented in appendix A, it is

convenient to discuss the properties of the scalar poten-
tial, such as its stability and its spontaneous symmetry
breaking, in terms of gauge invariant expressions. For this
purpose we arrange the SU(3)L invariant scalar products
into the the following three 2× 2 hermitian matrices

K =

(

Φ†
1Φ1 Φ

†
2Φ1

Φ†
1Φ2 Φ

†
2Φ2

)

, L =

(

Φ†
1Φ1 Φ

†
3Φ1

Φ†
1Φ3 Φ

†
3Φ3

)

,

M =

(

Φ†
2Φ2 Φ

†
3Φ2

Φ†
2Φ3 Φ

†
3Φ3

)

,

(42)

where according with Eq. (125), each matrix is related to
the following four real parameters

K :

{

Φ†
1Φ1 = (K0 + K3)/2, Φ†

2Φ2 = (K0 − K3)/2,

Φ†
1Φ2 = (K1 + i K2)/2, Φ†

2Φ1 = (K1 − i K2)/2,
(43a)

L :

{

Φ†
1Φ1 = (L0 + L3)/2, Φ†

3Φ3 = (L0 − L3)/2,

Φ†
1Φ3 = (L1 + i L2)/2, Φ†

3Φ1 = (L1 − i L2)/2,
(43b)

M :

{

Φ†
2Φ2 = (M0 + M3)/2, Φ†

3Φ3 = (M0 − M3)/2,

Φ†
2Φ3 = (M1 + i M2)/2, Φ†

3Φ2 = (M1 − i M2)/2,
(43c)

with the constraints

K0 ≥ 0, K2
0 −K2

1 −K2
2 −K2

3 = K2
0 −K

2 ≥ 0, (44a)

L0 ≥ 0, L2
0 − L2

1 − L2
2 − L2

3 = L2
0 −L

2 ≥ 0, (44b)

M0 ≥ 0, M2
0 −M2

1 −M2
2 −M2

3 = M2
0 −M

2 ≥ 0. (44c)

The scalar products Φ†
1Φ1, Φ

†
2Φ2 and Φ†

3Φ3, present in the
expressions (43a), (43b) and (43c), allow us to eliminate
three of the 12 variables due to the fact that

K3 = L0 −M0, (45a)

L3 = K0 −M0, (45b)

M3 = K0 − L0, (45c)

ending up with only the following nine real orbital vari-
ables, used to describe the full scalar potential

K0, L0,M0,K1,K2, L1, L2,M1,M2. (46)

With the help of the former variables, the scalar potential
(10) may be written as

V (Φ1, Φ2, Φ3) = (V2K+V4K)+(V2L+V4L)+(V2M+V4M ), (47)

where as can be seen, the general space splits as the direct
sum of three subspaces, due to the particular simple form
of the scalar potential in (10) and to the fact that 〈Φ3〉 is
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orthogonal to 〈Φ1〉 and to 〈Φ2〉, something which guaran-
tees the validity of the generalized Schwartz’s Inequality

〈Φ1|Φ1〉〈Φ2|Φ2〉〈Φ3|Φ3〉 ≥ 〈Φ1|Φ2〉〈Φ1|Φ3〉〈Φ2|Φ3〉.

With the use of the real parameters ξk(l,m)0, ξk(l,m)a,
ηk(l,m)00, ηk(l,m)a and ηk(l,m)ab = ηk(l,m)ba, the following
functions defined in the domain |k|, |l|, |m| ≤ 1.

Jk2(k) = ξk0 + ξk · k, (48a)

Jk4(k) = ηk00 + 2ηk · k + k · Ek · k, (48b)

Jl2(l) = ξl0 + ξl · l, (48c)

Jl4(l) = ηl00 + 2ηl · l + l ·El · l, (48d)

Jm2(m) = ξm0 + ξm ·m, (48e)

Jm4(m) = ηm00 + 2ηm ·m+m ·Em ·m, (48f)

where in according to (44)

k = K/K0, (|k| ≤ 1) ; (49a)

l = L/L0, (|l| ≤ 1) ; (49b)

m = M/M0, (|m| ≤ 1) , (49c)

for K0, L0,M0 > 0, allows us to write the terms of poten-
tial (47).

V2K = ξk0K0 + ξkaKa = K0Jk2(k), (50a)

V4K = ηk00K
2
0 + 2K0ηkaKa +KaηkabKb

= K2
0Jk4(k),

(50b)

V2L = ξl0L0 + ξlaLa = L0Jl2(l), (50c)

V4L = ηl00L
2
0 + 2L0ηlaLa + LaηlabLb

= L2
0Jl4(l),

(50d)

V2M = ξm0M0 + ξmaMa =M0Jm2(m), (50e)

V4M = ηm00M
2
0 + 2M0ηmaMa +MaηmabMb

=M2
0Jm4(m),

(50f)

where sum over the indices a and b from 1 to 3 must be un-
derstood. In the former expressions, the following notation
has been used: Ek = ηkab, El = ηlab, Em = ηmab. The
parametrization employed in Eqs. (42)-(46) should not in-
validate the stability conditions (in the strong sense) as
far as sufficient conditions are concerned (necessary and
sufficient conditions should be affected).

On the other hand, the parameters given in (46) does
not imply that the matrix arrangements (42) can be es-
tablished. In that way, the parameters (46) may help in
the procedure to find the stationary points in the scalar
potential, but it is necessary to verify at the end, if all ma-
trices (42) are consistent with the stationary points found.
That is the analysis given below.

4.2 Stability conditions

For the potential to be stable, it must be bounded from
below. The stability is determined by the behavior of V in
the limit K0 → ∞, L0 → ∞ and/or M0 → ∞; hence, by

the signs of Jk(l,m)2(k, l,m) and Jk(l,m)4(k, l,m) in (50),
(approach which conduces only to sufficiency conditions
but not to necessary conditions).

In the strong sense, the stability of the potential is
guaranteed when V → ∞ for k, l and m taking any value,
which means that

Jk4(k), Jl4(l), Jm4(m) > 0 for all |k|, |l|, |m| ≤ 1. (51)

To assure the existence of a positive (semi-)definite value
for Jk(l,m)4(k, l,m), it is sufficient to consider its value
for all the stationary points of Jk(l,m)4(k, l,m) in the do-
main |k|, |l|, |m| < 1, and for all stationary points on the
boundary |k|, |l|, |m| = 1. This holds, because the global
minimum of the continuous function Jk(l,m)4(k, l,m) is
reached on the compact domain |k|, |l|, |m| ≤ 1, and it
is located among those stationary points. This leads to
bounds on ηk(l,m)00, ηk(l,m)a and ηk(l,m)ab, which parametrise
the quartic term V4K(L,M) of the potential. A detailed
analysis of the stability criteria for a scalar potential can
be found in Refs [3,13].

With the help of Eqs. (43) and (45), the parameters
defined in (50), for the scalar potential in (10) are:

ξk0 = (µ2
1 + µ2

2 − µ2
3)/2, ηk00 = (λ1 + λ2 − λ3 + λ4)/4,

ξk =





0
0
0



 , ηk =





0
0
0



 ,

Ek =





(λ7 + 2λ10)/4 0 0
0 λ7/4 0
0 0 (λ1 + λ2 − λ3 − λ4)/4



 ,

ξl0 = (µ2
1 − µ2

2 + µ2
3)/2, ηl00 = (λ1 − λ2 + λ3 + λ5)/4,

ξl =





0
0
0



 , ηl =





0
0
0



 ,

El =





λ8/4 0 0
0 λ8/4 0
0 0 (λ1 − λ2 + λ3 − λ5)/4



 ,

ξm0 = (−µ2
1 + µ2

2 + µ2
3)/2, ηm00 = (−λ1 + λ2 + λ3 + λ6)/4,

ξm =





0
0
0



 , ηm =





0
0
0



 ,

Em =





λ9/4 0 0
0 λ9/4 0
0 0 (−λ1 + λ2 + λ3 − λ6)/4



 .

