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-
Abelian Chern-Simons Theory

The abelian Chern-Simons theory is describe by the following
Lagrangian density:

K
ECS = ZEMVaFuuAm (1)

where F},, = 0, A, — 0,A,. The Lagrangian above is invariant by
the following transformations,

K

Ay (2) = A (@100 (2) . Los = Losta

(2)

The field equations are:

gep‘m‘Fm ~0, (3)
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The null plane time 2™ and longitudinal coordinate x~ are defined,
respectively, as
+ 0 + 3 _ 20 — 23

_— = ——, (4)
V2 V2
with the transverse coordinate kept unchanged. In the null-plane
coordinates the metric is given by,

T

0 0 1
Mw =10 —-10 [, (5)
1 0 0

Explicitly, zT = x_ and the derivatives with respect to ™ and z~
are defined as: 04 = % and 0_ = ai*' with 9t =9_. The

. . . z . €
Levi-Civita tensor has the following components,

el =g, 1 =1 (6)
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Dirac Formulation

From (1) it is easy to write the first-order Lagrangian by
introducing the momentum 7# with respect to the fields A4,

oL K
K = — = — +pa
=g @4, 5 A, (7)

The theory has the following set of primary constraints:

K
D =7rt=0 , Qg,azﬂa—ieabAb;vO, a=—,1,

where we have defined the following antisymmetric tensor,

E_1 = —&€1—- = 1. (9)
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The canonical Hamiltonian density is defined by,
Ho =m104 A, — L = —kAeqp0,Ap. (10)

The canonical Hamiltonian take the form,
He = —k / d*x Ay ap00 Ay, (11)

where d?z = dz—dx!'. Thus, the dynamics is determined by the
primary Hamiltonian defined by,

e =+ [y o )0 0) +0 0) )] (12)
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The fundamental Poisson brackets of the theory are,
{4 @),7" ()} = 167 (@~ ). (13)
The consistence conditions on the constraints are,
0 (z) = { O (x) ,Hp} = KEgpOaAp =~ 0,
Then, a secondary constraint arise defined by,

Q4 = e4p0.4p = 0. (14)
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The consistence of {24 determine,
O (2) = { O (2) ,Hp} — eapdau? ~ 0, (15)

thus, no more constraints are generated from €.

The consistence condition of {2 , determine,
QQ,a (ﬂf) = { QZa (.’E) 7_E[}D} = Uz’a — 5ababA+ ~ 0. (16)

This relations is consistente with (18).
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The theory is characterized by the following set of constraints,

O = 77 =0,
Qo = 7= Zeady 20, (17)

Oy = w04y = 0.

The theory has the following set of first class constraints.

Or=1T~0 ,  Oy=0.m+ gaabé?aAb ~0. (18)
and a set os second class constraints,
o, Ewa—gsabAbwo, a=—1, (19)
where,
{2@), 9 )} = ~rewd® (@~ ). (20)
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We are going to eliminate ®, using the following Dirac Brackets
between two dynamical variables,

{An@). B} ={ An (@), B0 )} - / Puds { 4, (2). @0 (u)}

' (wo) { @ (v), B (9) } (21)
where Ca_b1 is the inverse of the second class constraint matrix
defined by,
Ca (u,0) = { @0 (2), @y (1) } = —hewd® (@ =1),  (22)

where Ca_bl is determined by,

/dQZCac (z,2) C’ (z,y) = 00> (z — y). (23)
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It is possible to show,

_ 1
Cy' (z,y) = ;Eab52 (z—y), (24)
Under this DB, the constraint ®, is a strong identity, thus, we can
assume, .
= EeabAb. (25)

then Ay are the freedom degree. Thus, it is possible determine:

[A@).40) = %eab(s? (x—y). (26)

D1
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The first class constraints can be written,
@1 = 7T+ ~ 0 s @2 = /iEabaaAb. (27)

To eliminate the first class constraints it is necessary to introduce
two gauge condition,

O3=A;~0 , O,=A_=0, (28)

and define a matrix with the following elements,

Duy(w.9)={€a(2) O ()} . a=1234 (29)
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Now, we can define the final set of DB of the theory for two
dynamical variables,

{4n@. B} = {An@.Bat)} - / Pud (30)

D
-1
{An@ .00} DG ) {0 B )} -
where
0 0 1 0
0 0 0 —zk
D=l o o o |[P@-w. 6D
0 —5 0 0

It is possible to show
{41@) 4w} = @—y. (32)
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Conclusions

B We have calculated the complete set of constraints of the
theory.

B The constraints have been classified and it was shown that
one of the first class constraints result of a combination of
constraints.

B The inverse of the second class constraint matrices have been
uniquely derived.

B The degrees of freedom have been determined and their
corresponding DB calculated.
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