(52)

The stability criteria established in the previous section
allow us to bound the parameters of the potential in the
following way:

For K :

λ1 + λ2 − λ3 > 0, (53a)

λ1 + λ2 − λ3 + λ4 > 0, (53b)

λ1 + λ2 − λ3 + λ4 + λ7 > 0, (53c)

λ1 + λ2 − λ3 + λ4 + λ7 + 2λ10 > 0, (53d)

For L :

λ1 − λ2 + λ3 > 0, (54a)

λ1 − λ2 + λ3 + λ5 > 0, (54b)

λ1 − λ2 + λ3 + λ5 + λ8 > 0, (54c)
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For M :

−λ1 + λ2 + λ3 > 0, (55a)

−λ1 + λ2 + λ3 + λ6 > 0, (55b)

−λ1 + λ2 + λ3 + λ6 + λ9 > 0. (55c)

In this way, when the constraints (53),(54) and (55) are
satisfied, the potential is stable in the strong sense. The
former constraints can be combined: summing (53a)+(54a),
(53a)+(55a), and (54a)+(55a), we have respectively

λ1 > 0, λ2 > 0, λ3 > 0. (56)

From the sums (53a)+(54b), (53b)+(54a), (53a)+(55b),
(53b)+(55a), (54a)+(55b), (54b)+(55a), we have

2λ1 > −λ5, 2λ1 > −λ4, 2λ2 > −λ6,
2λ2 > −λ4, 2λ3 > −λ6, 2λ3 > −λ5.

(57)

The following operations (53b)+(54b), (53d)+(54a), (53a)
+(54c), (53b)+(55b), (53d)+(55a), (53a)+(55c), (53b)+
(55b), (54c)+(55a), (54a)+(55c) give, respectively,

2λ1 > −(λ4 + λ5), 2λ1 > −(λ4 + λ7),

2λ1 > −(λ5 + λ8), 2λ2 > −(λ4 + λ6),

2λ2 > −(λ4 + λ7), 2λ2 > −(λ6 + λ9),

2λ3 > −(λ5 + λ6), 2λ3 > −(λ5 + λ8),

2λ3 > −(λ6 + λ9).

(58)

Other two interesting conditions are (53d)+(54a), (53d)+
(55a)

2λ1 > −(λ4 + λ7 + 2λ10),

2λ2 > −(λ4 + λ7 + 2λ10).
(59)

And else inequalities that have not yet derived here can
be found.

Notice that conditions (56), (57) and (59) derived by
stability conditions, are compatible with some constraints
(20a), (20b) and (35) derived by positive masses (positive
concavity) conditions.

When k3, l3 and m3 take fixed values, we can make use
of Eqs. (45) and (49) in order to write the orbital variables
as

K0 = K0, L0 = K0

(

1 + k3

1 + l3

)

and M0 = K0

(

1 − l3 k3

1 + l3

)

, (60)

whereK0 is an independent free parameter, such that that
the following conditions

ξk0 < |ξk|, and ξl0 < |ξl|, and ξm0 < |ξm| , (61)

imply

∂V

∂K0

∣

∣

∣

∣kfixed,
K0=0

= ξk0 + ξk · k < 0, and (62)

∂V

∂L0

∣

∣

∣

∣l fixed,
L0=0

= ξl0 + ξl · l < 0, and (63)

∂V

∂M0

∣

∣

∣

∣mfixed,
M0=0

= ξm0 + ξm ·m < 0. (64)

for some fixed values k, l, and m while varying K0, L0,
and M0 in the form given by Eqs. (60). This guarantees
that the global minimum of V lies at Φi 6= 0. For our case,
from (52) and (61) we have that

(µ2
1 + µ2

2 − µ2
3), (µ

2
1 − µ2

2 + µ2
3), (−µ2

1 + µ2
2 + µ2

3) < 0,

which implies

µ2
1 < 0, and µ2

2 < 0, and µ2
3 < 0. (65)

5 Stationary Points

Now let us find the stationary points of the scalar poten-
tial, since among those points the local and global minima
are located. To start with, let us define the following nine
component vector

P̃ =
(

K0 L0 M0 K1 K2 L1 L2 M1 M2

)T
(66)

and let’s also define the following nine vectors, each one
with eight components

P̃ {i}, for i = 1, 2, . . . , 9, (67)

where P̃ {i} is the vector P̃ with the ith entry suppressed

[for example P̃ {1} =
(

L0 M0 K1 K2 L1 L2 M1 M2

)T
, etc.]

With the help of this notation the potential (10) reads

V = P̃ · ξ̃ + P̃ · Ẽ · P̃ (68)

where

ξ̃ =































µ2
1+µ2

2−µ2
3

2
µ2
1−µ2

2+µ2
3

2
−µ2

1+µ2
2+µ2

3
2
0
0
0
0
0
0































, Ẽ =





























λ1+λ2+λ3+λ4−λ6−λ5
4

λ1+λ6−λ3−λ2
4

λ1+λ6−λ3−λ2
4

λ1+λ2+λ3−λ4+λ5−λ6
4

λ5−λ3+λ2−λ1
4

λ4+λ3−λ2−λ1
4

0 0
0 0
0 0
0 0
0 0
0 0

λ5−λ3+λ2−λ1
4 0 0 0 0 0 0

λ4+λ3−λ2−λ1
4 0 0 0 0 0 0

λ1+λ2+λ3−λ4−λ5+λ6
4 0 0 0 0 0 0

0
λ7+2λ10

4 0 0 0 0 0

0 0
λ7
4 0 0 0 0

0 0 0
λ8
4 0 0 0

0 0 0 0
λ8
4 0 0

0 0 0 0 0
λ9
4 0

0 0 0 0 0 0
λ9
4
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The domain of orbital variables, Eqs. (44), can be written
in the following form.

P̃ ·g̃1 ·P̃ ≥ 0, P̃ ·g̃2 ·P̃ ≥ 0, P̃ ·g̃3 ·P̃ ≥ 0, K0 ≥ 0, L0 ≥ 0, M0 ≥ 0, (69)

with

g̃1 =



























1 0 0 0 0 0 0 0 0
0 −1 1 0 0 0 0 0 0
0 1 −1 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0
0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



























,

g̃2 =



























−1 0 1 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
1 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0



























,

g̃3 =



























−1 1 0 0 0 0 0 0 0
1 −1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 −1



























.

(70)

The trivial configuration P̃ = 0 is a stationary point of
the potential with V = 0, as a direct consequence of the
definitions.

For the discussion of the stationary points of V , we
must distinguish among the following cases

P̃ · g̃1 · P̃ > 0, P̃ · g̃2 · P̃ > 0, P̃ · g̃3 · P̃ > 0; (71a)

P̃ · g̃1 · P̃ = 0, P̃ · g̃2 · P̃ > 0, P̃ · g̃3 · P̃ > 0; (71b)

P̃ · g̃1 · P̃ > 0, P̃ · g̃2 · P̃ = 0, P̃ · g̃3 · P̃ > 0; (71c)

P̃ · g̃1 · P̃ > 0, P̃ · g̃2 · P̃ > 0, P̃ · g̃3 · P̃ = 0; (71d)

P̃ · g̃1 · P̃ = 0, P̃ · g̃2 · P̃ = 0, P̃ · g̃3 · P̃ > 0; (71e)

P̃ · g̃1 · P̃ = 0, P̃ · g̃2 · P̃ > 0, P̃ · g̃3 · P̃ = 0; (71f)

P̃ · g̃1 · P̃ > 0, P̃ · g̃2 · P̃ = 0, P̃ · g̃3 · P̃ = 0; (71g)

P̃ · g̃1 · P̃ = 0, P̃ · g̃2 · P̃ = 0, P̃ · g̃3 · P̃ = 0. (71h)

The stationary points of V in the inner part of the do-
main, cases (71a), (71c), (71d) and (71g), imply linear
independence between 〈Φ1〉 and 〈Φ2〉, something which is
not allowed. The global minimum for the case (71h) im-
plies LD among 〈Φ1〉, 〈Φ2〉 and 〈Φ3〉, not allowed either.
Case (71e) implies 〈Φ1〉 = 0. So, the only two cases of
concern for us here are (71b) corresponding to the gen-
eral vacuum structure with v1, v2, v3, V1, V2 6= 0 studied

in Sect. (3.2.1), and case (71f) which corresponds to the
vacuum structure 〈Φ2〉 = 0 studied in Sect. (3.2.2).

In general, the stationary points of the scalar potential
in (68), for any domain in (71), are stationary points of
the function

F̃ (P̃ , u, v, w) = V −uP̃ ·g̃1·P̃−vP̃ ·g̃2·P̃−wP̃ ·g̃3·P̃ , (72)

where u, v and w are Lagrange multipliers. The relevant
stationary points of F̃ are thus given as solutions to the
equation

(Ẽ − ug̃1 − vg̃2 − wg̃3)P̃ = −1

2
ξ̃; with (73a)

P̃ · g̃1 · P̃ ≥ 0, P̃ · g̃2 · P̃ ≥ 0, P̃ · g̃3 · P̃ ≥ 0, (73b)

and

K0, L0,M0 > 0, (74)

with the inequality (> 0) in Eq. (73b) taking place, for
the case when the Lagrange multipliers are excluded. For
regular values of u, v and w, with the determinant

det(Ẽ − ug̃1 − vg̃2 − wg̃3) 6= 0

we have

P̃ = −1

2
(Ẽ − ug̃1 − vg̃2 − wg̃3)

−1ξ̃. (75)

The Lagrangemultipliers are thus obtained by inserting (75)
in the constraint Eqs. (73b):

ξ̃(Ẽ − ug̃1 − vg̃2 − wg̃3)
−1g̃1(Ẽ − ug̃1 − vg̃2 − wg̃3)

−1
ξ̃ = 0,

ξ̃(Ẽ − ug̃1 − vg̃2 − wg̃3)
−1g̃2(Ẽ − ug̃1 − vg̃2 − wg̃3)

−1
ξ̃ = 0,

ξ̃(Ẽ − ug̃1 − vg̃2 − wg̃3)
−1g̃3(Ẽ − ug̃1 − vg̃2 − wg̃3)

−1
ξ̃ = 0,

and K0, L0,M0 > 0.

(76)

Additionally, there may be up to 9 values u = µ̃a (and also
9 values for v = µ̃a, and for w = µ̃a) with a = 1, . . . , 9,

for which det(Ẽ − ug̃1 − vg̃2 − wg̃3) = 0. Depending on
the form of the potential; some, or all of them, may lead
to exceptional solutions of (73a).

For any stationary point of the potential we have

V |stat =
1

2
P̃ · ξ̃ = −P̃ · Ẽ · P̃ . (77)

Suppose now that the strong stability condition (51) holds.
Then (77) gives for non-trivial stationary points where

P̃ 6= 0:

V |stat < 0. (78)

Firstly, in the context that only one Lagrange multiplier
is non-zero, for instance up 6= 0, v = w = 0 in (73a), let’s
consider p̃ = (pk0 , pl0 , pm0 , pk1 , pk2 , pl1 , pl2 , pm1 , pm2)

T be
a stationary point for this case. Then, from (68) and (73a)
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we have

∂V

∂K0

∣

∣

∣

∣P̃ {1} fixed,

P̃=p̃

= 2 up pk0 , (79a)

∂V

∂L0

∣

∣

∣

∣P̃ {2} fixed,

P̃=p̃

= 2 up pl0 , (79b)

∂V

∂M0

∣

∣

∣

∣P̃ {3} fixed,

P̃=p̃

= 2 up pm0 , (79c)

where the notation established in (67) has been used. For
the analysis which follows, only the most convenient par-
tial derivative from (79) is chosen, in such a way that only
two, out of the three values in (45) lower down, and also
that the inequalities (44) hold for the new points; (for ex-
ample, let us take M0. From (45) we have (K3, L3) →
(K ′

3 = K3−∆M0), (L
′
3 = L3 −∆M0). Where |K ′

3| < |K3|
and |L′

3| < |L3|, if K3, L3 > 0). If up < 0, there are points

P̃ with K0 > pk0 (or L0 > pl0 ,M0 > pm0), P̃ {1} = p̃{1}
(or P̃ {2} = p̃{2}, P̃ {3} = p̃{3}) for which the potential de-
creases in its neighborhood, and as a consequence cannot
be a minimum. We conclude that in a theory with the re-
quired EWSB, a stationary point coming from an unique
no null Lagrange multiplier (for example u0 6= 0, v = w =
0), to be a global minimum candidate, it must hold

u0 > 0. (80)

Secondly, for the stationary points p̃ and q̃, we have in
general, from (73a) and (77), the following relation

V (p̃)− V (q̃) =
1

2
p̃ · ξ̃ − 1

2
q̃ · ξ̃

= p̃ · (uq g̃1 + vq g̃2 +wq g̃3 − Ẽ) · q̃
− q̃ · (upg̃1 + vpg̃2 +wpg̃3 − Ẽ) · p̃
= (uq − up) p̃ · g̃1 · q̃ + (vq − vp) p̃ · g̃2 · q̃
+ (wq − wp) p̃ · g̃3 · q̃,

(81)

where p̃ and q̃ are vectors on the forward light cone, and
p̃ · g̃1 · q̃, p̃ · g̃2 · q̃, p̃ · g̃3 · q̃ are always non-negative.

In Table 2, an exhaustive of all the possible stationary
points of the potential are presented (even if it includes
unphysical VEVs). Lagrange multipliers coming from so-
lutions of Eq. (73a) belonging to regulars and exceptional
values for the cases are stated. Those cases of Lagrange
multipliers giving the same stationary point, only one of
them were included in Table 2. Solutions which imply spe-
cific relations among the parameters µ2

1, µ
2
2, µ

2
3 were ex-

cluded too (see for example [13]). Incidentally, it is impor-
tant to say that all stationary points written in Table 2
give physical VEVs, i.e, they are consistent in relation
with matrices (42).

To end our analysis, let us apply our findings to the two
independent vacuum structures given by the constraints
(71b) and (71f), which were studied in detail in Sects.
(3.2.1) and (3.2.2) respectively.

5.1 Case v2 = V2 = 0

We want a global minimum with the configuration (27),
which implies solutions satisfying (71f). For this purpose
we use the results in Table (2), the stability conditions
stated in Sec. (4.2) and taking into account expression (81).
In the case of an unique no null Lagrange multiplier, the
restriction in (80) can be used. In that way, the conditions
found below are sufficient (but not necessary) to have the

minimum of the scalar potential (10) at P̃ 1.
From the Table 2, we want the global minimum be

associated to Lagrange multiplier u1( where w2 gives the
same stationary point) which does not coincide with solu-
tions inside the forward light cone (71a).

Let’s assume the following conditions

λ4 > 0, λ5 < 0 and λ6 > 0, (82)

which in combination with the inequalities (56), (57) and (65),
we have that λ5µ

2
3 − 2λ3µ

2
1 > 0, λ5µ

2
1 − 2λ1µ

2
3 > 0, and

4λ1λ3 − λ25 > 0, hence K01 > 0,M01 > 0 and L01 > 0.
Additionally, with same arguments, we can verify that the
Lagrange multipliers v13, v15 < 0.

As you can see, there is not inconvenient to impose the
following condition

u1 > 0, (83)

as is required by the global minimum condition (80). There-

fore, for the moment, the point P̃ 1 satisfy all requirements
to be a stationary point. The other aspect to take into ac-
count, it is to show that this point is the global minimum
of potential. For that, let’s see the other Lagrange mul-
tipliers and their points, and to establish conditions over
them such that the global are not found there.

For example, if we assume

λ7 + 2λ10 > 0, λ7 > 0, λ8 > 0 λ9 > 0, (84)

it immediately discards out the points P̃ 5, P̃ 6, P̃ 7 and P̃ 8

as minimal global points of potential, because the corre-
sponding Lagrange multipliers u5, u6, v7 and w8 are nega-
tive numbers.

If we assume

λ6µ
2
2 − 2λ2µ

2
3 > 0, (85)

λ6µ
2
3 − 2λ3µ

2
2 < 0, (86)

it gives either the condition K03 > 0 or L03 > 0, but not
both conditions satisfied simultaneously. And, in similar
way, considering the case

λ4µ
2
2 − 2λ2µ

2
1 > 0, (87)

λ4µ
2
1 − 2λ1µ

2
2 < 0 (88)

we conclude that L4,M4 are not positive numbers simul-
taneously. Then, P̃ 3 and P̃ 4 are not stationary points of
potential.

From (65), (87) and (85) we see that the Lagrange
multipliers u14, w14 < 0 . Thus, the minimum of potential
is not present at P̃ 14.
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Domains Lagrange Multipliers Stationary Points

P̃ 1 · g̃1 · P̃ 1 = 0,

P̃ 1 · g̃2 · P̃ 1 = 4K01 M01,

P̃ 1 · g̃3 · P̃ 1 = 0.

u1 = µ2
2+λ4 K01+λ6 M01

4K01
, w1 = 0 P̃ 1 =











K01 =
λ5µ2

3−2λ3µ2
1

4λ1λ3−λ2
5

L01 = K01 + M01

M01 =
λ5µ2

1−2λ1µ2
3

4λ1λ3−λ2
5











u2 = 0, w2 = µ2
2+λ4 K01+λ6 M01

4M01
P̃ 2 = P̃ 1

P̃ 3 · g̃1 · P̃ 3 = 0,
P̃ 3 · g̃2 · P̃ 3 = 0,

P̃ 3 · g̃3 · P̃ 3 = 4K03 L03.
u3 = µ1

2+λ4 K03+λ5 L03
4K03

, v3 = 0 P̃ 3 =











K03 =
λ6µ2

3−2λ3µ2
2

4λ2λ3−λ2
6

L03 =
λ6µ2

2−2λ2µ2
3

4λ2λ3−λ2
6

K03 + L03











P̃ 4 · g̃1 · P̃ 4 = 4L4 M4,
P̃ 4 · g̃2 · P̃ 4 = 0,
P̃ 4 · g̃3 · P̃ 4 = 0.

v4 = 0, w4 = µ3
2+λ5 L4+λ6 M4

4M4
P̃ 4 =











L4 + M4

L4 =
λ4µ2

2−2λ2µ2
1

4λ1λ2−λ2
4

M4 =
λ4µ2

1−2λ1µ2
2

4λ1λ2−λ2
4











P̃ {5,6} · g̃1 · P̃ {5,6} = 0,
P̃ {5,6} · g̃2 · P̃ {5,6} 6= 0,
P̃ {5,6} · g̃3 · P̃ {5,6} 6= 0.

Exceptional solution: u5 = −λ7+2 λ10
4

P̃ 5

Exceptional solution: u6 = −λ7
4

P̃ 6

P̃ 7 · g̃1 · P̃ 7 6= 0,
P̃ 7 · g̃2 · P̃ 7 = 0,
P̃ 7 · g̃3 · P̃ 7 6= 0.

Exceptional solution: v7 = −λ8
4

P̃ 7

P̃ 8 · g̃1 · P̃ 8 6= 0,
P̃ 8 · g̃2 · P̃ 8 6= 0,
P̃ 8 · g̃3 · P̃ 8 = 0.

Exceptional solution: w8 = −λ9
4

P̃ 8

P̃ 9 · g̃1 · P̃ 9 = 0,
P̃ 9 · g̃2 · P̃ 9 = 0,
P̃ 9 · g̃3 · P̃ 9 = 0.

Exceptional solution:
u9 = −λ7+2λ10

4
,

v9 =
µ2
3+λ5 L9+λ6 M9

4L9
, w9 = 0

P̃ 9 =











L9 + M9

L9 =
(λ4+λ7+2λ10) µ2

2−2 λ2 µ1
2

4 λ1 λ2−(λ4+λ7+2λ10)2

M9 =
(λ4+λ7+2λ10) µ1

2−2λ1 µ2
2

4 λ1 λ2−(λ4+λ7+2λ10)2

±2
√
L9 M9











P̃ 10 · g̃1 · P̃ 10 = 0,
P̃ 10 · g̃2 · P̃ 10 = 0,
P̃ 10 · g̃3 · P̃ 10 = 0.

Exceptional solution:
u10 = −λ7

4
,

v10 =
µ2
3+λ5 L10+λ6 M10

4L10
, w10 = 0

P̃ 10 =















L10 + M10

L10 =
(λ4+λ7) µ2

2−2λ2 µ1
2

4λ1 λ2−(λ4+λ7)2

M10 =
(λ4+λ7) µ1

2−2λ1 µ2
2

4λ1 λ2−(λ4+λ7)2

0
±2

√
L10 M10















P̃ 11 · g̃1 · P̃ 11 = 0,
P̃ 11 · g̃2 · P̃ 11 = 0,
P̃ 11 · g̃3 · P̃ 11 = 0.

Exceptional solution:

u11 =
µ2
2+λ4 K11+λ6 M11

4K11
,

v11 = −λ8
4
, w11 = 0

P̃ 11 =

















K11 =
(λ5+λ8) µ3

2−2 λ3 µ1
2

4λ1 λ3−(λ5+λ8)2

K11 + M11

M11 =
(λ5+λ8) µ1

2−2λ1 µ3
2

4λ1 λ3−(λ5+λ8)2

0
0

±2
√
K11 M11

















P̃ 12 · g̃1 · P̃ 12 = 0,
P̃ 12 · g̃2 · P̃ 12 = 0,
P̃ 12 · g̃3 · P̃ 12 = 0.

Exceptional solution:

u12 =
µ2
1+λ4 K12+λ5 L12

4K12
,

v12 = −λ9
4
, w12 = 0

P̃ 12 =























K12 =
(λ6+λ9) µ3

2−2 λ3 µ2
2

4λ2 λ3−(λ6+λ9)2

L12 =
(λ6+λ9) µ2

2−2λ2 µ3
2

4λ2 λ3−(λ6+λ9)2

K12 + L12
0
0
0
0

±2
√
K12 L12























P̃ · g̃1 · P̃ = 0,
P̃ · g̃2 · P̃ = 0,
P̃ · g̃3 · P̃ = 0.

u13 =
λ4 µ2

1−2λ1 µ2
2

4µ2
1

, v13 =
λ5 µ2

1−2λ1 µ2
3

4µ2
1

, w13 = 0 P̃ 13 =





− µ2
1

2λ1

− µ2
1

2λ1





u14 =
λ4 µ2

2−2λ2 µ2
1

4µ2
2

, v14 = 0, w14 =
λ6 µ2

2−2λ2 µ2
3

4µ2
2

P̃ 14 =









− µ2
2

2λ2
0

− µ2
2

2λ2









u15 = 0, v15 =
λ5 µ2

3−2λ3 µ2
1

4µ2
3

, w15 =
λ6 µ2

3−2λ3 µ2
2

4µ2
3

P̃ 15 =









0

− µ2
3

2λ3

− µ2
3

2λ3









Table 2. Lagrange Multipliers. The stationary points (P̃ ) were underlined indicating that only the upper non-zero entries of
column vector are written explicitly, with the remaining ones entries filled by zeros.
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We derived above that v13 < 0 and v15 < 0, that
together with conditions (65) and (82), it is easy to ver-
ify that u1 − u13 =

[

v13(λ6µ
2
1 − λ5µ

2
2)
]

/(4µ2
3v15) > 0,

which implies that u1 > u13. In the same way, w2 −
w15 =

[

v15(λ4µ
2
3 − λ5µ

2
2)
]

/(4µ2
1v13) > 0, that is, w2 >

w15. Therefore, in the points P̃ 13 and P̃ 15 the global min-
imum are not found.

Remain to see the points P̃ 9, P̃ 10, P̃ 11 and P̃ 12. In
order to discard these points as global minima, we can
proceed in the same way as we did with the points P̃ 3

and P̃ 4. Let’s consider the numerator of L9, L10,K11, L12

as positive and the numerator of M9,M10,M11,K12 as
negative. After that, we obtain the following conditions,

2λ1µ
2
2

µ2
1

< λ4 <
2λ2µ

2
1

µ2
2

−max {λ7, (λ7 + 2λ10)} , (89)

2λ3µ
2
2

µ2
3

< λ6 <
2λ2µ

2
3

µ2
2

− λ9, (90)

2λ1µ
2
3

µ2
1

< (λ5 + λ8) <
2λ3µ

2
1

µ2
3

, (91)

where the inequalities (85) to (88) are derived from these
new ones. And where the function max takes the largest
value from a set.

Finally, we conclude under conditions above, the global
minimum of the potential lies on point P̃ 1, where

P̃ 1 · g̃2 · P̃ 1 = 4 K01 M01 > 0. (92)

Also

〈K〉 =
(

〈Φ†
1Φ1〉 〈Φ†

2Φ1〉
〈Φ†

1Φ2〉 〈Φ†
2Φ2〉

)

=

(

λ5µ
2
3−2λ3µ

2
1

4λ1λ3−λ2
5

0

0 0

)

, (93)

〈L〉 =
(

〈Φ†
1Φ1〉 〈Φ†

3Φ1〉
〈Φ†

1Φ3〉 〈Φ†
3Φ3〉

)

=





λ5µ
2
3−2λ3µ

2
1

4λ1λ3−λ2
5

0

0
λ5µ

2
1−2λ1µ

2
3

4λ1λ3−λ2
5



 ,

(94)

〈M〉 =
(

〈Φ†
2Φ2〉 〈Φ†

3Φ2〉
〈Φ†

2Φ3〉 〈Φ†
3Φ3〉

)

=

(0 0

0
λ5µ

2
1−2λ1µ

2
3

4λ1λ3−λ2
5

)

, (95)

which implies the configuration of VEVs vectors given
by (27). Let us mention here that the former results does
not change if we consider complex phases in the VEV.
Then we have

v21 + V 2
1

2
=
λ5µ

2
3 − 2λ3µ

2
1

4λ1λ3 − λ25
, (96)

v23
2

=
λ5µ

2
1 − 2λ1µ

2
3

4λ1λ3 − λ25
, (97)

solutions that agree with the constraint equations given
in (28). Using the former relations we can write the La-
grange multiplier u1 in the following way

u1 =
1

4

(4λ1λ3 − λ2
5)

(λ5µ2
3 − 2λ3µ2

1)

(

λ4 (v2
1 + V 2

1 ) + λ6 v2
3

2
+ µ2

2

)

> 0. (98)

Since the value in (96) is positive, the large parenthesis
in (98) is also positive and thus, the square mass in (34) is

also positive. Using conditions (84), we can conclude that
the square masses in (33), (36), (37) and (39) are also pos-
itive quantities, with the hierarchy (M2

he3
,M2

ho1
,M2

h±
2

) >

M2
he4

=M2
ho2

.
At the global minimum, the Higgs potential now be-

comes

Vmin. =
1

4
µ2
1 (v21 + V 2

1 ) +
1

4
µ2
3 v

2
3 < 0. (99)

Therefore, in order to have the deepest minimum value
for the potential for this particular vacuum structure, the
following conditions are highly suggested

v1, V1, v3 6= 0. (100)

5.2 The general case v1, V1, v2, V2 6= 0

In this case, we want the global minimum of potential be
located at P̃ 5. Looking at the Table (2), we choose this
point as the global minimum, because for it 〈Φ1〉 and 〈Φ2〉
are LD and the VEV configuration presents in Eqs. (4)
and (5) are reproduced. For that, it is necessary that

λ7 + 2λ10 < 0. (101)

At the same time let us eliminate the possibility that the
exceptional values v7 and w8 became global minima, which
is reached by making them negatives, that is

λ8, λ9 > 0, (102)

in such a way that the square mass in (25) becomes posi-
tive.

To exclude P̃ 6 as the global minimum it is sufficient
to assume that u5 > u6 which is achieved as far as

λ10 < 0. (103)

If we assume that

λ4 < 0, λ5 < 0, and λ6 < 0, (104)

and taking into account (56), (57), (59), (65) and (101), it
implies that u1 < 0, w2 < 0, u3 < 0, w4 < 0, v9 < 0, u13 <
0, v13 < 0, u14 < 0, w14 < 0, v15 < 0 and w15 < 0. Fi-
nally, the remaining Lagrange multipliers u10 < 0, v10 <
0, u11 < 0, v11 < 0, u12 < 0 and u12 < 0 are negative,
when the corresponding points, are stationary points re-
spectively. From conditions (56), (59), (101), (102), (103)
and (104), the inequalities (20), (23) and (25) are imme-
diately satisfied.

As you can observe, being exhaustive in our reasoning,
the global minimum remains at P̃ 5, and it is given by


























K5 =
8µ2

3 [w15 (u5−u3) + v15 (u5−u1)]

d

L5 =
8µ2

3 [w15 (u5−u3)+u2
5]−8µ2

1 u13 w4−2(2λ4µ
2
3−λ5µ

2
2−λ6µ

2
1)u5

d

M5 =
8µ2

3 [v15 (u5−u1)+u2
5]−8µ2

1 u13 w4−2(2λ4µ
2
3−λ5 µ2

2−λ6 µ2
1)u5

d
16 |µ2

3|
√

(u5−u1)(u5−u3) v15 w15

|d|
0
0
0
0
0



























,

(105)
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with

d = λ1 (4λ2 λ3 − λ26) + λ2 (4λ1 λ3 − λ25)

− λ3
[

4λ1λ2 + (λ4 − 4 u5)
2
]

+ λ5 λ6 (λ4 − 4 u5),

where the first two terms of d are positive and the last
ones negative. In light of the results above, we can choose
λ1, λ2 and λ3 as larger as necessary such that

d > 0, (106)

as can been observed from limλ1,2,3→+∞ d ≈ 4λ1λ2λ3 = O(λ3) >

0 and similarly limλ1,2,3→+∞ L5,M5 = O(1/λ) > 0, such that it
is possible to find cases for which

L5 > 0, and M5 > 0. (107)

The fourth entry in (105) is taken positive by assuming
positive VEV. Since we are in the domain given by (71b),
we must have

P̃ 5 · g̃1 · P̃ 5 = 0, (108)

P̃ 5 · g̃2 · P̃ 5 = −64µ2
3 w15 (u5 − u3)

[

4µ2
1 u13 w4 − 4µ2

3 u
2
5

−(λ6 µ
2
1 + λ5 µ

2
2 − 2λ4 µ

2
3)u5

]

/d2 > 0,

(109)

P̃ 5 · g̃3 · P̃ 5 = −64µ2
3 v15 (u5 − u1)

[

4µ2
1 u13 w4 − 4µ2

3 u
2
5

−(λ6 µ
2
1 + λ5 µ

2
2 − 2λ4 µ

2
3)u5

]

/d2 > 0.

(110)

where you can observe too that limλ1,2,3→+∞
(

P̃ 5 · g̃2 · P̃ 5 , P̃ 5 · g̃3 · P̃ 5

)

= O(1/λ2) > 0.

The expectation values satisfy also

〈K〉 =

(

〈Φ†
1Φ1〉 〈Φ†

2Φ1〉
〈Φ†

1Φ2〉 〈Φ†
2Φ2〉

)

(111)

=





8µ2
3 w15 (u5−u3)

d

8 |µ2
3|

√
(u5−u1)(u5−u3) v15 w15

|d|

8 |µ2
3|

√
(u5−u1)(u5−u3) v15 w15

|d|

8 µ2
3 v15 (u5−u1)

d



 ,

〈L〉 =

(

〈Φ†
1Φ1〉 〈Φ†

3Φ1〉
〈Φ†

1Φ3〉 〈Φ†
3Φ3〉

)

(112)

=





8µ2
3 w15 (u5−u3)

d
0

0 − 2 [4µ2
1 u13 w4−4 µ2

3 u2
5−(λ6 µ2

1+λ5 µ2
2−2λ4 µ2

3)u5]

d



 ,

〈M〉 =

(

〈Φ†
2Φ2〉 〈Φ†

3Φ2〉
〈Φ†

2Φ3〉 〈Φ†
3Φ3〉

)

(113)

=





8µ2
3 v15 (u5−u1)

d
0

0 − 2 [4µ2
1 u13 w4−4 µ2

3 u2
5−(λ6 µ2

1+λ5 µ2
2−2λ4 µ2

3) u5]

d



 .

This shows that 〈Φ3〉 is orthogonal to 〈Φ1〉 and 〈Φ2〉, and
at the same time 〈Φ1〉 and 〈Φ2〉 are LD due to the relation
(108). It also shows that generality is not lost by taking
positive VEV in (4) and (5). We then have

v21 + V 2
1

2
=

8µ2
3 w15 (u5 − u3)

d
, (114)

v22 + V 2
2

2
=

8µ2
3 v15 (u5 − u1)

d
, (115)

v23
2

= −8µ2
1 u13 w4 − 8µ2

3 u
2
5

d

+
2 (λ6 µ

2
1 + λ5 µ

2
2 − 2λ4 µ

2
3)u5

d
,

(116)

v1 v2 + V1 V2

2
=

8 |µ2
3|
√

(u5 − u1)(u5 − u3) v15 w15

|d| , (117)

The solution to (114), (115) and (116) coincide with the
expressions given in (15). Also, from the relations (11),
(114), (115) and (117) we can see that the VEV satisfy
the following relations

v21
v22

=
V 2
1

V 2
2

=
w15 (u5 − u3)

v15 (u5 − u1)
= α2, (118)

where

α =

√

w15 (u5 − u3)

v15 (u5 − u1)
(119)

is the proportionality factor between 〈Φ1〉 and 〈Φ2〉 as
stated in (153), which allow us to connect the value of
α to the Lagrange multipliers.

At the global minimum the Higgs potential becomes

Vmin. =
1

4
µ2
1 (v

2
1+V

2
1 )+

1

4
µ2
2 (v

2
2+V

2
2 )+

1

4
µ2
3 v

2
3 < 0, (120)

which reproduces Eq. (99) in the limit v2 = V2 = 0. There-
fore, in order to have the deepest minimum value for the
potential for this particular vacuum structure, the follow-
ing conditions are highly suggested

v1, V1, v2, V2, v3 6= 0. (121)

6 Conclusions

In this paper we have presented original results related
to the scalar sector of some 3-3-1 models without exotic
electric charges. An exhaustive study of the scalar poten-
tial with 3 scalar triplets Φ1, Φ2 and Φ3 and VEV as
introduced in Sects. (2.3.1) and (2.3.2); potential which
does not include the possible cubic term according to the
discrete symmetry Φ1 → −Φ1 imposed, has been carried
through. This problem partially analyzed in the litera-
ture [7,14,15] had not been studied in a systematic way.

In concrete we have:

– Looked for a consistent implementation of the Higgs
mechanism.

– Implemented a consistent electroweak symmetry break-
ing pattern.

– Established the strong stability conditions for the scalar
potential.

– Found the stationary points of the scalar potential,
except the ones coming from specific relations among
the parameters µ2

1, µ
2
2 and µ2

3 that we assume are not
satisfied, in general.

One outstanding new result is that 〈Φ1〉 and 〈Φ2〉, the
VEV of the two Higgs scalars with identical quantum
numbers, must be proportional to each other, a neces-
sary condition in order to properly implement the Higgs
mechanism, and achieve a consistent electroweak symme-
try breaking; besides, the proportionality constant is con-
nected with the Lagrange multipliers (which in turn are
connected to the other parameters of the potential) via
Eq. (119).



Yithsbey Giraldo et al.: Scalar Potential Without Cubic Term in 3-3-1 Models Without Exotic Electric Charges 15

Other important result is that, from the nine possible
vacuum structures compatible with the stated LD con-
straint, only two are independent. Our analysis has been
done for both structures.

But probably, the most important conclusion of our
study is the existence (as a sufficient condition), in the
scalar potential, of a global minimum stationary point
for each one of the two cases of VEV considered, being
it, at the same time, compatible with the stability condi-
tions imposed in the strong sense. Stability conditions and
the global minimum point were found via the orbit gauge
method, implemented in this case for three scalar triplets.
Although the method can give unphysical VEVs.
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A A review of the algebraic method used

Let us briefly review in this appendix, and following Refs.
[3] and [4], a new algebraic approach used to determine the
global minimum of the Higgs scalar potential, its stability,
and the spontaneous symmetry breaking from SU(2)L ⊗
U(1)Y down to U(1)EM , in the extension of the SM known
as the THDM. This mathematical approach and its nota-
tion was used in Secs (4) and (5) of this paper, generalizing
it to the study of the scalar sector of some 3-3-1 models.

Stability, and the stationary points of the scalar po-
tential for the THDM can be analyzed in terms of four
real quantities given by

K0 =
∑

i=1,2

ϕ†
iϕi, Ka =

∑

i,j=1,2

(ϕ†
iϕj)σ

a
ij , (a = 1, 2, 3).

(122)
where ϕ1 and ϕ2 stand for two Higgs scalar field doublets
with identical quantum numbers and σa(a = 1, 2, 3) are
the Pauli spin matrices. The four vector (K0,K) must lie
on or inside the forward light cone, that is

K0 ≥ 0, K2
0 −K2 ≥ 0. (123)

Then the positive and hermitian 2× 2 matrix

K =

(

ϕ†
1ϕ1 ϕ

†
2ϕ1

ϕ†
1ϕ2 ϕ

†
2ϕ2

)

(124)

may be written as

Kij =
1

2
(K0δij +Kaσ

a
ij). (125)

Inverting Eq. (122) one obtains

ϕ†
1ϕ1 = (K0 +K3)/2, ϕ†

1ϕ2 = (K1 + iK2)/2,

ϕ†
2ϕ2 = (K0 −K3)/2, ϕ†

2ϕ1 = (K1 − iK2)/2 .
(126)

The most general SU(2)L ⊗ U(1)Y invariant Higgs scalar
potential can thus be expressed as

V (ϕ1, ϕ2) = V2 + V4; (127a)

V2 = ξ0K0 + ξaKa, (127b)

V4 = η00K
2
0 + 2K0ηaKa +KaηabKb, (127c)

where the 14 independent parameters ξ0, ξa, η00, ηa
and ηab = ηba are real. Subsequently, it is defined K =
(Ka), ξ = (ξa), η = (ηa) and E = (ηab).

A.1 Stability

From (127), for K0 > 0 and defining k = K/K0, one ob-
tains

V2 = K0 J2(k), J2(k) := ξ0 + ξTk, (128)

V4 = K2
0 J4(k), J4(k) := η00 + 2ηTk + kTEk, (129)

where the functions J2(k) and J4(k) on the domain |k| ≤ 1
have been introduced.

For the potential to be stable, it must be bounded
from below. The stability is determined by the behavior
of V = V1 + V2 in the limit K0 → ∞, hence by the signs
of J2(k) and/or J4(k) in (128) and (129). In the analysis,
only the strong criterion for stability is analyzed. That is,
the stability is going to be determined solely by V4 (the V
quartic term). That is, we demand that

J4(k) > 0 for all |k| ≤ 1. (130)

To assure that J4(k) is always positive, it is sufficient
to consider its value for all its stationary points on the
domain |k| < 1 and for all the stationary points on the
boundary |k| = 1. This leads to bounds on the parameters
η00, ηa and ηab of the quartic term V4 of the scalar poten-
tial. The regular solutions are obtained by inverting the
matrix (E − u) which appears in the calculations, where
u is the Lagrange multiplier associated to the boundary
condition under consideration. When the matrix is not in-
vertible, we say that we have an exceptional solution. The
two cases |k| < 1 and |k| = 1 lead to the functions

f(u) = u+ η00 − ηT(E − u)−1η, (131)

f ′(u) = 1− ηT(E − u)−2η, (132)

so that for all “regular” stationary points k of J4(k)

f(u) = J4(k)|stat , and (133)

f ′(u) = 1− k
2 (134)

hold, where u = 0 must be set for the solution with |k| < 1.
There are stationary points of J4(k) with |k| < 1 and
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|k| = 1 exactly if f ′(0) > 0 and f ′(u) = 0, respectively,
and the value of J4(k) is then given by f(u).

In a basis where E = diag(µ1, µ2, µ3) it is obtained

f(u) = u+ η00 −
3
∑

a=1

η2a
µa − u

, (135)

f ′(u) = 1−
3
∑

a=1

η2a
(µa − u)2

. (136)

The derivative f ′(u) has at most 6 zeros. Notice that there
are no exceptional solutions if in this basis all three com-
ponents of η are different from zero.

Consider now the functions f(u) and f ′(u) and denote
by I

I = {u1, . . . , un}, (137)

the set of values uj for which f
′(uj) = 0. Add uk = 0 to I if

f ′(0) > 0. Consider then the eigenvalues µa (a = 1, 2, 3) of
E. Add those µa to I where f(µa) is finite and f

′(µa) ≥ 0.
Then n ≤ 10. The values of the function J4(k) at its
stationary points are given by

J4(k)|stat = f(ui) (138)

with ui ∈ I. In Ref. [13] it was shown that the station-
ary point in I having the smallest value, will produce the
smallest value of J4(k) in the domain |k| ≤ 1. Then, one
states the following theorem

Theorem 1 The global minimum of the function J4(k),
in the domain |k| ≤ 1, is given and guaranteed by the
stationary point of the set I with the smallest value.

Namely, this result guarantees strong stability if f(u) > 0,
where u is the smallest value of I. The potential is unstable
if we have f(u) < 0. If f(u) = 0 we have to consider in
addition J2(k) in order to decide on the stability of the
potential.

A.2 Stationary points

After the stability analysis is done, the next step is to de-
termine the location of the stationary points of the scalar
potential, since among these points the local and global
minima are found. To this end it is defined

K̃ =
(

K0
K

)

, ξ̃ =
(

ξ0
ξ

)

, Ẽ =
(

η00 ηT

η E

)

. (139)

In this notation the potential (127) reads

V = K̃
T
ξ̃ + K̃

T
ẼK̃ (140)

and is defined on the domain

K̃
T
g̃K̃ ≥ 0, K0 ≥ 0, (141)

with

g̃ =
(

1 0
0 −1

)

. (142)

For the discussion of the stationary points of V , three
different cases must be distinguished: K̃ = 0, K0 > |K|
which are the solutions inside the forward light cone, and
K0 = |K| > 0 which are the solutions on the forward light
cone.

The trivial configuration K̃ = 0 is a stationary point
of the potential with V = 0, as a direct consequence of the
definitions. The stationary points of V in the inner part
of the domain, K0 > |K|, are given by

ẼK̃ = −1

2
ξ̃, with K̃

T
g̃K̃ > 0 and K0 > 0. (143)

The stationary points of V on the domain boundary K0 =
|K| > 0 are stationary points of the function

F̃
(

K̃, w
)

= V − wK̃
T
g̃K̃, (144)

where w is a Lagrange multiplier. The relevant stationary
points of F̃ are given by

(

Ẽ −wg̃
)

K̃ = −1

2
ξ̃, with K̃

T
g̃K̃ = 0 and K0 > 0.

(145)
For any stationary point, the potential is given by

V |stat =
1

2
K̃

T
ξ̃ = −K̃

T
ẼK̃. (146)

Similarly to the stability analysis in Sec. A.1, a unified
description for the regular stationary points of V with
K0 > 0 for both |K| < K0 and |K| = K0 can be used by
defining the functions

f̃(w) = −1

4
ξ̃
T(
Ẽ − wg̃

)−1
ξ̃, (147)

f̃ ′(w) = −1

4
ξ̃
T(
Ẽ − wg̃

)−1
g̃
(

Ẽ − wg̃
)−1

ξ̃. (148)

Denoting the first component of K̃(w) as K0(w) the fol-
lowing theorem holds

Theorem 2 The stationary points of the potential are given
by

(I a) K̃ = K̃(0) if f̃ ′(0) < 0, K0(0) > 0 and det Ẽ 6= 0,

(I b) solutions K̃ of (143) if det Ẽ = 0,

(II a) K̃ = K̃(w) for w with det(Ẽ − wg̃) 6= 0, f̃ ′(w) = 0
and K0(w) > 0,

(II b) solutions K̃ of (145) for w with det(Ẽ − wg̃) = 0,

(III) K̃ = 0.

In what follows it is assumed that the potential is stable.
For parameters fulfilling ξ0 ≥ |ξ|, this immediately implies
J2(k) ≥ 0 and hence, from the strong condition (130), V >

0 for all K̃ 6= 0. Therefore for these parameters the global
minimum is at K̃ = 0. This leads to the requirement

ξ0 < |ξ|. (149)

Also, it is obtained

∂V

∂K0

∣

∣

∣

∣k fixed,
K0=0

= ξ0 + ξTk < 0 (150)



Yithsbey Giraldo et al.: Scalar Potential Without Cubic Term in 3-3-1 Models Without Exotic Electric Charges 17

for some k, i.e. the global minimum of V lies at K̃ 6= 0
with

V |min < 0. (151)

Firstly, consider p0 = |p|. From (140) and (145) it follows

∂V

∂K0

∣

∣

∣

∣K fixed,

K̃=p̃

= ξ0 + 2(Ẽ p̃)0 = 2wp p0. (152)

If wp < 0, there are points K̃ with K0 > p0, K = p and
lower potential in the neighborhood of p̃, which there-
fore cannot be a minimum. The conclusion is that in a
theory with the required electroweak symmetry break-
ing (EWSB) the global minimum must have a Lagrange
multiplier such that w0 ≥ 0, and for the THDM, the global
minimum lies on the stationary points of the classes (IIa)
and (IIb) of theorem 2, with the largest Lagrange multi-
plier [3].

B Linear dependence between 〈Φ1〉 and 〈Φ2〉

In this appendix we study the consequences of a linear
dependence between 〈Φ1〉 and 〈Φ2〉.

As in the main text we use the VEV

〈Φ1〉 =
1√
2

(

0
v1
V1

)

, 〈Φ2〉 =
1√
2

(

0
v2
V2

)

,

〈Φ3〉 =
1√
2

(v3
0
0

)

.

The LD between 〈Φ1〉 and 〈Φ2〉 can be written as

〈Φ1〉 = α〈Φ2〉, (153)

where α is a constant. Eq. (153) implies that v1 = αv2
and V1 = αV2, which combine to produce the constraint
v2V1 = v1V2.

Now, the nine U(3) generators are

I3 =

√

2

3

(

1 0 0
0 1 0
0 0 1

)

, λ1 =

(

0 1 0
1 0 0
0 0 0

)

, λ2 =

(

0 −i 0
i 0 0
0 0 0

)

,

λ3 =

(

1 0 0
0 −1 0
0 0 0

)

, λ4 =

(

0 0 1
0 0 0
1 0 0

)

, λ5 =

(

0 0 −i
0 0 0
i 0 0

)

,

λ6 =

(

0 0 0
0 0 1
0 1 0

)

, λ7 =

(

0 0 0
0 0 −i
0 i 0

)

, λ8 =
1√
3

(

1 0 0
0 1 0
0 0 −2

)

,

(154)

where λi(i = 1, . . . 8) are the eight Gell-Mann unitary
matrices for SU(3).

Let us now show that the LD in Eq. (153) with the
additional constraint 〈Φ3〉 6= 0, implies that either I3, or
a linear combination of the generators in (154) which in-
cludes I3, remains unbroken, with the consequence that
the appearance of an extra zero mass Goldstone Bosons is
avoided.

The algebra shows that the most general new unbroken
generator is given by the following linear combination:

G = aI3 + bλ3 + cλ8 + dλ6 =

(

0 0 0
0 V1

2 −v1 V1
0 −v1 V1 v1

2

)

, (155)

where

a =
V 2
1 +v2

1

2 , b = −V 2
1

2 ,

c = V1
2−2 v1

2

2
√
3

, d = −v1 V1.

That G remains unbroken can be seen by the fact that
G〈Φ1〉 = 0 by direct calculation, G〈Φ2〉 = 0 is a conse-
quence of the relation (11), and G〈Φ3〉 = 0 is trivial.

Since Tr.G = v21+V
2
1 6= 0, the new unbroken generator

in Eq. (155) is such that G ∈ U(3) but G /∈ SU(3).

C Discrete symmetry in the scalar potential

Under assumption of the discrete symmetry Φ1 → −Φ1,
the most general potential obtained from (9), can then be
written in the following form:

V (Φ1, Φ2, Φ3) = µ2
1Φ

†
1Φ1 + µ2

2Φ
†
2Φ2 + µ2

3Φ
†
3Φ3 + λ1(Φ

†
1Φ1)

2

+ λ2(Φ
†
2Φ2)

2 + λ3(Φ
†
3Φ3)

2 + λ4(Φ
†
1Φ1)(Φ

†
2Φ2)

+ λ5(Φ
†
1Φ1)(Φ

†
3Φ3) + λ6(Φ

†
2Φ2)(Φ

†
3Φ3) + λ7(Φ

†
1Φ2)(Φ

†
2Φ1)

+ λ8(Φ
†
1Φ3)(Φ

†
3Φ1) + λ9(Φ

†
2Φ3)(Φ

†
3Φ2) + (f Φ†

1Φ2 + f∗ Φ†
2Φ1)

2.

(156)

where the complex value f is going to be used as f =
f1 + if2, with fj , j = 1, 2 are two real parameters. With
the new definitions of the scalar fields introduced in (12),
and by demanding that the VEV in (4) and (5) became
stationary points of the potential, the following nine con-
straints must be satisfied

∂V

∂H1

∣

∣

∣

∣

fields=0

=

[

2µ
2
1v1 + λ4 v1 V2

2
+
(

λ7 + 4 f1
2
)

v2 V1 V2 + 2λ1 v1 V1
2

+
(

λ7 + λ4 + 4 f1
2
)

v1 v2
2
+ 2λ1 v1

3
+ λ5 v3

2
v1

]/

2 = 0,

(157)

∂V

∂H′
1

∣

∣

∣

∣

fields=0

=

[

2µ
2
1V1 +

(

λ7 + λ4 + 4 f1
2
)

V1 V2
2
+
(

λ7 + 4 f1
2
)

v1 v2 V2

+ 2λ1 V1
3
+
(

λ4 v2
2
+ 2 λ1 v1

2
+ λ5 v3

2
)

V1

]/

2 = 0,

(158)

∂V

∂H2

∣

∣

∣

∣

fields=0

=

{

2µ2
2v2 + 2λ2 v2 V2

2 +
(

λ7 + 4 f1
2
)

v1 V1 V2 + λ4 v2 V1
2

+ 2λ2 v2
3 +

[(

λ7 + λ4 + 4 f1
2
)

v1
2 + λ6 v3

2
]

v2
}/

2 = 0,

(159)

∂V

∂H′
2

∣

∣

∣

∣

fields=0

=

{

2µ2
2V2 + 2λ2V2

3 +
(

λ7 + 4 f1
2
)

v1 v2 V1

+
[(

λ7 + λ4 + 4f1
2
)

V1
2 + 2λ2v2

2 + λ4v1
2 + λ6v3

2
]

V2

}/

2 = 0,

(160)

∂V

∂H3

∣

∣

∣

∣

fields=0

=
v3
(

2µ2
3 + λ6V2

2 + λ5V1
2 + λ6v2

2 + λ5v1
2 + 2λ3v3

2
)

2
= 0,

(161)
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∂V

∂A1

∣

∣

∣

∣

fields=0

= 2f1f2 v2 (V1 V2 + v1 v2) = 0, (162)

∂V

∂A′
1

∣

∣

∣

∣

fields=0

= 2f1f2 V2 (V1 V2 + v1 v2) = 0, (163)

∂V

∂A2

∣

∣

∣

∣

fields=0

= −2f1f2 v1 (V1 V2 + v1 v2) = 0, (164)

∂V

∂A′
2

∣

∣

∣

∣

fields=0

= −2f1f2 V1 (V1 V2 + v1 v2) = 0. (165)

A simple algebra shows that both operations [v1× (158)−
V1× (157)] and [V2× (159)− v2× (160)] produce the same
relation

(λ7 + 4f2
1 )(v1 V2 − v2 V1) (V1 V2 + v1 v2) = 0, (166)

which must be satisfied in order to have a consistent set
of equations (157)-(160).

The two possible solutions to (166) are (v1V2−v2V1) =
0 and/or (V1V2+ v1v2) = 0. Obviously, (166) is satisfied if
〈Φ1〉 and 〈Φ2〉 are LD. (For the unphysical case 〈Φ3〉 = 0
with 〈Φ1〉 and 〈Φ2〉 being linearly independent, the math-
ematical solution V1V2 = −v1v2 is still available.)

But at the same time, the relations (162)-(165) must
be satisfied, the alternative which remains for the physical
case is that either the real or the imaginary part of f
become zero, that is

f1 = 0 or f2 = 0, (167)

meaning that f represents only one parameter, something
which allow us to introduce the usual notation |f |2 = λ10

2 ,
with λ10 either positive or negative.
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